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Abstract:

Electromagnetic phenomena is based on electric charge and spin. However, Maxwell equations are just macroscopic.
There is a microscopic EM phenomena to be understood. A performance originated from electric charge microscopic
behavior. Thus, keeping on mind the two basic EM postulates, which are light invariance and charge conservation,
Maxwell is extended to a Four Bosons Electromagnetism. It says that, the macroscopic Maxwell equations does not

describe all electromagnetism.

The electric charge physics has been studied microscopically through elementary particle physics. A new percep-
tion of EM phenomena emerges based on three interconnected charges {+,0,—} under four intermediated bosons
{A,,U,, Vui} From Maxwell photon, EM becomes a systemic cooperation between four fields. This quadruplet orig-
inates a new electric charge physics. New features for electric charge conservation, exchange, conduction, interaction

are derived.

The research is to analyze the Four Bosons Electromagnetism gauge invariance and EM flux. The model is studied
under U(1), SO(2)giobar and U(1) x SO(2) giobar Symmetries. Two approaches are considered. Based on fields strengths

and on fields. A gauge invariant quadruplet physics is obtained under free coefficients conditions.

A nonlinear EM flux appears. Without requiring electric charge as source nonlinear fields work as own sources for
flowing spin-1 and spin-0 waves and particles. It flows through a four potential field quadruplet, granular and collective
fields strengths. A self contained EM is constituted providing a nonlinear physicality that precedes physical constants

as electric charge and medium parameters.

The EM meaning is enlarged and we have to understand on the physical structures generated by this antireductionist
nonlinear four bosons microscopic electromagnetism. Determine the corresponding fields blocks which are real and
gauge invariants. They are identified as the electromagnetic domains. The Four Bosons EM develops interdependent
EM domains. Interlaced physical sectors sharing a common EM energy context. Lagrangian, equations of motion,
conservation laws are expressing such domains physics. They correspond to physical sectors where each one contains

its own EM energy.

1 Introduction

Electromagnetism is the subject of electric charge physics. Nevertheless at the 20" century elementary particle physics

has discovered a microscopic electric charge behavior beyond Maxwell [1]. QED developments by Dirac [2], and later
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by Tomonaga [3], Schwinger [4], Feynman [5], Dyson [6], Kdllen [7], Landau [8] introduced the EM interaction as being
intermediated by the photon. However, electric charge physics is not limited by quantum electrodynamics [9]. Scalar
electromagnetism [10], vectorial electromagnetism [11], [12] are showing about a microscopic charge exchange beyond

usual QED electromagnetism. A feature which incorporates charged particles with different flavors and spins.

A next performance leads to a microscopic electromagnetic model beyond photons. Consider that electric charge
transmission requires another intermediate bosons. It is based on three interconnected charges {+,0,—} and four
mediators [13]. It extends QED in the sense that electromagnetism is no more restrict to electric charge being
intermediated by photons. An approach where weak interaction [14] should be considered as a sector of this enlarged

electromagnetism [15].

The four bosons electromagnetic model understands the electric charge with a physicality beyond QED. It provides
physical processes accomplished by charge exchange AQ = 0, +1. It adds to the photon three more mediators. It yields
an electromagnetism intermediated by the fields set A,; = {A4,,U,, Vui}. A vectorial bosons quadruplet constituted
by A,-usual photon, U,-massive photon and Vf—charged photons duplet. This performance introduces new features

to EM energy. The electric charge meaning on conservation, exchange, conduction, interaction is extended.

Analyzing first on the electric charge conservation law, the simplest gauge model to get together these four fields

should have an abelian nature. This fact, lead us to insight the following extended abelian symmetry beyond Maxwell,

A = A+ kb,

U, = U,+ k0,0,

Vi = eVE 4k,

V. = eV 4 k_da. (1.1)

Eq.(1.1) is proposing the U(1)xSO(2)g10ba1 sSymmetry for understanding on the microscopic behavior of the electric
charge [13]. Tts physical principle is that, due to the fact that microscopically electric charge appears interchanging the
set {+, 0, —}, their physical processes should be in terms of four fields intermediations. Consequently, the corresponding
charge conservation requires to associate the gauge parameter to all fields. It derives an electromagnetic model under

a common abelian symmetry where the intermediate EM fields work out gathered through a whole .

Eq.(1.1) proposes an antireductionist physical set. A nonlinear abelian model is obtained for the electric charge
microscopic physics. It produces a class of Born-Infeld electrodynamics [16], Euler-Heisenberg [17], and others nonlinear
electrodynamics (NLED) [18]. However, diversely, it is not an effective theory. Eq.(1.1) means a fundamental nonlinear
model. There are more nonlinear effects than to change the Coulomb potential [19]. Based just on the electric charge
microscopic behavior it yields four new performances. They are a subatomic EM; EM energy originated from three
interchanging charges {+,0,—}; the number of EM mediators extended to four fields; and, an EM subdivided in

physical regions producing their own EM flux.

Thus there is a new electromagnetic physics to be studied. Firstly, eq.(1.1) stipulates a systemic microscopic elec-
tromagnetism where electric charge physics acts through a set {+,0, —} accomplished with four bosons. A trans-
mission based on transverse (spin-1) and longitudinal (spin-0) mediators. The second relevance is that the fields set
{A,,U,, Vf} identification is open. Actually particle physics contains nearly 250 particles exchanging electric charges
[20] where the four bosons quadruplet can be chosen as much by fundamental or by composite particles. As funda-

mental, it propitiates for electroweak interaction a quadruplet A,; = {A4,, Zﬂ, Wf}, while as composite particles, for
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instance, J/¥, be interpreted as a charged spin-1 photon, and pions as spin-0 mediators. For axionic electromag-
netism, the axion be associate to the scalar sector instead of the usual relationship @FWF #v [21]. By third, EM
be reinterpreted as a phenomena with a generic four fields interlaced dynamics interchanging three kinds of charges

(positive, negative, zero).

The fourth extension is that this systemic four bosons electromagnetism contains diverse physical regions. Sectors
derived from eq.(1.1) which are separately gauge invariant and real. This is the investigation to be done here. Our
purpose is to classify the corresponding electromagnetic domain physics. These domains are EM energies developing
physical structures with a nonlinear performance which promote an EM flux working as own source. They flow
through pieces at the Lagrangian, equations of motion and conservation laws. An energy flux build up by potential
fields conglomerates, granular and collective field strengths which couplings precede the physical constants as dielectric
constant, magnetic permeability, fine structure constant. Nonlinear domains provide an EM energy more fundamental

than electric charge.

Our effort is to understand on the systemic four bosons EM. The paper is structured by grouping the four intermediate
bosons through an abelian gauge symmetry. At section 2 and section 3, it studies the U(1) and SO(2) symmetries
separately. It analyses and systematizes the physical entities developed by the model as the corresponding fields
conglomerates, granular and collective fields strengths. The U(1) x SO(2) global SYmmetry is studied at sections 4 to
7 by two gauge invariance methods. They are based on fields strengths and potential fields respectively. Two com-
plementary approaches to understand on the four bosons EM gauge invariance. Their corresponding gauge invariant
blocks are classified and physical sectors distinguished. The EM energies sustained by each domain are considered. At
conclusion, the presence of nonlinear four EM fields is considered. An EM based on own fields is a new development

for EM physics . It moves EM beyond to photon, electric charge and medium constants. A new frontier is crossed.

2 U(1l) symmetry

Considering as origin the presence of Yang-Mills families at (%, %) Lorentz group representation, one associates the

corresponding fields through the following abelian gauge transformation

AMI—>A/HI:AMI+]€[8M04 (21)

Eq.(2.1) allows the existence of an abelian gauge model involving different potential fields where A,; = {A1,..., Aun}
means N-potential fields transforming under a same U(1)-group. Given that such fields satisfy the Kamefuchi,
O’Raifeartaigh, Salam condition [22] they can be redefined. Thus, in order to get a better transparency on sym-

metry, one first rewrites the model in terms of the so-called constructor basis {D,,, X,,;} basis. It gives,

N
Dy=> Au
I=1

X,“‘ = Aui+1 — Aui;i =2..N (22)
which yields the following gauge transformations
-Dy, — D//,L :DM+NaHa

Xpi — X = Xy (2.3)
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Nevertheless, {D, X;} basis is not the physical basis. The physical fields are those which diagonalize the equations of
motion (physical masses being the poles of two-point Green functions). Thus, in order to diagonalize the transverse

sector we have to introduce a matrix 2 [23]. Consequently, the physical basis {G1} is expressed as

D, =G}, Xpi = QG (2.4)
where the €2 matrix is a function of free coeflicients associated to the Lagrangian. It contains the invertible property

Qe =61y (2.5)

Writing down the gauge transformation in terms of physical fields, one gets

Gur(z) — G p(x) = Gur(z) + Q' 0ua(x) (2.6)

Thus, it is in terms of these {G,, 1} fields that the corresponding physical laws will be written. They will describe
the electromagnetic fields to be measured. Differently from the usual gauge theory, the model introduces a variety
of physical entities. It yields three entities to be understood at this physical basis. They are the potential fields
conglomerates, granular and collective fields strengths. By first, it contains potential fields conglomerates with a
physicity to be understood. There are (N-1) relationships Q;;G;, derived from (2.4) and (2.6), and also, the ;.G

and (s J)Gl{ combinations.

Next, we should study on the possible gauge invariants fields strengths. Separating at antisymmetric and symmetric

. . I .
sectors, one gets by first the granular antisymmetric field strengths G,

I I I
al,=9,Gl - 9,G!

(2.7)
Replacing eq.(2.6) in (2.7), it yields
17 _ I
GW - GW
Follows on the collective antisymmetric field strengths, z{,,1:
/ _ GI/GJ/
Z[[LV] - fY[IJ] TRl
(2.8)
From eq.(2.5) we have
0 0
) = Vi) X GLGY + Vi UG GO+ i) GO C 0 +
0
1 Q00T 0,00, a
which gives under (2.5)
2] = Zur] (2.9)
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Others collective fields gauge invariants under eq(2.6) are

N
s = SGLGY,  sip= Y Qi (2.10)
ij=2
N
tu = t]JGfLGi, trg = Z VYKIYLJ, (2.11)
K,L=1
ww =ursGLGY,  ury =Y Quryks (2.12)
i K
which yields the extended collective field
euv = Zuv + Ly + Spp + Uy (2.13)
where
Cuy = BIJG,ZGg (2.14)
with
erg =g+ sy +trg +urg (2.15)
where
N N
ery = Z Z (14755 + ki Qi) Qir€jg +
K,L=1 1.
ki1=2
F i Qe U Q157 (2.16)

Thus, the generic antisymmetric gauge invariant tensor becomes,

Zyu) = a1Gly, + el (2.17)
where
ar =dr + a;Qir (2.18)
and
€] = 2y + ) + ) + U] = €19 GL G (2.19)
with
N N N
erg) =g + Z YK[IVLJ] + Z Quryg + ZQi[I'VKJ] (2.20)
K,I—1 ij=2 K

Eq (2.17) provides (N + 4) gauge invariant fields strengths. Appendix A shows on coeflicients «, o, §;, p; and ¢ on

origins.
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For symmetric sector, we have a similar Z(,,,:

Ziwy = BrSh, + prguw ST+ ey + guven (2.21)
where
Br=BiQ%,  pr=piQ (2.22)
and
€(uv) = Z(uv) F S(uv) + ) T U(ur) (2.23)
or
) = €1.)GurGus (2.24)
with
N N N
e =van+ Y warn + Y Qs+ Y Qavks (2.25)
K,L=1 ij=2 ik
and
€ = wq lg + 55 +ug (2.26)
eq = (1 + mximog + Qs + Qirdk ) GarGY (2.27)

Studying on gauge invariance, the first term is given by

7 . 0
B1S,h, = Br (0,G + 0,G)) + 2B8.950970,0, 0,
(2.28)

B8,k = prst, (2.29)

which means that Sf“, alone is not gauge invariant, but BIS{W is. Writing that BISéy = ,BiX(l

- I .
Lv)> One notices BrSy, 1s

gauge invariant and constituted by (N — 1) gauge invariant terms. There is also the relationship

(QuS{w)l =Q5}, (2.30)
Given p; S = 2p10,G*L, one gets
0
(p1527)" = 2p10,GT + 20, (025077 5%)
(prS2T) = p1831 (2.31)

For the collective symmetric field strength, z(,,):

/
Huy = (V1) GG
0 0

ZZ/W) = Z(uv) +7(ij)Qi ! 1 G,ﬂaua""y(ij)ﬂi J G 00+

0
) UL 9,00,0 (2.32)
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and so, given that QﬁQfH = 6% = 0, one proves that
I
Fuv) = ()

Studying the similar term w$:

wg’ = T(]J)GilGall
wy' = 115 GLG™ + 27 Q0T G O + 73 Q0 QT D00

One gets,

w = w (2.33)

« «

Consequently, one obtains the generic gauge invariant symmetric field strength given by eq (2.21)

Zé;w) = Z(uv) (2.34)
which contains 10 gauge invariants fields strengths.
Notice also the generic relationship
Q’LIZ;U/,IJ = QZ!ZW/,IJ (235)

Similarly, for extended e,

Thus, given the fields set {G,}, one derives physical entities associated to gauge invariance and reality. In terms of
fields association there are (3N — 1) field conglomerates QHG{“ Qg Gi, Q(U)Gl{. In terms of fields strengths, the
antisymmetric sector contains N-G ., granular terms and four collectives e[,,). For the symmetric sector, one gets
two granular fields strengths 85!, = @'X(i;w)’ p1SL* = pi X and four collective fields e,y and wd, %, s%, ug. The

model provides (N 4 4) granular and collective fields strenghts. In total, (4N + 13) gauge invariant structures which

will be responsible for the U(1)-electromagnetic flux.

A new physicality obtained from fields theories associating different fields in a same group is the meaning of cir-
cumstance. Appendix A relates on the matrix Q;; parameters. They are d, o, B;, pi, Vij, Tij, Mij, 7 which are free
coefficients that can take any value without violating gauge invariance. They generate a so-called volume of circum-
stances. A total of i[?)N 4 —8N3 4+ 13N? — 12N + 8] free coefficients which stipulate the circumstantial properties
for the model [24]. Preserving gauge invariance circumstantial conditions are derived. Variables embedded at €y
matrices are responsible for the opportunities that the model provides. For instance, individual fields strengths are

obtained by adjusting parameters.

Thus, analyzing individually 87,1 (I is not a repeated indice), it yields the circumstantial gauge invariant condition

ﬁIS,wa = BrSuwr for Q=0 (2.36)
Also, one gets individually
prSE 1 (Iis not repeated over) (2.37)
under the circumstantial condition
P =0 (2.38)
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A further development is to consider individual collective fields. That ones where just two-to-two fields are associated

singly. Separating

N
Zuy = Z Zuv,1J (239)
1,J=1
we have,
Zyw, 1 = 717G, 1Gy 7 (IJ not repeated indices) (2.40)

Studying on its gauge invariance, where eq (2.40) represent the composition with individual two-by-two collective

fields, it gives

’

2y 1y = Zuv,1J T WJQilGVJ8ua + WJQHGHI@ya + WUQI_llellauaﬁya (2.41)

Thus, considering the antisymmetric decomposition, it yields

’

Horg = 210 F N (Grsdua = Gurdya) +

0
N2 Opad, o (2.42)

with the following condition for every individual collective fields be invariant
Y20 =0, (2.43)

where eq.(2.43) means the circumstantial gauge symmetry condition for

’

2] 1J = ] IJ (2.44)

Analyzing on individual symmetric two-by-two collective fields, we have

Zu,rs = 2t TN (Gusdua+ Gurd,a) +

+Y0) QU Q71 duad,a (2.45)
which yields,
Bpw),IJ = Z(uv),I1J (246)
under circumstantials conditions
Y QT =0 and v UL =0 (2.47)
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Similar conditions are obtained for

€1 = Cluv), 17 (2.48)

and

€)1 = €. 17 (2.49)

Thus there are two situations to be considered for understanding the fields strengths physicity. They are natural and
circumstantial symmetries. For instance, while G ., ,BISi,, are naturally gauge invariant, however, a term as 31.5,.1
may be gauge invariant under eq.(2.37) restriction. Consequently, under the natural symmetry there are (IV +8) fields

strengths; under circumstances view, (2N + 16) fields strengths are viable.

The next sector to be explored is the mass term. From {D, X;} basis, we can write down the gauge invariant mass

term

Ly =m X, XH (2.50)
Inserting eq.(2.4), one gets at the physical basis {Gﬁ} the expression

Ly =mi;GLG" (2.51)
where

mi; = mijZIQJI, and ¢€{2,..,N} Ie{l,..,N}

We should now verify on the mass term gauge invariance
L;n = m%IG;IA/G#I/

L}, = L +2m Q0 G 90 +

+mf Q007 0V 0,00,a

(2.52)
Using eq.(2.5), it yields
L. =Ly (2.53)
Eq. (2.53) provides a result which brings an alternative to the Higgs mechanism [25].
Another aspect is to analyze on each mass term separately
L, =m3;G,GY (1is not a summatory indice) (2.54)
For instance, take £,, = m3,G,2G5 and ask on its gauge invariance. Consider
L, =m30G,GY
it gives,
L, = Lo+ 2mE0 00 G0 o+ (2.55)

+mZ Q0 Q5 0,00 o
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which relates two conditions for eq.(2.55) be constitued by terms individually gauge invariants

MmO =0 and m3 08 (1) =0 (2.56)

Thus, the model provides a directive and a circumstantial physics derived from eq.(2.6). Besides the natural U(1)-
kinetic sector, one has to understand on the model circumstances. Investigate how far these free coefficients satisfy
conditions as eqs.(2.43), (2.36), (2.38), (2.47), (2.56) without losing any Lagrangian term. This mean without cancelling

the basic physics, which means to propagate spin-1 and spin-0 and interactions without violating gauge invariance.

Next step is to systematize the territories where the U(1)-EM energy flows. The EM domains conducting the EM
energy. The physical sectors in the Lagrangian where the EM flux propagates potential fields conglomerates granular

and collective fields. For this, the Lagrangian is separated as
L=Ly+ L] (2.57)

where

Lo=Lx+ Ly + LgF (2.58)

Considering the kinetic sector

Lr=L3+ L

(2.59)
one gets,
LA _ GJ%GZWGMVI
(2.60)
and
Ly = B1875,,5" 815 +2(Brps +2p1p7) S;”SSJ
(2.61)

which terms are separately gauge invariant. The mass term is given by eq.(2.51)

A further aspect on gauge theory is the gauge fixing. Considering the {D, X;} basis, the Lorentz gauge can be achieved
by the following term

Lop = % (0, (D* + 7y x+))* (2.62)

which gives at physical basis:

Lar = &ur (0.6M) (0,G"7)
(2.63)
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where

g(IJ) = i [QllglJ + Uio—leIQ{] + 20’1‘91193}

We should also add to the Lagrangian the entitled semi-topological term [26]. It gives,

L5t = ZH,,Z‘W = 8M{2€“Vpaa[G£Z[pa]} +
+aregr) e GLGE9,GL +
+2oxer e GLG0,GE +

+6[[J]€[KL] E”VPUG/ILGZG?GCI;

where the first three terms build up a gauge invariant block and the last another one.

The interaction sector becomes

Lr=LL+ch+ot+1g

The three-vertex contribution can be split as

£h= L3+ L5 + 5

where each of them is separately gauge invariant. They are

L4 = 2a1G£l,e["”]

and

£5 = 281S1,e%) +2 (B + 5pr) S5 (€5)
and

L5 =01k GLGO,GE
where

017k = —aryk) + 20k

The four-vertex contribution is

Lh =L+ L ++L5

where each of them is separately gauge invariant. They are

Ejf — e[W]e[W]
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and
L3 = e(uu)e(‘“’) + Zegwg +6(es + eg) (2.74)
and

L = e e e GLGIGE GE (2.75)

Thus the so-called U(1)-electromagnetic domains derived from the four bosons EM model are regions obtained by
cutting off the Lagrangian in real and gauge invariants sectors. They correspond to the physical regions where the EM
flux flows. From kinetic sector, there are: N-domains from ££ and N (2N + 1) from £3; one-from mass term. From
three-vertex sector: N-from £4 and 4 N-from £5. From four-vertex terms: one-from £4' and three-from L. From semi-
topological term: one from £§4 and other from £5!4. In total the model stipulates (4N2 4+ 4N 4 6) interconnected
physical regions or domains. Through them, it will flow an EM energy with (3N —1) fields conglomerates and (2N +6)
fields strengths.

Summarizing, from the U(1)-gauge symmetry given by (2.1), one develops at eq.(2.57) an antireductionist non-linear
abelian Lagrangian. This Lagrangian contains different real and gauge invariant blocks to be studied. Each of them
will be responsible for physical sectors identified as U(1)-electromagnetic domains. They are territories where the EM
flux makes a specific physics by flowing its corresponding fields conglomerates and fields strengths. A physics which

energy flux does not depend on electric charge and medium physical constants.

The corresponding N-equations of motion for every G, fields are:
- a 1
O (@121 4 may 20 4 200 4 g 2 ) + SmiGY = J7(G) (2.76)
with

J}/G = ’Y[]J]GZZ[#V] + 'f]’)/[]J]GiZ[#U] + ’Y([L])G;{Z('uy) + T(IJ)GZZ(MH (277)

)
Eq (2.76) builds up the {%, %} fields set whole dynamics derived from eq (2.6). It contains a system with N-coupled
equations. Carrying granular and collective fields strenghts and fields conglomerates. Physically, it produces for every
G 1 field a dynamics where the LHS contains five physical entities and the RHS other four non-linear physical sources.
Each term is separately gauge invariant and covariant. Notice that the RHS current is a coupling between fields

conglomerates and fields strengths.

For expressing the spin-1 and spin-0 being propagated by the above N-equations of motion, one takes the projection

operators, O, and w,,. It yields,

Spin-1:
[uv] AIng 1 5 v
8u((a1+BI)Z Y narZ )+§m,G,T—J1T(G) (2.78)
Spin-0:
v (Ot 1 2 v
0 ((PI"FﬁI)Z a)) TomiGrL =J7.(G) (2.79)

Adding to fields equations we have the Bianchi identities to be considered. First is the N-granular Bianchi identities.

They are
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0.GL,+0,Gl, +09,Gl, =0 (2.80)

The collective antisymmetric Bianchi identity is

Ou2lp) + O] + OvZipp) =

= V[IJ]GLGZU + W[IJ]GiG,{p + V[IJ]Gf;GZ{,L (2.81)

The collective symmetric Bianchi identity is

Ouzwp) + Opz(uv) + Ovz(pp) =

= ’Y(IJ)G{LGZV + V(IJ)Gl{Gip + V(I.J)Gf)G,{H (2.82)
and, also
BOuzg) + 20,20 = YrnGLSY + 2y GLSY (2.83)

Similarly to egs (2.81), (2.82), (2.83), one gets for s,,,t,, and u,,. It yields equations where ~;; are replaced by
ery coefficients at eq (2.15) . At Appendix D the circumstantial Bianchi identities for individual two-by-two collective
fields are studied.

3 SO(2) symmetry

Next step is to extend the U(1) model to four bosons fields model. Consider the quadruplet A,; = {A4,,U,, Vf} as
the condition for transmitting the electric charge set {+,0,—}. A configuration where two of them are charged. Then,
we should remember that particle quantum numbers as mass, charge, spin and others must be derived from symmetry
principles. Therefore, instead of introducing electric charge heuristically, as Maxwell did in the past, we should do
now based on symmetry. As an additive quantum number the electric charge be associated to a commutative group.

The simplest is the abelian case.

Considering SO(2) symmetry,

R(O) = cos  senb
—senfl  cosb
(3.1)

or

R(A) =€, ¥ = ( 0 1) , X2=1 (3.2)
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one gets that, eq.(3.2) shows a commutative abelian group

—senfly o2 cosb o

R(HLQ) = (

R(01)R(02) = R(61 + 02) = R(02 + 01) = R(02)R(61)

671;291671‘202 — 671:(2914*292) — 67i29267i291

cosbi o sen01,2>

(3.3)
where eq.(3.1) depends on just one parameter, which means dim SO(2) =1

Thus, we can introduce from first symmetry principles the electric charge meaning based on the abelian SO(2) rotation,

( ;3> _ ( co.s(qa) sin(qa)> (GM:),) (3.4)
4 —sin(ga) cos(qar) ) \Gpa

Eq.(3.4) transforms granular fields strengths as

Gf’“,/ = Gf’w cos(qa) + Gf‘w sin(qa)
4 7 _ 3 o 4
G, =-G,, sin(ga) + G cos(qa)
(3.5)

and

Sﬁ,// = cos(qa)SfW + sin(qa)SﬁV
Sﬁul =— Sin(qa)wa + cos(qa)wa

At Appendix B one studies a list of SO(2) invariants.

A further identification with electric charge is to redefine SO(2) symmetry in terms of Vf fields. For a more ex-
plicit vision on electric charge presence, one makes the basis change {G,3,G 4} for {Vu+’Vu_}' Defining Gi =
% (VE+vy), Gh= ﬁ (V.F = V7)., it gives the SO(2) global transformations

VE = ey (3.6)
which yields the granular fields strengths
Vlujlz// _ auvyi/ B auvﬂi/ _ eiiqavl“/ (3.7)

For collective fields, from Appendix C, it yields the following SO(2) invariants

) = M2) (GuGY — GLGh) + 34 (GG — G GY) (3.8)
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and

) = Y01 GLGy + 702 GLG + 702 (GLG + GG, +
+i3) (GEGY + GG (3.9)

Given that egs (3.8) and (3.9) explicit two collective fields SO(2) invariants we should understand their correspondent
Bianchi Identities. For the antisymmetric part, eq (3.8) is written at Appendix C as

12] -]
) =2 2 ) 202 (3.10)

It yields the following Bianchi identity
Nuwpl + Ov2ipu) + Op2yu) =

= ’7[12]{UHFW) + UVFpu + UpF/w - AuUVp - AVUpu - ApU/w} +
+2ry[34] Im{v;j_vu; + VV_Vp_; + Vp_V/jl_/} (3.11)

For the symmetric part, eq (3.9), Appendix C writes

(11) (22) (12) -3
Z) = Z wt 2w +2 2 () +2 2 () (3.12)

which yields,

Ou2(wp) + OuZ(pp) + Op2(uw) = Y(11) (AuSy, + AuS,, + ApS,,) +

+Y22) (UnSs, + UuS2, + U,S2,) +

+v02) (UpSs, + UuSh, + UpSh, + AuSy, + ALS2, + A,S2,) +

+2y@3)Re(V, St +V, St +V,S1) (3.13)
where relations eq (3.10) - (3.13) are extended to e,

Another equations to be included on the Noether identities. It gives,

9T = 0,
oL

K _— =

Ia”(@@Gu) 0

Koy = K1=-25 —0

where

(3.14)

JL =ig |V -V
N “1( YOOV a0.)
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4 U(1) x SO(2) gopar: first gauge invariance method

A nonlinear abelian antireductionist EM is being developed through the quadruplet {4,,U,, Vf} The physical moti-
vation is to consider the electric charges at {4, 0, —} being transmitted through a four bosons quadruplet {4,,,U,,, Vf}.
There is a new EM energy originated from three charges exchange. Its physical meaning is to extend Maxwell to a

model derived from U(1) x SO(2),,, transformations under the same gauge parameter.

Given the quadruplet the first two fields are associated under U(1) and the last two charged fields under U(1) x SO(2)gopa1-
There are the two methods for establishing the gauge invariance. The first under fields strengths; the second, by po-

tential fields.

For granular antisymmetric field strengths, one gets from eq (1.1)

Gz U(1) x 50(2)global ;wl,2 = G2 (4.1)
VMZIEJI,Q U(l) X 80(2)globa1 Vuﬂl:/l,Q = eiiqavljl:/ (42)

For collective antisymmetric field strengths, generalizing eq.() to eq(), one gets

+] +
el el U(1) x SO@)yopm €2+ el (4.3)
under the conditions
eLlE]Qil =0 eLlE]Qle =0
el =0 eB0y =0 (4.4)
and
+1]’ +2]’ iga +2
4 B (1) x SOy € (e + ) (45)

under the conditions
The above expressions produce the following gauge invariant antisymmetric Lagrangian under eq (1.1)

LA =L+ L5 + Ly (4.6)
where

L = a1F, F* + asU, UM + agVi Vi (4.7)
+ — _
L3 = (P + U €l + €fuy) + Vi€l + ) +

[+1] [+2] s(12] | [
V(e [w] +eu)) T Fuw Uy ) (8 + €pp) +

+ (-1 | 5[-2] (+1] | s[+2]
Vit @ + )+ Vi (Gt +50) (4.8)
with a new notation
F/,Ll/ = Guul ) U/,LV = G/,Ll/2
(4.9)

which will be studied in more detail in a further work.

296



Journal of Advances in Physics Vol 19 (2021) ISSN: 2347-3487 https://rajpub.com/index.php/jap

5 U(1) x SO(2)4,pa: second gauge invariance method

We should study the second method now. Understand eq (1.1) directly on potential fields. Given that £L = Lo+ L;

where

Lo=Lk+Ln+ Lcr (5.1)
we are going first to study eq.(5.1) under U(1) x SO(2),,y,, invariance.
Considering the kinetic term
Lr=L%+ LY (5.2)
one gets,
L = diG,, G +a3G0 GPM + a3 (G, GP M + G G (5.3)
and

L = B1S., S + B350, S + B3 (S5, 5% + Si, 8 ) +

+p1Sa 85" + 0385857 + p1p2Sa S5 + (57557 + 547 S57) (5.4)
For the mass term
0
Lo = MGG +m3,G oGl + mis (GusGh + GuaGh) (5.5)

Eq. (5.5) shows that the model necessarily contains one mass zero. This is due to the initial gauge transformation

D;L = D, + 0,c. It says that the model is just an extension to QED plus gauge invariants Proca fields.

Thus, given U(1) x SO(2)
corresponding eight physical spin-1 and spin-0 quanta inserted in the model propagate through five physical kinetic

global SYmmetry, L% contains three gauge invariant blocks, £3 two. Consequently, the

regions. They correspond to the EM domains through whose the EM energy flows interdependently.

The U(1) x SO(2) -kinetic sector is:

global

Ly =aiG),G'" +d3G,,G*" + a3V, LV (5.6)

and

Lk = BYSuS™ + BySL, S* 1 + 2858, 8" ™ +
+p15a"S5” + 0352 S5 + prpaSa S5’ + 205555 (5.7)
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and the mass term is

Lo = m35G2GY +m3;V, VI (5.8)

Eqgs (5.6) contain five EM domains. This means three regions propagating three spin-1 particles and ten regions

propagating three spin-0 particles.

6 U(1l) x SO(2): Three linear interaction sector

Considering the interaction sector we are going first to look at the L§A term written in the {D, X} basis:

L?{D,X} = 2dD,ul/rY[z]]Xl’”XVj + QOéiX[iuu]"y[jk]XﬂjXVk,

(6.1)
One notices that eq.(6.1) contains (N_I)Q(N_Q) + (N_l);(N_Q) = N(N_Q(N_Q) gauge invariant blocks.
Considering the following relationships:
I i i~
Dy = QuG, X, = QG
V[ij]X;Xﬁ = ’Y[IJ]GfLGi wherey(y ) = ’Y[z'j]Q”QjJ
81, = 045k, 52T =0psy
YinXoX) = Y15)GuiGuy  wherey(ryy = (i) Q7 Q77
(6.2)
one gets at {G} basis:
Litayy = 200G, Y7 QN GL G + 20005G YT QM GL Gl
L?{Gl} = 2b1]G£V7[JK]GH JGVK + 2CIG£V’Y[JK]G# JGVK
L?{G;} = leIV[JK]GinlL E T QCI’V[JK]G{WG“JGVK
Liapy = bupux G, G* ' G + epy G, GH TGV E (6.3)
where
birsk) = 201K, CIlIK] = 2C1VIK) (6.4)
Including the semi topological contribution, one gets from eq.(2.65)
L8 = nrr e GE - (4G, G+ 2G10,GL) (6.5)
where
NJK] = QIVJIK (6.6)
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Or
Ly = 015k (0,G)GH G (6.7)
with

Orir = ANK(15) — 20117 K) (6.8)

Thus, the trilinear anyisymmetric contribution

L3 =Liay + L5 (6.9)
contains three basic gauge invariant blocks. Analyzing specifically Li‘ (G leads to (N71)2(N72) and (Nfl)Z(Nfz) gauge
invariant blocks respectively mixing granular and collective fields strengths flowing the EM energy.

Now, looking at LI ¢ term written in the {D, X'} basis:
L3 (DX} = 2B:S}, 76k XM X7E + {200y + (895 + 2B5) T(m) L XX VE
(6.10)
which yields 3N?&-L gauge invariant blocks. Passing to the {G} basis:
L3 1a,y = 2600055, W25 GH T GV K+ Q1SiT {20091 + (8 + 28:) T Y25 GGV K
L?{G;} = Qﬁ[’}/(JK)SiVG“ JGVK + {QpIW(JK) + (8/)[ + 261) T(]K)}S;:JGZ{G”K
(6.11)
which gives
L3 = digrySh,G" GV E + e S GG E (6.12)
with
dryry = 28170kK)
err) = 2{pryr) + (4pr + Br) 7sr) } (6.13)
leading to N(]gfl) and SN(AQ'*DQ gauge invariant blocks respectively
Thus, in total, we have the L3 term with five types of gauge invariant blocks:
LS{GI} = blI[JK]GlIWGM JGVK + C][JK]G;IWGMJGVK + d[(JK)SiVGM JGVK + GI(JK)SffIGiGVK
(6.14)
which provides four types of physical sectors. Each of them contains respectively
(N-1)(N-2) (N-1)*(N—-2) N(N—-1) 3N(N —1)2 (6.15)

2 ’ 2 ’ 2 ’ 2

gauge invariant blocks or EM domains. In total it yields 2N (N — 1) independent terms for the EM flux do physics.
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Writing the above expression in a more compact form:

Ls = (arsx + Orsx) (0,GL) GG % + 81,k (8,G*T) GG (6.16)

where

arjk = 2birgr) + 2¢rgK) + 2d1gr) = 40Ky + 4eryak) + 481K
Brry = 2erk)y = Hpryar) + (4pr + Br) k)

NIJK) = CIVJK)

Orsk = 4ANK(1y) — 20117 K)

1
arjg +0r7x = 4(bir +cr — §&I)V[JK] + 4ok + 481K (6.17)

Next step is to study (6.1) Lagrangian under SO(2) invariance. Rewrite the expressions above in terms of four fields

as (A, = Gu1,U, = Gu2; Gus; Gua). Consider the matricial transformation

S0(2
Gt 29 @y = R GX (6.18)
it gives
1 0 0 0
0 O
R=|> 00 te t 0 1 (6.19)
= = e s = .
0 0| cosax sina 0 Lo
0 0| —sina cosa
infinitesimally,
Rim = 8im + a(t)im (6.20)

Substituting eq(6.20) in eq(6.16), we get from Appendix E the trilinear SO(2) invariance
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L3 = o111 (0,A)) APAY + 12 (0,A,) APUY + a1 (0,U,) UMAY +
+on22 (0,4,) UMUY + ao11 (0,U,) A*AY + a1z (0,U,) APUY +
Faggr (0,0,) UPTY + aiggs (8,U,) UMUY +
+ (ag31 A" + ass2U") [ (0,G) G + (0,Gy) G*Y)
+( ) [(0,G2) 6" — (8,6%) G+
+(azisA” + assU") [ (0,G7) G2 + (9,G)) G
+( ) [(0uGY) ]
]
]

Tt
+ (o341 AY + az42U" G?
G3
(8MG3 GVt — (3HG:4,) Gv3
+ o133 (0, AY) + azas (0,UY)] [GH3GV? + GHGY 4]

4
4
4
+ (314 A” + az24U” +
+
+ o134 (8, A7) + a4 (8,U")] [GM GV — GMG7P] +
+B1011) (OuA) Ay A” + 2B1(12) (0, A") ALUY +
+B1(22) (0, A*) U UY + 2B211y (0,U") Ay AY +
+2B82012) (0,U") ALU” + 28920y (0,U) U, UY +
+2 (Bsa3)A” + Bas)U”) [(0,G"%) G + (9,G") Go] +
+2 (B3 A” + BanU”) [ (8,G6"°) G, — (8,G") GJ ] +
+ [Biss) (0uA") + Bazs) (0,UM)] [GEG"? + GLG"*] =
607 {0311 (9, A0 U Ay + 0121 (8, Ag) AU, +
+0212(0,Us ) UL AL + 0122(0,Us )AL A, +

(01334, + 0233U,)[(8,G3) Gy + (8,G5)Gy) +
(03134, + 03230,)[(8,G3) G, + (8,G5)G] +
+(6134A, + 0234U,,)[(0, G4)G,3, (0,G2)G7) +
+(0314A, + 0324U,)[(9, G4)Gi (9p G3)Gi] +
6311 (9 As) + 312D, U [GLG — GAGE | (6.21)

Thus one has to study on L3 under U(1) x SO(2) global S3UgE invariance. According to Appendix H it will depend on

three coefficients relationships.

% (V.m = V), we have:

Expressing £3 in terms of V.M e V.-, G2 = VE4+V-), G =
u po G w u n

1
V2

o (0.G3) GH3 4+ (0,G1) G4 = (0, V) VI 4+ (8,V, ) Vit

o (0,G3)GrY — (9,GE) G¥3 = =i (0,V,/) VI~ +i(9,V, ) Vi
o (0,G3)G"* + (0,G))G¥3 = (0, VN VY™ +(0,V, ) VT

o (0,G3)GY* — (0,GL)G¥3 = =i (0, V1) VY~ +i(9,V, )V
o GMGVS + GMGVE = VYV Ty VHTYYE

o GIGY3 — GMGYE = —iVIHVY T VRV

(0,G"3) G2 + (9,G) G4 = (9, V*H) V.7 + (8,VF) V)

(0.G"2) G}, + (0,GM) G = =i (O V)V + (0, V) V,f
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o G3QV3 - GAGYA =2V VYT

Finally, we write L3 in terms of {A,,,U,, Vlf, VH*}. It yields the following expression for the four bosons three linear

interactions under U(1) x SO(2)giobal

L3 = 11 (9,4,) A*AY + o110 (0, 4,) APUY + ey (8,U,) UMAY +
Farag (0, A) UPUY + agiy (0,U,) AP AY + agyy (0,U,) APUY +
Fanar (8,U,) UFUY + aggs (9,U,) UPUY +

+ (a3314” + a332U") [ (8, V,F) VI~ + (0,V,) VI +

—i (a3 A” + azUY) [(9,V,N) VI — (0,V, ) VT +

+ (az13A” 4 azo3U") [ (9,V,) VY™ + (9,V,) VI ] +

i (A + aaUY) [0, V) VI — (0,V) VI +

+ [o1ss (0, AY) + a3 (0, UV [VHHVY — + VI VY] 4+

—i[oza (0, AY) + asa (0, UV [VFTVY - — V-V ] +

FBian) (0. AM) A AY + 281 19) (0,AM) AU +

+B1(22) (0, A") U, UY + 2P5(11) (0,U*) A, A +

+262(12) (0,U") AL UY + 28522y (90, U") U, UY +

+2 (B3 A" + B3y U”) [(0,V"F) V7 + (8, V") V] +

+2i (Ba(14)A” + B3y U”) [(8,VH )V, = (0, V* ) V] +

+2 [Bi(33) (0 A") + Basy (0,UM)] V,FVY ™~ +
ewa{am(a,,Ag)AﬂUy 4 0195(0,U) AU, +

0911 (9, A0 ) U, Ay, + 0215(9,U5 ) U, Ay, +

+[(O133 — O319) Ay + (0233 — 0320) U] | @,V )WV =0 + 9,V IV, ]
+i [(9134 — 0310) Ay, + (0234 — 0324)Uu] [(apvj)vfu - (apv;)vj}

+i[0501 (3, A) + 0302(9,U0) | [V =Vt = ViV |} (6.22)

Given eq (6.22) we have to understand £3 not only in terms of the fields set {A,,, Uy, Vf} but through granular and
collective fields strengths. Study eq.(6.22) by decomposing the 4 invariant blocks in terms of granular and collective

terms:

A. Terms with oy g

We know that A JK = QGI[JK] + 2[)[[]]{] + ZCI(JK) and
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which means that

AU

Let s consider the L5, :

1. 111 (auAy) AP AY

2. 112 (auAy) ArUY

brisx) = 2b1vsK)
CITK] = 2CIVJK]

drr) = 281v0K)

argr = 4bryk) +4cra k) + 481K

1 1 ,
= (4b17[11] +4e1ypy + 4ﬁ1’Y(11)) (2F/u/ + 253@1/) AFA

0 0 1 1 v
= <4b1M+ derypry+ 4ﬂ1’7(11)> (QF,W + 25}W> AP A

0
— 4By, WJF Lot gngv
(11) 9 n

v (11) v
= 2615}, (yanArAY) = 26,S), 2 )

2
=201 F, (’7[12]A”UV) +2c1F, (7[12]A“UV) +
+2b1S), (yag APUY) +21S), (vpg APUY) +
+2B1F (va2)A*U”) + 281S), (v AMUY)

[12] [12]
z z

1 1 ,
= (451’)’[12] +4e1ypg) + 4517(12)) (FW + 25;“/) ArU

=201 F), (] 4 2¢1F,, (] 4
12 12
+2by 53, Flm) 4 oe st o 4

12 12
+261F,, (Z)[uu] + Qﬁls}w (Z)(uu)
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3. 121 (8uAV) U“AV
1
= (4b1y}21) + 4c1vp21) + 4B1721)) ( ww + SW) UrA”

= (—4b1vpi2) — 4e1vpg) + 4B1702)) (2FW + 25;1,1/) urAY
= —2b1F,, (YaoU*A”) = 2c1F (vpoUHAY) +
2015}, (yagUPAY) = 2¢1S), (vugUHAY) +
+2B1Fu (va2) UM A”) + 2815, (va2) UM A”)
— %, F,, [Z][;w] 42, F/w B2 )
—2b, S}, Plow) _ 9, St P
+26,F,, 2 fuv) J+28,8), 2 )
(6.27)

4. X122 (8MAV) Uurgvr
1
= (4b1vp22) + 4c1y(29) + 4B17(22)) ( Fu + 2Splw) uru”

= (‘”’1% + deyg 451%22)) (2 vt QSiu) uru”

LTV (22),
=261}, (Vo2 UMU") = 26,5, 2 ) (6.28)
5. Q211 (aMU,,) AHAY
1
= (4b2'y[11] +4e1yy + 4[31’}/(11)) <2UIW + 2wa> A* AV

0 0 1
= (4[)2M+ 4C2M+ 4/82’7(11)) <2Uuu + 2SZV> uru”

11
= 28,52, (Y A AY) = 28,52, 2 0m) (6.29)
6. Q212 (GMAV) AHUY

1
= (4()2’}/[12] + 462’)/[12] + 4,32")/(12)) <2UHV + 2S/2iV> ArUY
= 23U (a2} A"U") + 262U (121 A"U) +
+2b25%, (Va2 APUY) + 2255, (vpg APUY) +

+282U (Y(12)APUY) + 28257, (y(12)AHUY)

2 v 2
:2b2Uuu z M +2CQUHV z vl

+26,82, F00) 1 96,82, [1,22](‘“’)

(12)(

+262 g z (1] +2ﬁ252 (My)

(6.30)
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7. Q221 (8HUV) U+ A”
1 1 _, oAy
= (4b2’}/[21] + 462’}/[21] + 4627(21)) §U/u/ + §S,Lu UrA

= (—4b2y2) — 4c2V2) + 4B27(12)) (;U,u,u + ;Siy> UurAY
= —202U, (VagU"AY) = 2¢2U, (vaoUMAY) +

—2b252, (yagUHAY) = 26255, (vugUHAY) +

+282U, (Y2 UM AY) + 26255, (va2) U AY)

B2 v 2 o)
= 20U, 2 M+ 2c0U,, 2z W+

12 12
—2b, 52, Flm) 9,52 ) 4

(12) 12)
z

+2/82U/LV z [l“/] + 25255y ( (l“/)

(6.31)

8. a221 (a/J,Ul/) U”AV
1 1 o oAy
= (452’}’[21] + 4eaypey) + 4527(21)) §Uuu + §SW UrA

1 1
= (—4bavpig) — 4eaypz) + 4827(12)) (QUW + 25;2“/) utA”
= 72b2UM,, (7[12]U”AV) — 2CQUHV (7[12]U#AV) +
—2()2551, ('y[lg] U“Ay) — 20252,/ (’y[lg] U‘MAV) +
+282U, (7(12)U”Ay) + 2525,2” (7(12)U“AV)

[12][ V] [12][ V]
:2b2Uuu z W +2CQUMV z

12 12
_QbZSZV [z Jwy _ 2C2SZV [Z](;w) +

12 12
+265U,., (Z)[/w} + 2625/2“/ (z)(uu)
(6.32)

9. Q222 (8MU,,) urgvr
1 1,4 -
= (4b2’)’[22] + 402"}/[22] + 4&2’7(22)) §UHV + 551“, U*U
o 0 0 1 Lo \ ppuppw
=(4 QM+ 4CQM+ 4ﬂ2’)/(22) §UHV + §Suu Uvru
1 v 0 1 2 v

= 4B27(22) (M—F §S;WUMU )

v (22) v
=2p182, (vanU'U") = 2B,82, 2 ) (6.33)

In the end, we have:

12
E?&U =4 (ble,V + bQUMu) [Z][uy] =+

(122)(

11 22
+2 (B1Sh, + B252,) <(z o) 4 o P G )W”)) (6.34)
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oo
Let s now take terms with the E;/a V' part:

1. (O£331 — Z.CY341) (altVqu) AvVHE=

= (4b3’}/[31] + 4eayzy + 453’}/(31) — 4ib3ypan) — 4ics Va1 — 42'53’}/(41)) (2‘/;;, + 25:,}) AYVH—

= (—4bsyps) — 4esyps) + 46837(13) + 4ibsypiay + dicsypa — 4iBsy(1a)) (QV;Z + 25:21> AYVES
= (2b3 (—yp13) + ivp1ay) + 2¢3 (—yps) + ivpay) + 2683 (Vas) — i) (V,ju + S,fu) ATVET

= =263V, (vns) — ivag) (AYVH7) = 26355, () — i) (A7VH7) +

—2c3V,,,, (Vs — ivg) (A7VH7) = 263850, () — i) (A"VH ) +

+263V,0, (vas) — va) (A"V7) 428580, (vas) — ivaay) (A7VH7)
2N -1]

= obyvt 2l gy Bl 1 gegy Bl _gegt Bl 4
~26:V,5, 7 1 2805, (2
(6.35)
2. (a3 —ias1a) (0, V1) AFVY —
= (4bsypis) + 4esyns) + 483713y — 4ibsypa — dicsypa — 4iB3Y(14)) <2VJZ + 25:[,,) AlyY T
= (2bs (3] — #vp1a)) + 2¢3 (Y3) — ivpa) + 263 (vas) — ivaa)) (V,;Z + S;u) ArVY T
= 263V, (s — i) (A"V77) + 26380, (Ys) — i) (A"V27) +
+2¢3V,, (s — i) (AMVY ) + 2¢380, (vus) — i) (A7V77) +
+283V,5 (vas) — ivaay) (A*VY 7)) + 28355, (vas) — ivaey) (A*VY7)
= ayvy, 2 apys BN 4o vt B 4 g, er 15
+28;v 2 4oy Gl
(6.36)
3. (s + dazar) (B,V,7) AV Vi
= (4bsy31) + 4esyizn + 48331y + 4ibsypar) + dics V) + 4iBsY(a1)) (;wa + QSW) Avyrt
= (—4b3yps) — 4e3yps) + 4837(3) — 4ibsypa — dics v + 4iB3(14)) (2VW + 2SW> Aryrt
= (=2bs (vpu3) + vpay) — 268 (Yaz) + v1a)) + 285 (vas) +9701)) (Vi + S) A7VHE
= =23V, (vus) + 7)) (A7VHT) = 2355, (vpusy + 670a)) (A7VHT) +
—2e3V,,, (13 + i) (A"VHT) = 2635, (vg) + i) (A7VHT) +
+285V,, o (vas) +ivag) (AVEY) +2855,, (V(13) + i) (AYVEY) +
L B D P e o B R CO
—2B5V,,, i 4 253S;V )
(6.37)
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4. (OZ313 + ia314) (8#1/;) ArVVE

= (4bsy1s) + 4esyis) + 4Bsv(13) + 4ibsypa + dicsYpa + 4iB37(14)) (2V,W + 25,w> AryvE

= (253 (7[13] + i7[14]) + 2c¢3 (’7[13] + i7[14]) + 2083 (7(13) + Z‘7(14))) (V;W + S;w) AryrE
= 203V, (vpa) + ivpag) (APV7T) + 20355, (s + ivpag) (AMVET) +
+2¢3V,, (Vg + i) (A"V2T) + 2635, (vps) + ipa) (AMV7T) +

+285V,, o (vas) +ivas)) (A“VVJr) +285S,, (vais) + iva1a)) (A“VV+)

S [ 1

L L R Y v O B PN L

pv

+285v, 0l L ogis “fz )

(6.38)
5. (0[332 - ia342) (('“)#Vl,*) U"VHE—
= (4b3’y[32] + 4637[32] + 4537(32) — 4ib3’7[42] — 42'037[42] — 42'537(42)) (QV;; + QS:V) UrvvH—
= (—4b3y(23) — 4c3V(23) + 4837 (23) + 4ibgypa) + dics g — 4iB3(24)) (QVJ: + 25;1) urves
= (2b3 (=23 + 1v241) + 2¢3 (=123 + DY201) + 283 (V23) +iv20))) (Vi + S) UVVE T
= =263V, (o) = i7124)) (UYV7) = 26355, (Y123 — ivpay) (UVH7) +
—2c3V,,1, (V2a) — ivp2q) (A"VH7) = 20380, (Y23 — iv20) (UVVH7) +
+2065V,} (7(23) — i) (UVH7) 4+ 2835, (vs) — ives) (UVVH ) +
= 2by vt ) oyt ) fgegy el _gegt Bl 4
,253‘/;; (Z (k] 4 2535‘:” (Z )
(6.39)
6. (Otggg — iOé324) (@LVJ) Urvy—
= (4b3y[2g) + 4csjas) + 483Y(23) — 4ibsyaa) — dicsVza) — 4iB37(24)) (QV;Z + 25:21> urve-
= (203 (231 — #1241) + 263 (Y23 — 120)) + 283 (Y23) — 1V2))) (Vi + Spi)) UMV ™
= 2b3V,,5, (Y23) — iv2a) (UMV"7) +2b35,0, (1231 — @7[24]) v ) +
+2e3V,l, (V3 — 1Y20) (UMVY7) + 26385, (V23 — ivpeay) (UMVY7) +
+263V,5 (veas) + iv2ay) (UMVY7) + 2838, (v2s) + ivany) (UFVYT)
— oVt Il apyst B oy B g B
+263VMJ,C (;2)[uu] + 2535,; (;2)(;w)
(6.40)
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7. (asse +iazs) (0,V,) AVVET
= (4bsy32) + 4esyisz) + 4837 (32) + 4ibsYjag) + dicsVjag) + 41637 (42)) (2V,W + 25,w> urvest

= (—4b37(23) — 4c37Y(23) + 4837 (23) — 4ibgVpa) — dics ey + 4iB3(24)) <2VW + 2SW> UYvHT
= —2b3 (Y2 + i24)) — 263 (Vp2g) + iv24)) + 263 (V23) + iv24)) (Vi +S,,) UVVET
= =263V, (Vo3) + ivp2q) (U"VHT) = 2635, (123 + i) (U7VHT) +
—2¢3V,, (V3 + iv24) (UTVHT) = 2635, (vpsy + i) (UPVHT) +
+205V,, (V(za) +7(21)) (U”V’”) + 2835, (Yes) + 1(20)) (U VET)
= 2byV El) _aps ) oegys B _ge g B
—285V,,, Py 2835, )
(6.41)

8. (01323 + ia324) (8#‘/”7) U"LLV'VJr

= (4b37[23] + 4desypes) + 4837(23) + 4ibzy[2q) + dicz Y24 + 4i53'y(24)) (QVW + 25“”> Urvy =+
= (2b3 (Y23) + 1724)) + 263 (Y23) + 1v20) + 265 (V3) + Y2))) (Vi +9,) UHVIT
=203V, (Y23 + iv120) (UMVYF) + 2635, (Y2s) + i) (UHV7F) +

+2e3V, (Vo) + 7124)) (UMVYT) + 2035, (Vo) + i7020) (UHVT) +

263V, (Ves) +1v20)) (UMV7T) + 2858, (zs) +iv20) (U ")

= 2b3V_ [Z ]'LW + 2b S_ H,;J ](l“/) + 263VM_U [Z ][FW + 2035’;” P ]([Ll/) +

1285, Fle oy, )
(6.42)

9. (Ot133 — iOé134) (auA,,) V’ujLVVi

0 0 . . . 1 v
= (4b1M+ 401M+ 431733y — 4ib1y[34) — dic1Y[34 — 41517(34)) <2FW + 2511“’) VHEtTY

= (2B17(33) — 2ib1V[34) — 2iC1V[34) — 2i51”¥(34)) (Fu + 51 ») V“+V”_

) opy st o) 4oge g1, B

i

= leFNV [+Z_][,uv] + 261FM (uv) +

128, F,, T2 08,81, T2 ogi g, 0 4 og g1 G ) (6.43)

].0 (0[133 —+ ia134) (GMAI,) V,u 7VV+

0 0 . , . 1 v
= (4b1jg337'+ Ayl 461Y(33) + 4ib1y(s4) + dic1y(ze) + 42517(34)) <2Fm/ + 25,1“/) vt

= (2B1v(33) + 2ib1V[34) + 2ic1V[34) + 22’517(34)) (Fuw +Sh)V ”_V”+

= 2b1Fuu [JrZi]['uy] + 261}71“, [+z7][l“’ 2b15’1 (#V 20151 ](p,u) +

)

28, F,, 200 981 TP _ogi g, T 4 og g1 O ) (6.44)
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11. (a233 — ia234) (8,“41,) vetyv -

0 0 _ , , 1 .
= (452M+ Acoyppal+ 462V (33) — 4ib2Y[34) — 4icaY[34) — 4lﬁ27(34)) <2UW + 25,2“,) veEty

= (2B2v(33) — 2ib2V[34) — 2i027[34] — 2if2y 34)) (U + S2,) V‘”VV*

[+ ] ]

= 2050, ) 1 9ey0,, 0 4oy, 62 TN 4 ge, g2 Ml

+2ﬂ2U’W 27 [H”] + QBQSZV +,; (pv) + ZﬁQUHV z )[IW + 262551, +z_)(HD) (6.45)
12. (01133 + iOé134) (8#14,,) ‘/'ui‘/yjL

0 0 . ) . 1 R
= (4b2M+ 4CQM+ 4827y(33) + 4ibay|34) + dicay[za) + 42ﬁ2’y(34)> <2U,W + 2512“,) yr-yrt

= (2B2v(33) + 2ib2y(34 + 2icaVza + 2iB2vse)) (U + Sh,) VE VY

= WU, 2 [+ ][“V] 420U, - [+ I H:Zi](}l,l/) n

& ) (6.46)

bl —2by 57, 2 ) — 26,87,

—28,U,,, T2 428,52, 2P _opp,, ) 1 ag,62)

Resulting in:

+-]

+7
£V+ . = (1 + 1) Fuy +4 (b2 +¢2) U [ z g (461 F 0 + 452Uuu)( z ] +

1 2
+4(bs + c3) V), ( it 1 ]W]) +4(bs+c3)V,, (Hz w1 4 15 ]W]) (6.47)

B. Terms with 5k

Moving forward, we consider the v

1. Biyy (9,A") A, A¥
Biar) (0, A") A AY =
= [4P17(11) +4(B1 + 4p1) T } =St A, A

)y

= 2p15'“1 B2 Y +2(B1 + 4p1)5“1 (6.48)

2. Biag) (0,A*) AU
Bi(12)(0,A")A,UY
1
=2 4p1’y(12) + 4(51 + 4[)1)7'(12)] 5551AVU1/

—ap 5t Py a gt
=4p1Sl 2]+ 4B +4p1)S W) (6.49)

3. Bi(az)(0,AM)UUY
Bi(22) (0, AM)UUY =
1
= 4p1’7(22 + 4(61 + 4/)1)’7’(22)] 7SH1UVUV

L2y

= 2,015“1 Dy Y4 2(81 4 4p1) Sk (6.50)
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4. Baan) (9,UM) AL AY

Ba(11) (0 UM) Ay A”

= [4027(11) +4(82 + 4;02)7(11)} lgulAuA"

= 2p25”2 2 Y 4+2(82 + 4p2)5“2 )” (6.51)
5. 2B1(12) (0, UM A, UY

262012 (0, U") AU

1
=2 4p2’7(12 + 4(,32 + 4/)2)’7’(12)] 7SH2AVUV

= 4py52 v 4 48y + )52 W (6.52)
6. Baan) (0,UM)U, U
Ba(22) (0, U*)UU”
= [4p27y(22) +4(B2 + 402)7(22)] 2S,L u.u”
2 (22), 2 @
= 4,025 Y +2(Bs + 4[)2)5 (6.53)
So, we have:
L3 =)+ (2) + ...+ (6) (6.54)

12 22
:2p15;jl[( Dy g9 )+(z)u]+

n, (2, (22
128+ 4p)spt [ Wy w2 WDy W]+

11 12 22
vopusy W v2 D ]+

12 22
+2(ﬁ2+4p2)552[ w) +2(w) +(w) }

(6.55)

_|_

W, 0, e
L3y =2(p Sk + P2S"2)[ , +2 5]

12 22
vy )5] (6.56)

11
+2[<51+4p1>551+<ﬂ2+4p2>552}[(w)5+2 S G

+ -
Let s consider the term /3‘6/73"/

LYY = 28305 (0, VP AV + 283015 (0, VF ) AV +
+2B3(23) (0, VF ULV ™ + 2B3(23) (0, VF UV TY +

—2iB314) (0, V)ALV ™Y + 2iB3(14) (0, VF AV +

—2iB3020) (0, VF VULV ™Y + 25004y (0, VF YUV +

+2B1(33) (O A" )V, F VY™ 4 28533 (0, UV, VY (6.57)

Regrouping and taking in account that

I

1 B B 1 1
VIt = ZSit 9V = fS“ Al = S, 0,U" = S5, (6.58)

310



Journal of Advances in Physics Vol 19 (2021) ISSN: 2347-3487

https://rajpub.com/index.php/jap

we have

Let ’s remember that:

So:

We will have at the end:

LYYV = (Bas) — iBsa)SETAV Y + (6.59)
+(B313) + iB3(14))Sh T ALV T + (6.60)
+(Bs(23) — 1B3(24))SETULV ™Y + (6.61)
+(53 23) +1B3(24))SL UL VT + (6.62)
+(Br(33)Sht + Bagss)SEHV, VYT (6.63)
Brix) = 4prvsr) + (481 + 16p1) 7K (6.64)

ﬁZ;’V_ = 4p3(vas) — iva))SETAV TV + (6.65)
+(483 + 16p3) (113) — iT(14)) SHT AV ™Y + (6.66)
+4p3(Y13) +iv14)) SHT AV + (6.67)
+(483 + 16p3) (113) — iT(14)) ST AV Y + (6.63)
+4p3(Y(23) — V(20)) SETULV ™V + (6.69)
+(483 + 16p3) (1(23) — i7(24)) SL ULV TV + (6.70)
+4p3(Y(23) + 1v(20)) SETULV T + (6.71)
+(483 + 16p3) (7(23) + i7(24)) SHTUL VT + (6.72)
+4p17v(33)SM VT VYT 4 Apay(ss) SV VYT (6.73)
+(461 + 1691)7(33)551‘/;‘/”_ (6.74)
+(48 + 16pa)T(33) SV, VY~ (6.75)

Ly =aps s +4(ﬁ3 +aps) )”sﬁ "

apy rs 4By +aps) T

+py TSI 4 4 (B +4ps) W LS+

aps S 4B+ aps) Brsp 4

+4 27 (1S paS ) +

+(4B1 +16p1) "G S I 1 (48, + 16p,) T v 5 2 (6.76)

Four Gauge Invariant blocks in terms of Granular and Collective tensors

311



Journal of Advances in Physics Vol 19 (2021) ISSN: 2347-3487 https://rajpub.com/index.php/jap

First Block:

£§‘ = 4b1Fuy< [122][#1’]+ Hz][;w]) + 4b2Upu< [122][/111]+ HZ][MV]) +

—1 -2 1 2
+4b3V,fy( i 15 hm) +4b3VW( bl ]W]>
(6.77)

Second Block

E? = 401F/W< DZZ][ILV]JF HZ][AW]) + 402U;w( [122]““/]+ [+Z][/J,l/]> +

—1 -2 1 2
+4C3Vlj;( i 15 hm) +463V,;,< -l }W]>

(6.78)

Third Block

LS = 461FMV (+Zi)[‘uu] + 4,62U v (JrZi)[l“/] —+

12 22
+2ﬂ13}w(( )’”+2( n +( )“”+2+z3“”>+
2 22 _
+2[3253”(( D 4 g 2 —|—(z)””—|—2+z3””>—|—

-1 -2 +1 +2
+4535,j;((2)’w+( b )+4ﬁ3 W<(2) (z)“”>—|-

(6.79)

Fourth Block

Ly =205 2y +4p 501 Dy p2p50 Dy papigm 4
11)
+2(51 +4p1)suul Wy +4(51 +4P1)Suul (w)uy +
(22) -3
+2(ﬂ1 +4p1)‘9}f1 W) +4(ﬁ1 +4p1)SuH1 +w , +

11 12
+2f025u“2(z)”+4pS*‘“z’wngsﬂ 2y apysp2 T

+2(62+4p2)5“2 W’ +4(52+4p2)5“2 By

+2(B2 + 4p2 )5“2 w +4(,62+4p2)5“2 +w3V

+4(53+4p3)5“+( +4(53+4p3)su+ P

+4,oS“+ )+4 SN* )V+

_(+1, e (+2),
+4(ﬁ3 + 403)5”“ w .+ 4(53 +4p3)5’u’ w Y+
+1 +2
St Ey g apyspm

(6.80)

7 U(1) x SO(2): Four nonlinear interaction sector

The interaction term, L} is expressed at basis{D, X;} as
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£4 _ EéIlA + [/AIIS + [/}Lst

where

L = vy XL X X X

LT =z
and

L7% = {1y +¥Gm) + 295 Tam) + 4765 Tam) } XX Xp X O™
L4 = Z(W)Z(W) + ngwg + 4wgw§

Considering the physical basis {G;},

ﬁz}A = Z[W]Z[W] = MNVKL] G,ZGZ{GILKGVL

E}ls = z(w)z(“”) + ZZgwg + 4wgw§ =
= ’)/(]J)’Y(KL)GZLG;{GHKGVL + 27(IJ)T(KL) GQGQ‘]G?GﬁL + 4T(IJ)T(KL)G£[GOLJG§GﬁL

We can express these two contributions in the following way:

L = ('V[IJ]'Y[KL] +yanVkxL) + 2vaK) L) + T(IK)T(JL))GﬁGiG“KG”L

Including the semitopological term from eq. (2.65), we have
LY = prikre””’ GLGIGR G
where

PIJKL = YIJ|V[KL]

Finally, one obtains the reduced form:

[f} = a[JKLGiGiGuKGVL
where

ArJKL = (’Y[IJ]’Y[KL] +yvunVEr) + 2vaK)TIL) +

+T1K)T(IL) + UW[IJW[KL]WWM)
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For the purpose of having a £ that is SO(2) invariant, we get from Appendix 6 the following expression:

Ly = an11 Ay Ay AR A” + agU, U, UMUY + 4a1112 A, Ay ARUY +
4012204, U, UMUY + 201122 A A UMUY + 201212A4,U, AMU” +
+2a1221 A, U, U A” +

2130 A, A{GIG + GHG + gy A, A (GG + GG} +
+2a1313 4, AP { GG + GLG™ | + 2020330, U, { GG + GG+
+202332U, Uv{ GG} + GG} + 2053030, U { GG + GG} +
+Hazss AU {GHG + GG} 2015504, U7 {GG] + GMG ) +

+argzs AU {GLG™ + GLG™ ) + 21230 A, U, {GH G — GG} +
+4a1312 A, U {GM G — GG} + assaa (G G) + GLGL) (GG + GMG™) +
+azus (GRG™ + GL,G™) (GG + GGy + assa (GG + GfLG‘A)2

F4"P7 (prass + p13a2) AU (GGa — GHGY) (711)

The associated U(1) x SO(2) | gauge invariance to eq. (7.11) is studied at Appendix I.

globa

Now we use:

1
G =—(VF+V,), G4

o > = ﬁ(vj —-V7) (7.12)

“w
So:

GMGV3 4 GriGYE = Rty v L yre vt
GG+ GG, = VIV + VIYE

GIG" + GG = 2W,F VY™

GR3GVE — GrAGYS = ety 4y vt

GMG = GGy = VIV ViV S (7.13)

Substituing, we obtain the following expression in terms of the fields {A,,, U, VJ ik

Ly = a1 ApAy A" AY + 490020, U, UMUY + dannn2 A Ay AMUY +

+da1222 A, U UMUY + 2a112204, A, UMUY + 2a12124,U, A*UY +

+2a1221 A U, UM AY + 201133 A, A VTV T £ VETVYF ] 4

+2a1351 A, AV {VFTV, + VTV +

Fhar313 A, AMVIVYT 4 290530, U, { VIV~ 4 VETVIT L 4

+2a9332 U, U {VIHV,” + VITVYF} 4 dagsns U, UMV, VY™ +

+Ha1233 AU, VATV T + VIV T} 4 201330 A,U7 {(VATV + VATV +
+8a1303 A, UH VI VYT — diargzg AU {VFFVYT VTV 4

tiarsap AU VIV = VITVE tassaa (VIV + ViV (VEEVET 1 VETVET)
+agaaa (V, V") + agass (VS VY7 + Vo V) (VY V01

+4i(p1234 — p1324 + p13a2)e"P7 AUV, vk — V,fV{} (714
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We can now write £} as

Ly =L+ L5 (7.15)
where
E _ 2[122][H | {Z][W] +2[1Z2][W] [221] (] +4[1??][ ; [13 Vum) n
145 T g P e 4 e
—8(?)[ y (w (] 16(12)[ y (w)[ﬁ“’] +4(13+)[ y (13 ) [uv] "
14 (2?%+)[uu] R 8(1?)[ y P 16 )[ V] bl
P >[ ’ ) _ g (13+>[ ., 1) ) | g0 ){M ] G0 )

(234) (14-) (23-) (14+) [ (13+) (24-)

—4i z ) w (] 477 (] w16 ] W ] 4

6 G el 040, 047 O3

+161(155+)[W] @ _ 16 )[uu] Co i g (13+)[m C )

o0 Ol 040 040 @50

T R T R (7.16)
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and

(12] (12] (12] (21] [13+]

LF=27% ) 2 422 ) 2 M+ 472 )

(ny)

+4 [2?,’;](“,,) 2971 v +8[1§:+]( v) B3 gy 4 41 ]( oz W)
(12'1)(,“,) (lzl)(“y)+(222)(,w) (222) (uv) +2(1ZD(W) (w)(’“’) +2 27 (22) (ur)
4@, W g B B 0D D 8D )
10 W, 0D @y oD @Dy 60D @D
+2(1zl)( ) (222)(W) 4_4((121)0“/)+ (222)(W))+;3(W) n » (122)(“@ n
182 D g B 0890 G
TR R O R A S O S (O
4720, e gD e g U e
1ai %50, Y e g B0 P e 16 VD, Bl e
7162(153 )(W) 45 () 49 Z,(u?)(w) 3) () _ (14 )23 () n
1606, G e 416087, T e 9 UED B G
+2Z.(1?;)(W) @4 () _ 42_(1?)(“”) (23) (uv) n 41‘(147) (22}+)(W) n
iy (2?)(#”) (1630—)(“”) _1_42,(24;—)(#”) (13}+)(W) N
U 0y By By B b
U By B B, ), B, b 24
W @y WD By 30 By 030, 03,
1165 Uy 165 Gy 4 3 “?f);j U
+32(23+)5 (23)—)5 " 4(1?;-)/7 (232—)V _ 4(132—)5 (2?;-)5
#1627 O 16 U 3 “f’f)u G
32 U5 (22;”; - 4(?);; U )" +87 2 G 16T TS

11 22 11 22 12 12
+8{( TR SR S )“+4( ' } @y

m

8 Conclusion

(7.17)

Nature is not only structured by matter as by fields. Differently from 17" century when Newton laws were edified in

terms of matter, Maxwell equations introduced at 19'" century the meaning of fields. Physical behaviors as Faraday

law become explained through lines of force. They became the new constitutions in order to manifest physical laws.

Later on, Maxwell incorporated the displacement current composed by electric fields. Followed that, physical entities

as EM energy, momentum, light propagation, and so on, become physically realistic through fields. Something saying

that nature should no more be expressed just as straight matter. Aside to elements, as mass and electric charge, fields

should be incorporated.
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Maxwell equations mixed matter and fields. At one side, Coulomb and Ampeére laws depending on current and charge;
on the other hand, Faraday and Gauss magnetic laws on fields. Nevertheless, Maxwell legacy is fields generated by
electric charge. It does not understand the fields energy flux as primordial. Maxwell theory shows the EM phenomena

as determined by fields being derived by external sources.

Thus, a next physics challenge is to go beyond such Maxwell relationships between charges and fields. Einstein’s
equations gave a first step at this direction [27]. It established a nonlinear field theory development. The appearance
of a nonlinear electromagnetism is a further step on this general relativity structure. A physicality where instead of
charges and magnets, fields work as their own sources. The Salam-Shaw approach to non-abelian gauge theory was
to look for selfinteracting photons[18]. This is the new fact coming from the various NLED models being proposed at

literature.

A nonlinear EM changes our vision on EM phenomena. Another development happens. Nonlinearity makes nature
more primitive than material sources. Their extension to Maxwell equations introduces a primary dynamics where
fields precedes matter. Maxwell equations are also fields dependent, Faraday law gave the clue for electric and magnetic
fields as source between themselves, however, nonlinear EM fields introduce a step forward. They show that fields do

not come from charges and currents but from themselves.

Under this scope, eq.(1.1) develops a nonlinear electromagnetism where fields are their own sources. Something to be
understood. It provides a new EM flux just depending on fields. New ingredients as fields conglomerates, granular
and collective fields strengths, are performed together with nonlinear currents. There is an non-materialistic physics

to be analyzed. Understand how fields surpass matter and their consequences.

Maxwell provides the EM flux simplest case. It is given by E-B association and has only one EM domain which is
the piece £ = F] 3,, It is enough to show through Vector Poynting that its energy flux direction is not the same of
the electric current. It shows how matters and EM transmission are moved by fields. As a next development, eq.(1.1)
interlaces the photon with massive photon and charged photons. It shows that not only E-B affect each other as
the potential fields {4, — U, — Vf} are interlined. Their integration build up electromagnetism regions constituted
by different pieces which are called here as EM domains. They are interdependent physical regions where each one

contains its own EM energy, and so, proper physics.

Thus, through Four Bosons, this work studies an antireductionist nonlinear microscopic electromagnetism. Based
on charges set {+,0,—} a fields set {4,,U,, Vf} is introduced. The efforts at this work became to clarify on the
gauge invariance and electromagnetic domains running under this EM flux. Each of them contains its own physicity.
Carrying its own energy, momentum and so on propitiating a physicality which precedes the electric charge. They

also contain a separate and interconnected spin-1 and spin-0 physics.

Thus preserving the two basic Maxwell postulates which are light invariance and charge conservation, it enlarges
an EM flux bigger than Maxwell flux. It not only expands the meaning of electric charge behavior in terms of
conservation, conduction, transmission, interaction, but fundamentally, develops a new EM flux. It introduces a
physics not depending on electric charge, permissibility € and permeability p constants, and with coupling constants

beyond electric charge.

Thus the Four Bosons Electromagnetism proposes a health antireductionist nonlinear EM. It extends Maxwell to an
EM energy being exchanged by three charges through a fields quadruplet. As consequence, it appears a new way of
transmitting EM energy. It appears interlaced granular and collective EM fields. These fields are nonlinear and may

react collectively. They provide an EM beyond electric charge and constitued by interdependent domains.
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Appendix A. Field Basis {D, X;}

A.1. Field strength tensors

1. Granular type:

D,, =9,D, —9,D, (A1)
X, =0.X, - 0,X}, (A.2)
S, =0.X} +0,X}, (A.3)
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So, under: D), = D, + N9, and Xl/j = XZ, we have:

D,,=Du , X, =X, . S.,=5., (A.4)

D!, =d,D, - 8,D,

n%
=0u(Dy, + NOya) — 0, (D, + NO,«)
=09,D, —0,D, + N9,0,a — NI, Oyoe = D, (A.5)

X, =0,X,'-0,X,'=0,X,-0,X,=X}, (A.6)

2. Collective type

We can construct the following gauge invariant compositions:

2] = Vi) X X
Zuv) = Vi) X X5
W) = T X, X7
(A7)

3. Collective fields 2-to-2

Consider the expansion

Zuy = ’)/QQXZXE + 723X2X3 + ...+ ’)/NNXAII’VXLV (AS)

it yields that eq.(A.8) provides (N — 1)? real and gauge invariants 2-to-2 collective fields.

4. Generic Tensors

In this way, we can construct the following gauge invariant tensors of antisymmetric and symmetric nature.

Using already the definition of collective tensors written above:

) = dDpy + O‘inw + 2] (A.9)
L) = 5iSLV + Z(uw) + G PiSS" + Gy
(A.10)

where g,,,, is the metric and d, o, Vjis), Bi pi, V(ij) T(ij) arve the free parameters (can assume any value without

violate gauge invariance).

A.2. Lagrangian

We can construct the following Lagrangian:

v 7 LV i j 1 7
L(D, X;) = Zyy 2" — Zp 2P —m2 X1 X 4 2 [aﬂ (D* + o, X" )} (A.11)
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where:

Z ZM = Z[W]Z[’“’] + Z(W)Z(””)

S
Z/W = Euyp(;Zp

Notice that the D, field only exists in the antisymmetric sector of the theory. Observe the possibility of include the

mass term without Higgs. The next step is to separate the different sectors inside of by this systemic Lagrangian L.

L=La+Ls+Lsr+ Ly + Lar (A12)

1. Antisymmetric part of L :

La = Zu)Z¥ = (dDyy + 0 X}y, + 2p)) (D™ + 0 XPF 4 2l0))

which gives

Zjw) 2" = (dDy + 05 X},)% + 2(dDyy + i XL, ) 2 + 2,200 (A.13)
where each one of the terms is separately gauge invariant.
2. Symmetric sector of L:
Lg= Z(W)Z(W)

Ls= (BZ-S,ZV + Z(u) + GuupiSe’ + g,ww3> (ﬂij w2 g piSed 4 g"”w$>

(A.14)
Simplifying and grouping terms:
Zun ZW) = BiB;SL, S + 285}, 24 + (2Bip; + 4pip;)SSISS +
—&-Z(W)z(“”) + 2&52‘%2 + 2piS§izg + Spngiwg + 2zgw§ + 4wg‘wg
(A.15)

where each one of the terms is separately gauge invariant.

3. Semitopological Term

A.3. Free Coefficients

Eq.(A.11) Lagrangian contain parameters as d, a;, 5;, p;, m;; and so on that can take any value without violating gauge
invariance. They are called free coefficients. They are responsible for the circumstances that the model uses. (A.11)
uses 1 [3N* — 8N3 — 12N + 8] free coefficients [|.
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A.3.1. Kinetic part:

Lx =La+ LY
L =d* Dy D" + 2de; Dy XM + oo Xy, X1
L3 = BiBiSL, S" + (4pip; + 2Bip;)Se Y

A.3.2. Gauge Fixing:

J— [0u(D" + 777 |

A.3.3. Mass:

— 2 Yl YK
Ly =mi; X, X

A.3.4. Term of interaction £3:

L= L5+ L
L5 = 2dD,, 2" + 20, X7, 211

LY =2p;S1,21) + 20,8572 + (8p; + 28;) S3'wl

A.3.5. Term of interaction L}:

L7=LY+Ls
ﬁj = Z[;w]z[wj]

Ly = z(l“,)z(’“’) + 2zqwg + 4wgw£

A.3.6. Term of L%

st — 26“11/)‘7(9“{ (dD,, + aiXZ)Z[pcr]} +
—2d(dDy, + 0 X)) V)€ P 0 (XIXD) + € P73y XL XD Z oy
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Appendix B. SO(2) invariants

B.1. £#: Granular kinetic term

( ;3> _ ( cos(qar) sin(qa)> <Gu3>
A —sin(ga) cos(qa) ) \Gpa

63, =0,G3 - 9,65
G3 = cos(qa)G3 i G*
pr o qa) nv + Sln(qa) 72 %

Considering the symmetry SO(2),

3

one gets for G},

Similarly, for G4/

v :
’ .
wa = sm(qa)GzV — cos(qa)wa
It yields the following invariance

1.G2V,G“”3/ + GﬁylG“”‘U = (cos(qa)Gi,, + Sin(qoz)Gf;,,)2 + (- Sin(qa)GiV + Cos(qoz)wa)2
GiulGMVB’ + GiV’GW‘U = cos? (qa)GiUG“l’?’ + 2 cos(qa) sin(qa)GinﬁM +

+ sin2(qa)Gﬁ,,4Gﬁ,,4sin(qa)2Gingiyg — 2sin(ga) cos(qoz)Gingf;M + cos2(qa)GﬁyG’“’4

and so,

GzV’Gﬂ-u3’ + GiV'Guu4’ — Ginuu3 + GiuGll-u4

B.2. £7: Granular kinetic terms

Similarly:

Sf:l,/ = Cos(qa)Sil, + sin(qa)Sﬁl,
A sin(qa) S, + cos(qa)S?

v 1224 e
Working on the (Sf;u)2 + (Sﬁu)za
()2 +(S55,)7 =
 (cos(aa)S?, + sin(aa) % )7 + (—sin(aa)S?, + cos(ga), )7 =

= (cos(qoz)Siy)2 + 2(cos(qoz)Sgl, sin(qa)Sﬁy) + (sin(qa)Sﬁy)2 +
+(— sin(qa)Sil,)Q +2(— sin(qa)Sgl, cos(qa)S:iV) + (cos(qoz)Sﬁ,/)2
= (S;1,)?(cos(ga) + sin(gar)) + (S, )% (cos(ga) + sin(ga))

2.(82,)2 + (84,))% = (83,)% + (S4,)?
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For the term (S23)% + (S24)2:

593 = 20,G3
593 = 2 cos(qa)9u G + 2 sin(qar) Do G4
(53,3)2 = 4c0s?(qa) (0,G**)(05GP?) + 45in? (q) (0aG**)(05GP*) 4 8sin(ga) cos(ga) 9, G305 GP*

St = 20,G

Sled =20, (—sin(qa)G*® + cos(qa) B*)

St = —25sin(ga) 9, G* + cos(qa) 9, G**

(S22 = 45in? (qa)9a G305 G + 4 cos? (qa)9a G195 GP* — 8sin(qa) cos(qa)da G295 GH

And so

3.(5;(13)2 + (S;a4)2 — 4(6aGa3)2 +4(8aGa4)2 = (533)2 + (524)2 (BG)

B.3. Mass term

1. Term (G%)? + (G},)? :
(G;f’)2 + (G;f)z = (cos(qoz)Gi + sin(qoz)Gf;)2 + (- sin(qa)Gi + cos(qoz)Gf;)2
(G:f)2 + (G;‘)2 = cosQ(qa)GiG“?’ + sinz(qoz)G;iG“4 + 2sin(qa) cos(qoz)GiG”4 +
+sin? (qoz)GiG’“1 0082(qa)GfLG“3 — 2sin(ga) cos(qoz)GiG“4

(B.7)
(G +(G})* = (GR)* + (G)* (B.8)
B.4. Interaction Terms
1. Term GG — GG
Gf’G'f - G:fo = (cos(qa)Gi + sin(qa)Gﬁ) (—sin(qa)G? + cos(qa)Gy) +
- (- sin(qa)Gi + cos(qa)Gi) (cos(qa) G2 + sin(qa)G,)
GfG’f - G;fo = —sin(qa) Cos(qa)Gin’, + cosz(qa)GiGﬁ - sin%qa)GﬁGi +
+ sin(ga) cos(qa)GﬁGﬁ — (—sin(qa) cos(qa) G2 G2 — sinz(qa)Gf’tGﬁ +
+ cos(qoz)GfLGi + sin(qa) cos(qa)Gin;)
GG — GGy = (sin®(qa) + cos®(q)) (GG, — GLGY)
(B.9)
and so,
G:f’G,'f — G::‘G,’f’ = GiG,‘f — GgGi (B.10)
2. Term (G}G)? — G72G)}) , which is the term — (GG — G G)2), so also invariant.
(eriep - apar) = (Gi6s - G3Gh) (B.11)
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3.Term (GG — GIEGY):

(Gf’Gf’ - G;fG'f) = (cos(qa)Gi + Sin(qa)Gﬁ) (cos(qa) G2 + sin(qa)Gy) +

— (= sin(qa) G, + cos(qa)G}) (—sin(ga)Gi + cos(qa)Gy)

— (cos(qa) *GAGE + sin(ga) cos(qa) GG + sin(qa) cos(qa)GEGY, + (sin(qa))2GAGE +
— ((sin(q0))*G}, G}, — sin(qa) cos(qa) GG, — sin(ga) cos(qa) GR G, + (cos(qa))*G,G))
— ((c0s(ga))? — (sin(ga))?) GG + 2sin(ga) cos(qa) GG +

+25in(ga) cos(ga) GIGA — ((cos(qa))? — (sin(ga))2)GLGY

= cos(2qa)GzG,3, + sin(2qa)GiG§ + sin(QqQ)GiGﬁ — cos(2qa)GﬁGf

(GG - G*GL*)  Not Invariant

4. Term (GG + GIIGYY)

(Gf’G’f’ + G;fG'f) = (Cos(qa)Gi + Sin(qa)Gﬁ) (cos(qa) G2 + sin(qa)Gy) +
+ (—sin(qa)G3 + cos(qa)Gy,) (= sin(qa) G + cos(qa) Gy
— (cos(qa) *GEGE + sin(ga) cos(qa) GG + sin(qa) cos(qa)GAGY + (sin(qa) 2GAGH +
+(sin(ga) )’ GG} — sin(ga) cos(qa) G, G, — sin(ga) cos(qa) GGy, + (cos(qa))* GGy
— ((cos(qa))? + (sin(qa)) ) GEGE + ((cos(qa))? + (sin(ga)))GALGY
=G G+ GG,
(B.12)

and so,

13 13 14 ~14 3 3 4 ~4
GBGE + GGt = G3G + GLGY (B.13)

5. Term 9,G? - G'"3 + 9,G1} - G4

0,G2 -G +9,GlF - G =
= 0, [(G}, cos(qa) +sin(qa)G,)] (cos(qa) G*® + sin(ga) ") +
+0,[(— sin(ga) G} + cos(ga) Gy)] - (G (sin(ga)) + cos(qa)G**) =
= cos?(qa)(9,G3) G + sin(ga) cos(qa) (8, Gy ) G** +
+sin(ga) cos(qa)(9,G2)GH3 4 sin? (q) (9,GL)GH +
+sin’(ga)(9,G;) G — sin(ga) cos(g) (9, G3) G
—sin(ga) cos(qa)(8,Gy)G" + cos®(qa) (9,G,) G =
(B.14)

and so,

8.G7 - G 4+ 9,G)} - G = 9,G - G** 4 9,G) - G (B.15)
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6. Term (9,G23)GM" — (9,G/HGH¥

(GG — (0,G1)G" =
= 0,(G? cos(qa) + G sin(ga)) - (G*3(—sin(ga)) + G**(cos(qa))) +
—0u(~ G sin(gn) + G cos(ga)) - (G (cos(qa)) + G (sin(ga))) =
= (0uG3)G" sin(ga) cos(qa) + (GG cos?(ga) +
—sin®(qa)(9,G)G* + cos*(qa) (9, G, ) GM +
—(—sin(qa) 9, G5, G" cos(qa) + sin®(qa) (9, G5 )G +
+0,GLG" cos? (qa) + 0,GEGH* sin(ga) cos(qav))
(B.16)

and so,

(B.G2)GH — (DG = (8,G3)GM — (8,GL)GH

7. Term (8,G"3)G™ — (8,G14)G*

(GG — (0,016 =
= 0, (sin(qa) G}, + cos(qa)Gy) - (sin(ga) G + cos(gar) G*) +
+8,,(— cos(qa) G} + sin(qa)Gy) - (= cos(qa) G + sin(ga)G"*)
(B.17)

and so,

) G/3 G/u3_ o G/4 Glu4: o G3 Gl/3_ ) G4 Gu4
2l 7 |2V |2l 7 [l %

8. Term 9,G3G™* — (9,G4)/G"3

0,GBG — (9,GL) G =
= 9,(G3 cos(ga) + Gy sin(ga)) - (G (—sin(ga)) + G (cos(ga))) +
—0,(~G¥ sin(qa) + G cos(ga)) - (G**(cos(ga)) + G**(sin(qa))) =
= —(8,G3)G"* sin(ga) cos(ga) + (0,6 G cos* (ga) +
—(8,G)G"? sin®(ga) + (9,G)G"* sin(gav) cos(qar) +
+(9,G3)G"? sin(qa) cos(qa) — (0,G2)G"* sin®(ga) +
—(0,G1)G* cos?(qa) — (B,GL)G sin(ga) cos(qa)
(B.18)

and so,

BuGLG"™* — (8,GL)G™ = 0,G3G"* — (0,G1)G" (B.19)
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9. Term (9,G*3)'GI} + (9,GM) G}

(0uGH3) GIt + (2,61 G =

= 8H(Gf: cos(gar) + Gﬁ sin(qa))(—G? sin(ga) + G2 cos(qa)) +
10,,(~G sin(ga) + G cos(ga))(~ G sin(gn) + G cos(gar)
= —0,G5,Gy sin(qa) cos(qa) + 0,G; Gy, cos” (qa) +
—QLGﬁG,?j sin?(ga) + 3#GiG?, sin(ga) cos(qa)

+8#GiGi sin?(qa) — 3HGiGﬁ sin(ga) cos(qa)

—8HGﬁGi sin(qa) cos(ga) + 8MGinf cos? (qav)

= 0,G;, G (sin*(qar) — sin(ga) cos(ga)) +

+0,G3G (cos? (gar) — sin(gar) cos(qar)) +

+0,G1G3(— sin(ga) cos(qa)

(B.20)
and so,
(BuGH2Y G2 + (9,GM4Y G = (9,64 G2 + (0,6 GY (B:21)
Making the following change of basis {G 3, G} = {V, 5,V }.
V= L(G3 —iGY), V= i(Gg’ +iGy)
o \/§ I3 w B g K I
(B.22)
or
1 1
3 - 4 _
Gu=5Vi+V0) Gu= \ﬁ(vlj—v“ )
(B.23)

The corresponding SO(2) invariants written as Vf are rewritten as

B.5. Kinetic term

The following real and gauge invariant expressions are obtained, trough eq.(3.6)

3 3 4 va
1. G3,GM3 + GL,Gr

14 v 1 — ]‘ —
GG + GG = (VL 4+ V) = 5 (Vi = Via)?
1 1
= i(vj,,vw+ +2V VT L VoV — i(vﬂtw”+ — 2V VT L VI VYT

=2V ivirs
G;”;VG,LLVS + G4 Guu4 — 2v+ Vi

ng pv
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2. §3,9m3 4 g Srvd
) ) 1 1
S3,5M8 4 S St = 5(5,; +8.,)° - 5(5; - S.)°

1
= (s}, ?1ast

% %

— + v—
=257, 9"

S 48,7 -5 pash g g ?

nz nv n% )

3. Lf{ cspin —0

3 qr3 4 qvd __ + qv—
SHBGY8 4 Guigrd = o gnt gy

(B.24)
B.6. Mass term
3\2 4N\2 +1/—

L(G3? + (G =2V, v r (B.25)

3 ~4 43 _ - o
2.G,G, - GG, = —iV,FV +iVV,F (B.26)

4 ~3 34 — o
3.GLGY - GG, =iV v, =iV Vit (B.27)
LGGY 4+ GGy, = VIV VR (B.28)
5.G5GY + GG =2V, VYT (B.29)

Mass terms

0 0

M1VH+V7”+M2(—’L'V+V7“ i JV’”)—!—ug(iV,fV*” i ;V“J“) (B.30)

Appendix C. Collective Fields

Defining

I ~J
Zuy = ’)/IJGMGV

(C.1)
one gets

Zuv = ] + Z(uw)
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e Antisymmetric part: z(,,

1
2] = 5 (2 = 2u)
1 I 17
Aluv] = 9 <7IJGMGV - ’YIJGuGM)
1
2] = 5(711 —v1)GG;

2] = MGGy
where

0 Y2l Vsl V4]

(
— 0
Vi = V[12] V23] V[24] (C.2)
—Y13]  —V[23) 0 V[34]

—V14] V24 —34 O
For four fields:
2] = M21GGr —112GLG), +
+7[13]GtG3 - ’7[13]GiGi +
+7[14]GiGﬁ - 7[14]GiG11/ +
+7723] GiGi — V23] GiGi +
Y24GL Gy — 124 GLGr +
+7[34] GiGﬁ — [34] GiGEJF

So, we will have six two-by-two antisymmetric collective fields:

N (T R £ R P
TR = N 1
JO R N Y R ) (C.3)
(] L ) 0 L134] :
I T
2] "Hw] w0

Which together express the gauge invariant collective field.
2] = 112)(GLGh — GLG)) + 13 (GG — G G,) +
Y14] (G}LG;% - GﬁGlll) + ’7[23](GiGi - GiGE) +
You)(GLGY — GLGY) + s (GG — GLGY)

In order to z,,] be SO(2) invariant, we must have the conditions:

Y13] = V[14] = V23] = V[24] = 0, (C.4)
where
N = i U (C.5)
Making the change of variables G, = A,,,G2 = U, and G} = %(Vj +V,), G = ﬁ (V.F = V) one gets,

1 .
2] = Mz (AU — AUL) + E(’Y[w] +ivpay) (AVF = AV +
1 ) B _ 1 .
Jr\ﬁ (’7[13] - Z’Y[14]) (A[I.Vu - AVV# ) + \ﬁ (’7[23] + 27[24]) (UILVVJr — U,,V;r)
1

Jr\ﬁ (Vs — ivp2a) (UuV = ULV, ) —ivsg (VI VL =V, V) (C.6)
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Defining
Z/[J.V] 12]A U
Z;[:Zl] = ( Y3 + Z’Y[14)
Z,[;/l] (Vs — iy 14])A Vi,
Z[+ = (j3) + iv24y
Z;[w] (7[23 —Z’Y )
ZLJZ J = —iv3a ViV,
Z;[;/H =iV, V.
(C.7)
M ]—ZZ[li] \[[H]Jr\[z +\fz[+2+\fz[ 2]+z+]]+z[[ ;]r} (C.8)
which yields for SO(2) invariance,
(12] [+—] [(—+]
2] =2 2 gt 2 gt 2 ) (C.9)

For U(1) x SO(2) symmetry, one gets that (C.9) is invariant under the following relationships between the free

parameters.
7[12]Q o1 =0 ; 7[12]52;11 =0
Vs =0 Vs =0 (C.10)
Where
by = Q3 +iQ (C.11)
e Symmetric part z(,,)
1
A(pv) = Q(ZW + Zup)
1
) T 5 (Vs GLG) + 751G pGY)
1
) = 5 ~(y1s +1)GLG)
2y = 110 GGy
Ya  Ya2) Yas) Y14)
Y Y Y Y
Yy = (12) (22) (23) (24) (0.12)
Y(@3)  V(23) V(33) V(34)
Y(34)  V(24) V(34) V(44)
Considering that any symmetric tensor can be written as
_ 1
Z(uw) = Z(u) + Z(trz)nlw (C.13)
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where z(,,,,) means a traceless matrix, one gets

211 %12 <13 214
_ |*12 222 Z23 224
Apv) =
Z13 223 233 234
214 224 zza —(z11 + 2za2 + 233)
1
0
1 -1
+1(Z11 + 292 + 233 + 244) 1

0

which gives 10 symmetric two-by-two collective fields.

2wy = Y11 GG +Y22)G 2Gua +
+7(33)Gu3Grs + Y(44) GaGoa +
+712)Gu1Go2 +7(13)G1Gus +
+7(23)Gu2Gus + Y(24)Gr2Gra +
+7(34) Gu3Ga

Expressing in the same way that z(,,:

2w) = Y ApAy + 122Uy + v02) (A Uy + UpAy) +

+

(vas) +vaa) (AVF + AV +

(vas) = vaa) (A +AVT) +

+

(Y2) +1v20) (UL VST + ULV) +

+
=Sl Sl Sl

(V23) = 11(20)) (UuVy + ULV, ) +
Va3 = vaa) (Vi Vr + Vo V) +

+5 (v
5 (Yss) + ) (ViTVS + VI V) +

N)\»—lm\»—l

+Z’)/(34) (VH+VV+ + VV7 V,;)
For z(,,) be SO(2) invariant, we must have the conditions

Y(13) = Y(14) = V(23) = V(24) = Y(34) =0
Y(33) = V(44)
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Defining
Z/(u—/l) (Ya3) — iy 14))A vV,
Zﬁl) = (va3) +7014)) Ap
2;87/2) (Ye23) — 1Y(24)) Uy
ZELJEQ) = (7 (23) — 1Y(20))U,
207 = —ivey VS VV_
Z;(u_/Jr) = iV, VS
Z;(Ltfg) =63 ViV,
Z£;+3) =33V, Vb

where

Y = VY

And so, we will have under SO(2)

(11) (22) (12)
Zv) = 2 ()T F () T2 () T2 z <uu>

Studying now for U(1) x SO(2) symmetry, one gets the (C.20)

7[11]9 1n =0
7(12)971 =0
Vi35 =0

7[22]92_11 =0
7(12)9511 =0
Vg1 =0

Appendix D. Two Collective Bianchi Identities

(C.18)

(C.19)

(C.20)

(C.21)

Given the quadruplete {A4,,U,, Vf} and the corresponding two fields associations given by eq.(2.40), one gets a set

of antisymmetric two-collective fields

{[12] (12) (+1) (+2)  [+-]

=) +-3 _+-4

z

ik [uw (] 2 Zlaw) 2 F ] 0 ] Plav] 0 # )

and the symmetric two-collective fields set

{[12} (12) ) _(+2) [+ (+-)

+— 22
(uv)? () “ () Fur) 2 #(uv) > #(uw) ’zww ( )andz(w),z(w)}

Considering the antisymmetric fields strengths

F,, =0,A, —-0,A,,
+ _ + +
Vi =0,V,;" =0,V

and the symmetric ones

Suv = OuAy + 0y Ay,
=0V, + 0V,
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U = 0,U, +0,U,
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one derives the correponding Bianchi identities.
12
For zLV} =AU

Antisymmetric case,

[12] [12]
Oy ? [pu]

(o] + 0,2

+ 0z W]

7[12]{U Fop+UFpu +UpF +

AU, — AU, — AU}

Symmetric case,

[12] [12] [12]
Oz () + OvZ(py + OpZ(0y =

+AMUVP + AVUPH + APUMV}

12
For z,(“,) = v124,U,:
Antisymmetric case,

(12) (12)
Ozlyn) + Ouipp + Opifur) =

_A#UVP - AVUW - APUI»W}

Symmetric case,

(12) (12)
O Z(vp) (p1)

+A,0,,+ AU, + AU}

+ 0,z

l/

For z,(jﬁl) = (vas) + iv04)) AU

Antisymmetric case,

(+1) (+1) (b _
Bzl + i) + Opzi)) =

+ +
_AHVVP o AVVW —4, W}

Symmetric case,

(+1) (+1) _
Ouz(iy) + 0z + 07y = (7

+A#Vlfp + Avvpu + A/JVW}

For 251 = (V23) + 17(24)) UV,

Antisymmetric case,

(+2) (+2)
a“z[w) +0y vZ(pu] + apz[/w}

_UuVVJ; o UVVPJAFL —Up ;w}

7[12]{UMSV/J + UpSpop +UpSpw +

YatUuFvp + Uy Fpp 4 U, Fpy +

1
+9 Z(u - 5’7(12){Uu5up +U,Spu +UpSpuw +

1 .
(7(13) + 17(14)){V;Fl/p + VJLFP/,L + Vp+F;uz +

8) + V)V Sup + Vi Spu + V,F Sy +

1 .
= 5(’7(23) + 2’7(24)){VH+Uup + VU, + Vp+UW +
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Symmetric case,

(+2) (+2) (+2) _
Oz () + Ovz(puy + 02 () =

+UH‘~/’/P + UVVPM + UPVMV}
(+

For z,“,_) = —iyeyV, Vo

Antisymmetric case,

+— +— I
3“,2( ) 49,20 4 8PZ[(W} ———

[vp] [ou]
+1— +y— +17—
_VM VVP -V, VPM o Vp V;w}

Symmetric case,

8,2 40,2007 49,200 =

K= (vp) (p1)

+y7— +i7— 17—
+V, V,,+ V)V, +V, V;w}

P (pw)

For ZI(LJ;;_?)) = 7(33)V#+VV7:

Antisymmetric case,

+-3 +-3 +-3
8uz( ) 48,207 4 apz[(w} ) =

[vol lou]
+y1— +y1/- +1—
VIV, = VIV, VSV }

Symmetric case,

(+73) (+73) (+*3)
Oz () + 002y + 0p2)

+177— +y— +17—
VIV, VIV V) VW}

(+-4)

For 20" = yua)V, TV,

Antisymmetric case,

+—4 +—4 +—4
Ouzyy P+ Ol Y+ 9,5 =

[vp] [pu]
— + — —
_Vu+ VVP -V, Vpu - Vp+VW}

Symmetric case,

(+-4) (+-4) (+-4)
Ouz(yp) T+ OuZ(py T O0p2,

+V IV + VIV 4 VIV

%(7(23) + Z">’(24)){Vu+ﬁup + VU, + Vp+0#“’ + (D-10)
; YenlVi Vi + Vo Vi +V, Vi + (1D

; Ve Vi Voh + Vo VoV, Vit + (D-12)
%7(33){‘/[ Voo + Vo Vo4V, Vi, + (D-13)

= _72.7(33){‘/[ Vo + VoV + VoV + (D-14)
%7(44){‘/[ Voo + Vo Vo 4V, Vi, + (D-15)
;7(44){‘/[ Vo A VoV + VoV + (D-16)



Journal of Advances in Physics Vol 19 (2021) ISSN: 2347-3487

https://rajpub.com/index.php/jap

Appendix E. L3 : SO(2) invariance

We are going to study the SO(2) invariance for trilinear vertice. Rewriting eq (5.14),

L? = arx (0,GL)G* GY™ + Br1i) (0,G") GG +

+ (4nyr) + 20117)) (0,GL)GHEGY?

(E.1)

and given transformations eqs (5.16-18), one gets that the condition for L = L3 after some algebric manipulations is

() ipQigr + (t)iq0pir + (t)irapgi = 0
(t)ipﬁiqr + (t)iqﬁp(ir) + (t)z’rﬁp()

Considering first coefficients oy g,

argr = 2b1yk) +4crvak) + 48170k

there are 64 coefficients to be studied

e Take ayyi with I,J € 1,2, K € [3,4). It yields 24 nulls coefficients. They are

a113 =0
a131 =0
ag13 =0
41 =0
ag11 =0
azir =0

a114 =0
a132 =0
a14 =0
g2 =0
ayg12 =0
age =0

e Taking ayyjx with I, J, K € 1,2. It yields 8 free coefficients.

e Take ay i with I, J K € 3,4. It yields 8 free coefficients.

Q334

333

e Take ayjx under permutations where [ € 1,2, J, K € 3,4.

111 112

Q211 212

= (343

= (344

335

a123 =0 a124 =0
a1q1 =0 a1g2 =0
Q23 =0 oio24 =0
ai31 =0 o3z =0
001 =0 o202 =0
age1 =0 Q322 =0
121 122

Q221 Q222

o433 = oqaa =0
og34 = oqq3 =0

(E.6)

(E.7)
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133 144 Q233 =

134 —143 Q234
Q314 —0413 Q323
313 Q414 Q324 =
Q431 —Qi341 Q441
Q432 —Q342 Q442

It yields 20 independent coefficients ok

o Take Br(jk) with I,J € 1,2, K € [3,4). Tt yields 24 nulls coefficients.

Braz) =0  Biae)y =0  Pie3 =0
By =0  Biz2) =0  Bia) =0
Baz) =0 Baay =0 Baps =0
Baar)y =0 Bouz)y =0 Ba@y =0
Baa1) =0  Baa2y =0  Bae1) =0
B311) =0 B312) =0 B321) = 0

o Take B;(jk) with I € 1,2 and I, K € 3,4, one gets

Br34) = —Biaz) =0
Ba34) = —B2wa3) =0

o Take ﬂI(JK) with I, J, K € 1,2.

Bia1) Brazy = Biey
Ba(11) Ba12) = Baca1)

It yields (8 — 2) free coefficients.

e Take f7(jk) with I, J, K € 3,4. Tt yields (8) null coefficients

B34y = Bausy = Bags =
B33y = Bsuay = Bazy =

336

244

= —Qr243

= 0424

—0l423

= (331

=  (¥332

B. Considering B;(sx) There are 64 coefficients to be studied. Considering eq D.3 , one gets

Biea) =0
Braz) =0
Ba24y = 0
Baz2) =0
Ba2) =0
Bs22) = 0

B1(22)

Ba(22)

Baaay =0

Baazy =0

(E.8)

(E.10)

(B.11)

(E.12)
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e Take 3;(;) under permutations where I € 3,4 and J, K € 1,2,3,4

B3(13) = Ba(14)s
B3(23) = Ba(24);
B3a1) = —Baen),
B3(31) = Ba(a1);

Appendix F. £§: SO(2) invariance

Given that

where

L§' = O,k GG 0,GE

Orsk = MKy — 2N11JK)

B314) = —Baq13)
Ba(23) = B3(24)
B3a2) = —Bazz)
Ba(az) = Ba32) (E.13)
NiJK) = QI1vVJK (F.1)

and considering SO(2) transformations at eqs (5.16-18), one gets

under the conditions.

LY = ©111(9,GL)GH G + 0211(9,G2)GH G +
+0121(0,G,) GG + 0921 (0,G7)GH* GV +
+@112(6/LG1£)G“1GV2 + @212(5MG3)G“1G”2 +
+0122(0,G) GG + O20(9,G2)GH G +
+0133(0,GL)[GH G + GraY
+023(0,G) (GG + GG

+0313G"[(9,G3)GV3
+0323GH2[(9,G3)GV3
035, G (9,G3)GH +

+033:G"?[(9,G3) G +
+0134(0,GL) GG —
+®234(8 GQ)[GugGV4 —

+031,GM((9,G3)G* —
+0324G*2[(0,G3)GV —
+0341G*H(9,G3)GH —
+0342G2[(9,G3)GH —

+(9,G,)G"]
+(9,G,)G"]
(0.G})G"
(0.G1)G"
GriGv3
GriGv3
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and

and

It yields

O333 =0 Ou33 =0
O3314 =0 O434 =0
O343 =0 O3 =0
O344 =0 Ou44 =0

O113=0 ©114=0 O123=0 O124=0

O131=0 ©132=0 0141 =0 O142=0

O213 =0 ©214=0 O23=0 ©O24=0

O231 =0 ©O233=0 O241 =0 ©O22=0

O311 =0 ©312=0 O30 =0 ©O322=0

O411 =0 ©O412=0 ©O421 =0 Oy22=0 (F.3)
O133 = O144  O233 = O24g4  O313 = Ou114  O323 = O404
O331 = Oua1  O332 =Ous2 O131 = —O143  O231 = —Oa43
O314 = —O413  Oz24 = —Ouz3 O340 = —Ou31  O342 = —Ous2 (F.4)

L5 = {0121(9,GL)GLG2 + 0125(9,G2)GLG? +

+0211(0,GL)G5G), + 0212(9,G2) GG, +
+(0133 — 9313)Gi (0, Gg)G‘O’ +(9,G%
+(233 — 0323) G, [(0,G3)G, + (0,G5)
+(0134 — 0314) G, [(0,G2)G + (0,G3)
+(0234 — 0324) G, [(0,G5) G5 + (0,G3)
+ [0341(0,G5) + 0342(9,G2)] [GE G, —

Introducing the electric charge, one gets

338

(F.5)
)G+
Ghl +
Ghl+
Ghl+
GLGE] Yervre (F.6)
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L5 = {0110, A0) AUy + 0122(0,U0) AUy +
+0211(0,A5)U, Ay + 0212(0,U, ) UL A, +
+(0133 — 0313) A, [0,V )V, + 0,V )V,
+ (0233 — O323)UL[(0,V,H)V, + (8,V,)V,f]
+i(0134 — 0314)A#[(8PVG+)V; — (5PVU_)VV+} +
+i(0231 — 0324) U3, V)V, = 0,V )V,F ] +
+i0341 (9pAs) + 0342(0,U0)|[V, V,F = VFVT]}

+
+

Appendix G. £§: SO(2) invariance

The quadrilinear semitopological term is

t I ~J K ~L
ﬁi = p[JKLdWPGGHGVGp GU
where

PIJKL = V[1J]V[KL]

Imposing the SO(2) symmetry on the coefficients, one gets

L5 = 8(p123s — prsaa + praaz) GLGo(GH G )P

which gives,

L3 = 8i (prass — prs2a + prsaz) AU, [V, V5] €777

Appendix H. U(1) x SO(2),,,,, invariance: L3

globa

Considering eq(6.21) under U(1) x SO(2) o transformations, one gets the following gauge dependences

Ly = {anlk‘if + 0222/%‘3 + (@112 + a121 + a211) k‘%kz + (a122 + az12 + a221) k‘lk% +

+ { (as31 + aziz + a133) k1 + (ass2 + asoz + asss) kz} (k3 +k3) +

—&—}8“ (O,a) OFd” o +
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+{ {20111k% + ((1112 + aiz1 + a212)k1k2 + (a212 + a221)kg + (a331 + 11313) (k§ + ki)} Al +

+ [2a222k§ + (a112 + a121)/€f + (2a122 + az12 + a221)k1k2 + (a332 + 0323) (k§ + ki)} Ut +
{(%31 + agis + 2a134 + 2a133) k1ks + (assz + ases + 2a234 + 2a233) koks +

—(asa1 + az1a) k1ks — (assz + a324)k2k4} GY +

{(%31 + as13 + a133 — 2a134) k1ky + (ass2 + asas + 20233 — 2a934) koks +

+(asa1 + asia)krks + (ass2 + a324)k2k3} Gﬁf}ﬁu (Ovax) 0% +

(H.2)

+

<a111k% + (a112 + a121)k1k2 + a122k3 + (a133 + a134)k§ + (a133 - a134)ki> 0 A, +
+ | a2o2k3 + a212 + a221)k1k2 + az11k? + (0233 + a234)k§ + (a233 - 0234)/&) 0,U, +
Fad’a+

+< ass1 + az1s) kiks + (asa1 + asia) kiks + (ass2 — ases)koks + (ass2 — a324)k2k4> 0,G3y +

+( (ass1 + asi3)kika — (as14 + asa1) kiks — (as24 + asaz) koks + (ases + a332)k2k4> 0,G4y

(H.3)

+ | (a111k1 + a121k2) 0, (AL) A* + (ar21kr + ar22ks) 0, (A,)U* +

+(az11k1 + a212k2) 0, (Uy) A* + (ag21k1 + ag22k2)0,(U,)U* +

[ (assiky + assoka) 0,(Gs,) G + (asarkr + asazks) 0,(G3,)GYy +
(az13ks + az1aks) 0, (Gay) A" + (asasks + asaaks) 0,(Gs, ) U] +
+ (a133ks + a134ka) 0, (AL)GY + (a2ssks + azzaka) 0,(U,)GY +
+ (ass1k1 + agszk2) 0,(Gay)GY — (asarkr + azazks) 0,(G4, )G +
+ (ag13ks — ag1aks) 0u(Gan) A" + (asesks — aseaks) 0,(Ga ) U* +

+ (a133ka — a134k3) 0,,(A)GY + (a23sks — aszaks) 0,(U,)GY | 8" v +

340
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+ (alllkl + a121k2)8#(Al,)A” + (0112k1 + a122k2)5u(Ay)UV +

+(as11k1 + as21k2) 0, (Uy)AY + (az212ky + a202k2) 0, (U, )UY +
[(a331k3 + agarka) 0, (Gs,)A” + (assoks + azasks) 0,(G3,)U” +
(asisky + asaska) 0,(Gs,)GY + (as1aky + asaaks) 0,(G3,)GY] +
+ (a133ks + a134ka) 04 (A,)GY + (a233ks + azaks) 0, (U, )Gy +
+ (as31ks — aga1ks) 0u(Gay)AY + (asszoka — asasks) 0, (Ga)UY +
+ (azizk1 + asasks) 0u(Gar )Gy — (aziakr + agaaks) 0,,(Ga) Gy +

+ (a133ks — a1zaka) 04 (AL)GY + (agssks — azzaks) 0, (U,)Gy | OF o +

(H.5)
+ | (a111k1 + az11k2) Ay A + ((a112 + a121)k1 + az12k2) AU + (a122k1 + azooke) U UY +
+[(ass1 + asi3)ks + (asa1 + as1a)ka] A*GY + [(ass2 + ases)ks + (asaz — aseq) ks UM GY +
+[(ass1 + asiz)ka + (341 — asa1)ks] A*GY + [(ass2 + ases)ks + (asps — asa2)ks| UM GY +
+ [(0133 +aiz4)k1 + (ags3 + (1234)7432]G§G§ + [(0133 — a134)k1 + (a233 — a234)k2] GL G| 9" 0" a
(H.6)

341
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Ly = (mnki* + 2B112kT ks + Broskik3 + Barrkiks + 2Bo12k1 k3 + 2200k +
+ (2 (Bs13 + Prss) k1 + 2 (B33 + Bass) k) (k3 + k3) )D () 8,8 +

+ [(5111@ + 2B112k1 ko + Bro2ks + Bisz (k3 + k7)), (A") +

+(B211k7 + 2Ba12k1 k2 + 28222k + Bass (k3 + ki))@M(U“)) +

+<2 (B313k3 + B31aka) k1 + 2 (B323ks + B32aka) k2)8uGg +
+(2 (Bs13ka — Ba1aks) k1 + 2 (Bsaska — P324k3) k2)3quf 0 (a)0” () +

+ ((Qﬁluk% + 2B112k1 ko + 4B211k1 ks + 2B212k3 + 28313 (K3 + k) A” +

+(2B112k7 + 2B122k1 ko + 2Bo12k1 ko + 4Bazoks + 28515 (k3 + k3))UY +
+ [2/61 ((Bs13 + Pass) ks — Baraka) + 2k2 ((Bs23 + B2s3) ks — Bazaka) } Gy +
+ [2161 ((Bs13 + Puss) ka — Baraks) + 2ka ((Bs23 + Bass) ks — Bazaks) } G4u> ()0, ()

+

((2/3111]61 + 2B112k2) AY + (2B112k1 + 2B122k2)UY + (2B8133k3) G5 + (2B133k4) GZ) Ou(A*) +

+ ((4ﬁ211k1 + 20212k2) AY + (2B212k1 + 4P220k2)U" + (2P233k3) G5 + (2B233k4) GZ) 0u(U") +
+2 { (k3313 + kafs14) Ay + (k3Bs2s + kaBs2a) Uy +
+ (k18313 + k2B323) G30 + (k18314 + k2324) G4u:| 0,GY +

+2 { (kaf313 — k3fP314) Ay + (kaBaag — k3Bs24) Uy +

— (k18314 + k2324) Gz + (k18313 + k2/3323) G4u:| 9,GY |9 +

+ | (Br11k1 + 2B211k2) AV AY + (Br22k1 + Bo22k2)U,UY + 2(Br12ks + Bai2ke) AU +

+[2 (B313k3 — Ba1aka) Gy + 2 (Bs13ks + Bs1aks) Gan | A” +
+[2 (B323ks — B32aka) Gy + 2 (Bs2sks + Bazaks) G |UY +

+ (Prssk1 + Bassks) (G, Gy + G4 GY)

Oa (H.7)

342



Journal of Advances in Physics Vol 19 (2021) ISSN: 2347-3487 https://rajpub.com/index.php/jap

Appendix I. U(1) x SO(2) ,,,, invariance: L,

Ly = (Cluukil + a2920k5 + 4ay112k ke + dajonokiky + 2a1120k7k5 + 2a1210kTk3 +

+2a1201 kT3 + 2 (a1133 + a1331 + arzis) (kik3 + kik3) +
+2 (ag233 + azss2 + aszs) (k3k3 + k3k3) + 4 (a1233 + a13s2 + arses) (kikaki + kikok3) +

+4 (as344 + azaa3 + azasa) (k5 + ki) + 2a3434k§ki> 000" ad,ad” o (L1)

Ly = l(‘lallnk‘f + 12a1112k ka2 + da1220k3 + dar12oki k3 + daro1oki k3 + daroor ki ks +

+4 (a1133 + ai331 + ai313) (k3ky + k3k1) + 8 (a1233 + a1332 + a1323) (k3ka + kﬂ’z)) A, +

+ <4a2222k§’ + 12a1900k3 k1 + 4ar122k k2 + 4ai212kTks + daraorkiks +

+4 (ag233 + a2332 + a2323) (k§k2 + kikz) + 8 (a1233 + a1332 + a1323) (k§k1 + ki’ﬁ)) U, +

+ <4 (a1133 + a1331 + a1313) kTks + 4 (az233 + azss2 + as2s) k3ks + 8 (a1233 + a13s2 + aises) kikoks +
+4 (a3344 + 3443 + aza34) k3 + 403434k§k4> G, +

+ <4 (a1133 + a1331 + a1313) kika + 4 (az33 + a23s2 + az323) kska + 8 (a1233 + a1332 + a1323) k1kaks +

+4 (a3344 + a3443 + a3434) ki3 + 4a3434kik3> G4u>] Mo, 00" o (I.2)

Ly = ((4a1111kf + darii2ki ko + 2a1212k3 + 2a1313k35) A AP +

+(4asaoak3 + daizaoki ko + 2a1212k7 + 2a2323k3) U, UH +
+(4(a1112 + a1222) k3 + 4(ar122 + ar221)kik2) A, U +
+(4(a1133 + arss1)k1ks + 2(a1234 — a1342)koks) AL GE +
+(4(a1133 + a1331)k1ks + 2(a1342 — G1234)k2k3)A#GZ +
+(4(az23s + az323)koks + 2(a1342 — a1234)k1ks) U, GE +
+(4(aze3s + azs23)koks + 2(a1234 — ar342)k1ks) U, GY +
+

2a1313k7 + 2a323k35 + 2(assa4 + azaaz + asaza) (k3 + k3)) G, GY +

(
(
(
(
(
(
(
(

+(2a1313k7 + 2a2323k3 + 2(as34a + azass + azaza) (k3 + k‘i))szGﬁf) d,00"a

(L3)
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Ly = ((401111/?% + 8arii2ki ke + 2(a1122 + a201)k3 + 2(a1133 + arza1) (k3 + kZ)>AuAV +
+ (4a2222k?2 + 8argoki ke + 2(a1122 + ar221)kf + 2(az233 + ag3z2) (k3 + k4)> U, U, +
+ <8a1112k1 + 4(a1122 + 2a1212 + a1221)k1k2)> AU, +

+ (4 a1133 + a1331 + 2a1313)k1k3 + 4(a1233 + 2a1323 + a1331)k2kz +

+2(a1342 — 01234)k’2]€4> A, Gs, +

+ (4(@1133 + a1331 + 2a1313)k1k3 + 4(a1233 + 201332 + a1332)k1ks +

+2(a1234 — a1342)k2k3>A;¢G4u +

+ <4(a2233 + ag332 + 2a2323)kok3 + 4(a1233 + 2a1332 + a1323)k1ks +

+2(a1234 — (11342)k1k4> U,Gs, +

+ (4(@2233 + 2323 + 2a2323)kaka + 4(a1233 + 2a1332 + a1323)koks +

+2(a1342 — a1234)k1k3)UpG4V +

+ (2(611133 + a1331)k7 + 2(a2033 + 2a2332)k3 + 4(a1233 + a13322) +

+4(az344 + azaa3 + azaza) (k3 +k2) + > G3,Gsy, +

+ (2(&1133 + a1331)kT + 2(a233 + 2a2332)k3 + 4(a1233 + a13392) +

+4(az34a + a3aa3 + azaza) (k3 + k3) + > Gy, Gy + 8a3434k3k4G3pG4v> 0"ad”a

344

(L4)
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Ls = (4(a1111k1 + ar112k2) A A A + 4(a2222k2 + a1222k1) U, UM U, +

+4(ar112k1 + a1212k2) A AP U, + 4(2a1220k2 + (a1122 + a1221)k1) A, U U, +
+4(2a1112k1 + 2(a1112 + @1221)k2) AL U A + 4(a1222k2 + a1212k1) U, U A, +
+(4 a1133 + a1331) (k1 + k3) + 4(@1233 + a1332 + a1342)k2)ApG§G3u +

+(4a1313k1 +a1323k3)G3MG A, + (4a1313/€3)A Al'Gg, + (4a1313/€4)AMA“G4u+

+(4a1313k1 + a1323k4) G4, GYA, + ( (a1133 + a1323)k4)AHGZAV +

+ (4(a1133 + aizzikr + 4(ar233 + a1331)k2)AMGZG4U +
+4a1323k3 A, U Gs, + dai3a3ka A, U Gy, + 4a1334k1 U, G G3, +
+2(a1331 — a1342) k2 A GE Gy + 201334k A, G Gy + 2(a2323)ks U, U Gg,
+(4a2323k2 + 4a1323k1)G4MGZUV + <4a2323k4) A,GLU, +

4(a1233 + a1332)k3 + 2(a1331 — a1342)k4>A GiU, +

4(a1233 + a1332)ks + 2(a1342 — a1334)k4>U GEA, +

)

)
4(az233 + a2332)k2 + 4(a1233 + a1332)k1)G3MU Gg, +
4(ag933 + a2332)k3 )U#GQLUV + (4(a2233 + 02332)k4) U,G,/U, +
)

)k
4(ao323ke + a1323k1))G3uG§UV + (4(@1233 + a1332)k2> G4 A" Gy, +
4(a1233 + a1332)ka + 2(a1342 — 01334)/€3>AqufUu +

)

4(a1233 + a1332)ka + 2(a1334 — a1312 k3)UuGZAu +

+(4(

(4

(4

(4

(4(az2ss + aza32)kz + 401293 + arg32)kn ) U, GGy

(4

(4

(4

(2(a1342 - 2a1334)k1) G3,U"Gyy — (2a1342k1) G4, U G, +
4

+4a3434k3G4, Gy G3, + 403434k4G3;LG§G4u> 0"a

345

(L5)



