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Abstract

In this paper we will derive the general equations for Doppler effect. It will be proved that regardless of the nature
of the emitted waves and the medium through which the waves propagate the formula always has the same form and
is identical to the general Doppler effect formula for sound. We will also show that Doppler effect can be used to
establish a relationship between the local time of the source and the local time of the receiver. In addition, some new

features of the Doppler effect have been presented that have not been discussed in the literature so far.
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Introduction
In the general formula for Doppler effect for sound waves, a reference frame is the body of air through which these waves
travel. This means that we measure the speed of a source of sound waves and the speed of the observer of those waves

relative to the body of air. The emitted frequency f and the detected frequency f’ , are related by following formula [1].

g () (1)

v E v,

where

f' - the frequency observed by the observer

f - the frequency of sound which the observer emits
v - the speed of sound in the medium (air)

v, - the velocity of the observer

v, - the velocity of the sender
The positive direction is directed from the observer toward the sender.

For the electromagnetic waves there is no medium that we can use as a reference frame to measure velocities. We
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use a frame of reference in which is the observer at the rest. The relativistic Doppler effect for electromagnetic waves

depends only on the the relative velocity v between source and observer [1], [2].

;L c—v
F=h
From (2) it follows that relative velocity v is equal to:
f2 _ f/2

U:W*C

Derivation of general Doppler effect equations

Suppose that the source (Z) and the receiver (S) of the signal move uniformly at velocities u and v respectively with
respect to the coordinate system (K') Figure (1). The coordinate system (K) is not defined but we will assume that
there is such a coordinate system. Let a signal be emitted in all directions at some point, which we will denote by 7.
The speed of the signal is denoted by c¢. The time when this signal is registered by the receiver (S) is denoted by ¢;.

In a similar way we can assume that a second signal was emitted from (Z) at some point 72, and that this signal was

received by the receiver (S) at time to.

X

Figure 1: The sender Z and the observer S move uniformly with respect to the coordinate system (K)

Referring to Figure (1) we have that
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S1Sy = VAL
7175 = ulAt
o= £(5152,5171)
B=1L(Z1Zy, 71 F)

d, =5,7,

dy = S,7Z,

V = [Ug, Uy, V]
u = [ug, Uy, us]
v =||vl|

u = [[ul]

UV = Uy * Vg + Uy * Vy + Uy ¥V,

The velocity u can be decomposed into two components, radial and tangential, which we usually denote by u, and u;

respectively. In the same way the velocity v can be decomposed into components v, and v;.

Now we have that:

d3 =di +

d; -
= = v cos(a)
[Id. ]|
d; -
Up = ucos(f)
[Ida |

do = di + ¢ At — cAT

d2 = d3 4 (cAt)? 4 (cAT)? + 2dycAt — 2dicAT — 22 ATAL

d; =d; — vAt +uAr

dy-dy =d; -dy +v-vA +u-uA7r? + 2A7d; - u— 2Atd; - v — 2ATAEV - u

(v At)? 4 (u AT)? +2A7 dy u cos(B) — 2At dy v cos(a) — 2 AT At v u cos(B — @)
d3 =d3 4 (v At)? + (u AT)? +2A7 dy u, — 20t dy v, — 2 AT At v u cos(f — @)
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From (27) and (31) it follows that

(= v)A +2(di (v, +¢) + AT(u-v — ¢2)) At + (¢ — u®)AT? — 2A7dy (u, +¢) =0 (32)

Suppose that we have a quadratic equation :

AAt* 4+ 2BAt+C =0 (33)
Equation (33) has two solutions Aty and Ats.
B _ AC
—B++vB? - AC B B2

If VB2 — AC > 0 then solutions At; and Aty have real values. We choose the solution for which the condition (
dy > 0) (Equation (26)) is fulfilled.

Generally we have that:

1 1
{\/1 +x=1+ 2a: - mx + . } = {\/1 +arx~1+ 7% (where |z|<< 1)} (35)
Suppose that B% >> |AC|. We can write that
2B C
{B*>>|AC|} = {4B®>>> |AC|} = {|A|l >> ||2B||} (36)

From (34) and (36) it follows that

B  B(1-4£%) B (B C
AtlzN_AiA__Ai(A_ZB> (37)
C
At~ - (38)
2B
At2~——+—:§ Aty =27 (39)

Let make substitutions as it follows:

A=(*—?) (40)
B=di(v, +¢)+Ar(u-v—c?) (41)
C = (* —u*)AT?* — 2A7d; (uy + ) (42)

Let define wavelength A as follows A = A7 x ¢
We will assume that the inequality A << d; holds.

153



Journal of Advances in Physics Vol 18 (2020) ISSN: 2347-3487 https://rajpub.com/index.php/jap

Now we have that:

A—(c2—v2)—c2(1—vz>—02*6
= = =) = 0

c

B:d1(vr+c)+AT(u-v—02)zdlc(l-i-v—g) — A7rc? (1— uc~2v> =dicxe] — Iexey ~dickey
B? = d3c? x €2 — 2d1* N\ ¥ g160 + N2C? % €2
w2
C = (* —u?)AT* — 2A7d; (uy + ¢) = AT (1 - > — 2cATd; (1 + &>
c2 c

O:)\Q*€3—2)\d1*64%—2/\d1*64

where {50:<172—2), 51:(1+%), 62:(171);2‘,), 53:<172—22>, 54:(1+%)}

2 2.2 .2 2 2.2 .2 22
C_QBd1 _ d1C * &7 — 2d1062\d*15152 + A“c” % 354 = d; * 51 — 2\ % e169 + — 7 * 53 ~ dy * E% — 2\ % g169
AxC  ANegpes — 20dic?eges N2
Zd, = 2d; = d—leoeg — 2Xe0e4 = —2)XepEy
B72%d1>x<5%72)\>x<5152z dyxel dl* (c+v.)%*c
AC —2Xepey —2) % g9y 22 (2 =v?)(c+uy)

And finally we have :
C 2Mdy v ey 1+ XN uptc

Aty —— = = € ox = = A
! 2B 2dic*¢eq 1+”—T*c vr+c>(< 4
2B 2d10*€1 2d;c Uy 2d1(C+’UT)
Aty ~ —— = — (1 7) — s
2 A 2 —v? 22" + c (c—v)(c+v)
At 2d " r 2d )
2 2di(ctor) ,_ctu _ 21 cle+vy)? s |Ab|>> At
Aty (c—v)(c+v) (c+u,)*AT A (c—v)(c+v)(c+u)

We will consider following cases:

1° {(c+v)>0, (ctu,)>0, (c—=v)>0} = {At; >0, Aty <0}
There is only one solution At;.

2° {(c+v)>0, (c4+u)>0, (c—v)<0} = {At; >0, At >0}
There are two solutions. This means that the signal sent from point Z(73)
will be registered twice by the receiver, at time t; + Aty and at time t; + Ats.
3° {(c+v)>0, (c+u) <0, (c—v)>0} = {At; <0, Ata<0}
There are no solutions.

4° {(c+v.)>0, (c+u)<0, (c—v)<0} = {At1 <0, At2>0}
There is only one solution Ats.

5° {(c+v,) <0, (c+u)>0, (c—v)>0} = {(v+v,)<0}

This case is not possible.

6° {(c+v)<0, (c+u)>0, (c—v)<0} = {At1 <0, At, <0}
There are no solutions.

7 {(c+v)<0, (c+u)<0, (c—v)>0} = {(v+v,)<0}
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This case is not possible.
8 {(c+v)<0, (c4+u) <0, (c—v)<0} = {At; >0, At >0}
There are two solutions. This means that the signal sent from point Z(73)

will be registered twice by the receiver, at time t; + Aty and at time ¢ + Ats.

Let us consider the case when u < ¢ and v < ¢. We have the following implication:
{lu<e ANv<e} = {At; >0 A\ At2 <0}

This means that At; is the only solution of Equation (33).
Let define the frequencies f = ﬁ and the f' = ﬁ.

Now we can write that:

At = A7 (55)
c+ vy

, ¢+, ¢+ v *cos(a)

/ c—&—ur*f c—l—u*cos(ﬁ)*f (56)
In that way we prove that formula (56) is identical to formula (1).

After multiplying both sides of (55) by ¢ we get the following expression
/\,:c—i—uT*)\:c—l—u*cos(a)*)\ (57)

c+ vy ¢+ v *cos(f)

where X is wavelength of the emitted light and ) the wavelength we observe.

Doppler shift z¢ in frequency and Doppler shift z) in wavelength are defined by the following formulas respectively:

=1 Uy — Uy Au, Au, Up U2
— - _ - _ — 1—- = — .. o8
= f c+ u, ¢+ u, c c + c? (58)
N—=X  ur—uv,r Au, Au, v, U2
_ — — = 1— 24 — . 99
= A c+v.  c+ou c ( c - c? > (59)
If | u, | << c then we have
Au,
~_ 60
Zf c ( )
And if | v, | << cit follows that
Au,
~ 61
DA (61)
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It is important to note that as long as at least one of the velocities u; or v; is different from zero, the observer’s line
of sight changes, and therefore the angles o and /3 change. This means that over time the frequency f’ changes even
if the velocities u and v are constant.

There is no need to distinguish between the Transverse Doppler Effect (transverse velocity) and the Longitudinal
Doppler effect (radial velocity) as two different types of Doppler effect, as is usually done. Both cases are covered by

a single formula given by (56).

1 Comparison between the local times of the sender and receiver

Suppose that (n + 1) signals have been emitted. We denote by {79, 71, ..., Tn } the times when the signals were sent and

by {to,t1,...,t,} the times when the signals were received. Let define Ar; (A, =7, — 7i—1) , Aty (At; =t — t;—1)
and the frequencies f; = A%'i for the emitted signals and the f; = A%

for the received signals, where ¢ € {1,2,...n}.

We have the following equations.

!

Suppose that the signals are emitted at equal time intervals A7 and received at approximately the equal time intervals
At. Tt follows that:

1
, 1
=5 (65)
{Ari=ar) = {fi=/} (66)
{Ati= Aty = {fi= [} (67)
Ai‘:Tn*TOZZAn%Zf *fAti %J%(tn*to):7(AE) (68)
n=1 n=1
AT = J;AE (69)

The relationship between the local time A7 of the sender and the local time At of the receiver is given by formula
(69). The difference in times is not because the duration of the clock cycles in the two frame of reference are different
but because the speed of the signal is finite and because the sender and receiver change position in relation to the
direction determined by the position of the sender at the time when the signal is emitted and the position of the
receiver when that signal is detected. If the clock cycles were different then the frequency (f) corresponding to a
certain electromagnetic signal would not be constant for each sender but would change. We can conclude that time is

universal except that there is local time in each reference frame.
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2 Discussion and Conclusion

The frequency f’ can be determined in two ways, by direct measurement or by applying formula (56). While in the
first case we have exactly one value in the second case that value depends on what is chosen as the reference for
measuring the velocities u and v. Since f’ must have exactly one value it means that there is exactly one reference
frame. The question is whether this frame is fixed or depends on how the sender and receiver of the signal are selected
(for example the recipient is on Earth and the sender is somewhere in the Earth’s orbit, the solar system, the Galaxy
...). At this point, we cannot give a precise answer to that question. If we accept the principle that measurements
are made in relation to the receiver then it is obvious that this rule does not apply to sound waves. We can go so
far as to claim that this principle has not been proven even in the case of electromagnetic waves, because there is no
experiment to determine that the relative velocity at which the sender moves in relation to the observer is exactly
that obtained by formula (3).

One of the ways in which it would be possible to choose a coordinate system (K) is already described in the paper in
which we dealt with the problem of stellar aberration [3]. The ray connecting the sender and the receiver (telescope)
represents the z — azis and the plane in which the objective lens lies is chosen as the (zy) plane.

The discussion on how to choose the reference coordinate systems (K) is not over yet and we will deal with this

problem in the future.
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