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Abstract

A theoretical study has been developed to investigate the influence of thermophoresis and couple stresses on steady
flow of non-Newtonian fluid with free convective heat and mass transfer over a channel bounded by two permeable
plates. The considered non-Newtonian fluid follows a viscoelastic model. The problem is modulated mathematically
by a system of non-linear differential equations which pertaining to describe the continuity, momentum, energy and
concentration. These equations involve the effects of viscous dissipation and chemical reaction . The numerical solutions
of the dimensionless equations are found as a functions of the physical parameters of this problem. The numerical
formulas of the velocity (u), temperature (6) and concentration (¢) as well as skin friction coefficient 7*, Nusselt
number(Nwu) and Sherwood number(Sh) are computed. The physical parameters effects of the problem on these
formulas are described and illustrated graphically through some figures and tables. It is observed that any increase in
thermophoretic parameter 7 leads to reduce in velocity profiles as well as concentration layers. In contrast, the velocity

increases with increasing couple stresses inverse parameter.
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Introduction

A transport processes of non- Newtonian fluids through a vertical channel is of great interest in diverse fields like
ground-water hydrology and petroleum-reservoir. So, process of heat and mass transfer [19] in convective flows has a
broad applications which actually exist not only in aeronautics and chemical process industries but also in vast industrial
engineering applications and fluid fuel nuclear reactor. Most of scholars and researchers specially mathematicians,
physicists, geologists and others have given the attention to these important issues especially under the influences of
chemical reaction, couple stresses and thermophoresis. Influence of chemical reaction through heat and mass transfer
plays the cornerstone in every chemical process and industries such as food processing and polymer production. In
the light of the preceding studies concerned with flow between two vertical plates furthermore, showing important

physical phenomenas such as phenomena of thermophoresis and couple stresses on non-Newtonian fluids which affect
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on flow motion; we found that Piazza [1] has presented thermophoresis definition which mean moving particles with
thermal gradients, consequently particle thermophoresis is a non-equilibrium cross-flow influence between heat and
mass transport. Aside from it is already exploited as a novel tool in macromolecular fractionation, micro-fluidic
manipulation and selective tuning of colloidal structures. Uddin et al [2] have investigated effects of hydromagnetic
and thermophoresis of unsteady forced convection boundary layer flow over flat plates. The analysis of viscoelastic
fluid flow on unsteady two-dimensional in a porous channel with radiative heat transfer and mass transfer has been
studied by Das [3]. Sudhakar et al [4] have studied heat and mass transfer on unsteady free convection of a Walters-B
viscoelastic fluid flow past a semi infinite plate under thermophoresis effect. Recently, El-Dabe et al [5] have analyzed
the effects of thermophoresis and hall currents on non-linear heat and mass transfer of second grade fluid flow over

permeable infinite vertical plate with presence of viscous dissipation and chemical reaction.

Couple stresses are consequence of considering that the mechanical action of one part of a body on another, across a
surface, is equivalent to a force and a moment distribution; the state of stress is measured by a stress tensor (1};) and a
couple stress tensor (M;;). El-Dabe et al [11] have discussed effect of couple stresses on the MHD of a non-Newtonian
unsteady flow between two parallel porous plates by using the Eyring - Powell model. The Hall and Ton-slip effects
on fully developed electrically conducting couple stress fluid flow between vertical parallel plates in the presence of a
temperature dependent heat source are investigated by Srinivasacharya et al [12]. Problem of mixed convection flow of
couple stress fluid between parallel vertical plates with Hall and Ion-slip effects has been indicated by Srinivasacharya et
al [13]. After that, analysis of Soret and Dufour effects in the presence of chemical reaction on natural convection heat
and mass transfer of a couple stress fluid in a vertical channel has been presented by Srinivasacharya et al [14]. Without
a doubt to importance of couple stresses effect on viscoelastic second grade model. So to be more closer to the subject
of research, El-Dabe et al [15] have studied effect of couple stresses on a pulsatile magnetohydrodynamic viscoelastic
flow through a channel bounded by two permeable parallel plates. The flow of hydromagnetic non-Newtonian fluid
under couple stresses through a porous channel is investigated using the Eyring-Powell model have been elucidated
by Adesanya et al [16]. As can be seen more important related researches to our issue in the final analysis, Kaladhar
et al. [17] have studied mixed convection flow of couple stress fluid in a vertical channel with radiation and Soret
effects. Based on the above review survey, a number of questions which were overlooked in the previous papers can be
arisen in our research; like what about the influences of thermophoresis with couple stresses and chemical reaction
on viscoelastic second grade fluid. And also, what about the flow with these effects in viscous dissipation and nature

convection heat and mass transfer .

This paper focuses to extend the work of [15, 17]. So, It is concerned with the influences of thermophoresis and
couple stresses on steady flow of second grade fluid with free convective heat and mass transfer over a channel bounded

by two permeable plates in the presence of viscous dissipation and chemical reaction.

Materials and Methods

Let us consider a steady free convection flow of a couple stress viscoelastic fluid [18] between two permeable vertical
plates distance 2d apart. By choosing the coordinate system such that z - axis be taken along vertically upward
direction through the central line of the channel, y-axis is perpendicular to the plates. The plate y = d has given the
constant temperature 77 and concentration C7, while the plate y = d is subjected to a uniform temperature 75 and

concentration Cy as shown in fig. 1. The fluid is being injected into the channel through the plate y = —d, and is
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being sucked through the plate y = +d with uniform velocity v,. Since the boundaries in the x direction are of infinite

dimensions, without loss of generality, so the physical quantities are functions in y only.
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cotple
stress
i

v=-d

Figure 1: Coordinate system and physical configuration of present study.

The main influence of couple stresses will be to introduce a length-dependent effect that is not present in the

classical non-polar theories. The governing equations of motion are [9]:

e Continuity equation

‘/;,Z =0 (1)
e Cauchy’s first law of motion
pa; = Tj; ; + ofi (2)
e Cauchy’s second law of motion
Mji j + pli + e Ti = 0 (3)

where, V; is the velocity vector, p is the density of the fluid, a; is the acceleration, T}; is the stress tensor, f; is the
body force and ¢; is the body moment per unit mass. Stokes, Mindlin and Tiersten [9, 10| are obtained the constitutive

equations as:

Mg = 47]K¢j + 47]/Kji (5)

where, P is the pressure, D;; is the rate of deformation tensor, d;; is the Kronecker delta, o and 1 are the material

constants of viscosity, K;; is the curvature-twist tensor, n and 7’ are the material constants of momentum and M;; is
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the couple stress tensor. The equation of motion as obtained by Stokes is:
1
pa= =P+ (@t m)Veri + WVirr = Vigtrr +0Vestri + Seirs(pls),7 + plfi (6)
which, in the notation of Gibbs, can be written as:

1
pa=—VP+ (a+p)VV.V +nV3VV.V + uV3V - pV*V + 3V A (pt) + pf (7)

where, a = aa—‘t/ + V.VV, For incompressible fluids divV = 0 so, if the body force f and the body moment are absent,
the equations of motion reduce to
pa = —VP+ uV3V —nViv (8)

The last term in this equation gives the effect of couple stresses. For a complete description of the problem, six
boundary conditions are needed for eq. 7. Three conditions are provided by assuming that the velocity of the fluid
relative to the surface is zero at all solid boundaries. The remaining three conditions are provided by assuming either
the couple stress is identically zero at the boundary, or that the vorticity at the boundary equal the rate of rotation of

the boundary.

For the description of the thermodynamical or mechanical behavior of non-Newtonian fluids, much work has been
devoted to the study of second grade fluids since they are of interest for theory and experiments. For these fluids the
Cauchy stress T and the fluid motion are related by Truesdell and Noll (1965):

T =PI+ pA; 4+ a14s + an AT | (%)

where, —P1I is the indeterminate spherical stress due to the constraint of incompressibility while, P is the hydrostatic
pressure, j is is the dynamic viscosity, c; and ap are material constants and A; and As are the kinematic Rivlin-Ericksen
tensors,

A= (V) + (VW) | Ay = dd—’il +AL(VV) + (V)T A (10)
here, d/dt is the material time derivative. If the fluid of second grade modeled by eq.9 is to be compatible with
thermodynamics and is to satisfy the inequality of Clausius—Duhem for all motions and the assumption that the specific
Helmholtz free energy of the fluid is a minimum when it is locally at rest, then the coefficients p, ar; and oy describe

the viscosity, visco-elasticity and cross-viscosity respectively and must satisfy:
=20, a1 =20, ar+az=0 . (11)

It is necessary to be noted that when oy = ao = 0 then, the constitutive equation of second grade fluid is respond to

that of viscous fluid.

Wu and Greif [8] have determined the thermophoretic velocity Vr as

_kt’UVT _ _k't'U £7
T, T, dy

Vi = (12)

where, T, is some reference temperature, k;v represents the thermophoretic diffusivity while, k; is coefficient of

thermophoresis which ranges in value from 0.2 to 1.2 as indicated by Batchelor and Shen [7], Also by Talbot et al. [6]:

- 20 (i—z + CtKn> [Kn <C1 +Cy exp%)}
C 2(14+3CnK,) (G + 32+ )

kt 9 (13)
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where, Cy, Cy, Cq, Cy, Cs, Cyy, are constants and Ay, A,, K, are the thermal conductivities of the fluid and diffused

particles, Knudsen number respectively. A thermophoretic parameter 7 can be defined as follows;

ki (Ty —TY)
A T V)

L, (14)

typical values of 7 are 0.01, 0.05 and 0.1 corresponding to approximate values of (T5 — T7) equal to 3.15 and 30k for a
reference temperature of T,. = 300k. Within the above framework, the governing partial differential equations of the

flow under the usual Boussinesq approximation are:

Continuity equation:

dv*

=0, 15
e (15)
Momentum conservation:
du* d*u* d3u* d*u* . . . .
ondTJ* = MW + al%w - UW + pgBr(T* —17) + pgBc(C* — C7), (16)
Energy equation:
* 2k k92 % *\ 2 2 %\ 2
AT e () () o
dy pep dy pep  dy* dy pep \ dy pep \ dy
Species concentration equation
dc* d*C*  dvp(C* —CY)
v =D — — k(C* = CY). 18
o dy* dy*Q dy* C( 1) ( )
The appropriate boundary conditions for the problem are:
at y*=-—d u*zOmZQzO,T*sz‘,C*:CT
(19)
as y*=d u*zO,uZ;:O,T*:Tg,C*zcg

where, nomenclature in the above equations are: v is the kinematic viscosity, p is the fluid density, g is the gravitational
acceleration, fr and (. are thermal expansion volumetric coefficient and volumetric coefficient of concentration
expansion respectively. T* is denote the dimensional temperature of the fluid, C* is the dimensional concentration
of the solute [20], ¢, is the specific heat at constant pressure, k is the thermal conductivity of the medium and D is
chemical molecular diffusivity. From eq.(15), it can be seen that v* is either a constant or a function of time. Thus,
assuming that the suction velocity to be constant. where, v, is a scale of mean suction velocity , Let us obtain the

dimensionless equations by using the following non-dimensional variables:

u* Voy*

U=—Yy= )
o o (20)

g T =T 4 _ C=C

B R e

Using the above dimensionless quantities (20), the system of equations (16), (17) and (18) with boundary conditions

(19) can be written in dimensionless form as:
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u™ — aa?u” — a®u” + d®u' = a®>G0 + d®G o (21)
21 2n! __ 172 2 1,1 2 12
—a°0" + Pra*0' = P.EJ"” + aE.a°P.u'u" + 2E.a” Pu (22)
¢" =S¢ =7 (0" +¢'0) + ¢ (23)
with the boundary conditions :

at y=-1 u=0,u"=0,0=0,0=0
(24)

at y=1 u=0,u"=0,0=1,¢=1

' - v, : . 1 ok,
The dimensionless numbers are: o = 5 is the viscoelastic parameter, — = —= is the couple stresses parameter,
pv a pv

_ 9Br(T3 — T 9B:(C5 — Ci)v

3 is the Grashof number, Gm = 3 is the modified Grashof number, the Prandtl
/UO /UO

2
c v

number Pr = X that represents the ratio of momentum to thermal diffusivity, Ec = ﬁ is the Eckert
K Cplta — 41

Gr

v v
number, the Schmidt number Sc¢ = — that represents the ratio of momentum to mass diffusivity, v = % is the
/UO

. . : : Ky
non-dimensional chemical reaction parameter, 7 = —

(Ty — T7) is the thermophoretic parameter .
T

Skin friction

The skin friction coeflicient at the surface y = 0 is given by:

N du
T == —
dy

Table 1 shows numerical values of the Skin friction coefficient 7* for various values of viscoelastic parameter «, couple

(25)

y=0

stress inverse parameter a, Grashof number Gr, modified Grashof number Gm, Prandtl number Pr, Schmidt number
Sc and thermophoresis parameter 7 . From that table, we noticed that an increase in Pr, Sc and 7 increases the
value of the skin friction coefficient 7*, while an increase in «, a, Gr and Gm decreases the value of the skin friction

coefficient 7*.

Nusselt Number

From the temperature field; the rate of heat transfer between plates and the fluid can be expressed in terms of

non-dimensional Nusselt number as g, = —mg—z = kNu where the Nusselt number is given by:

do
Nu__<dy>

Nusselt number Nu is given in table2. It can be clearly seen that an increase in the Prandtl number Pr result in an

(26)

y=0

increase in Nusselt number Nu. Because of the increase in viscoelastic parameter «, couple stress inverse parameter a,

Grashof number Gr and Eckert number Ec¢ then Nusselt number Nu decreases.
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Table 1: Skin friction coefficient 7* data for: a = 0.2, a = 0.5 Gr =5, Gm =5, Pr = 0.71, Ec = 0.01, Sc = 0.22,
7=02,v=0.3

« a Gr Gm Pr Se T T*

02 05 5 5 0.71 022 0.2 -0.0251
5 05 5 ) 0.71 0.22 0.2 -0.0379
02 01 5 5 0.71 0.22 0.2 -0.0009
02 04 5 5 0.71 0.22 0.2 -0.0157
02 1 5 5 0.71 0.22 0.2 -0.1125
02 05 02 ) 0.71 0.22 0.2 -0.0131
0.2 05 10 5 0.71 0.22 0.2 -0.0376
02 05 5 0.2 071 022 0.2 -0.0130
02 05 5 15 071 022 0.2 -0.0505
02 05 5 ) 0.9 0.22 02 -0.0246
02 05 5 5 1.7 022 0.2 -0.0223
02 05 b 5 0.71 0.60 0.2 -0.0243
02 05 5 5 0.71 096 0.2 -0.0232
02 05 5 ) 0.71 0.22 0.1 -0.0252
02 05 5 5 0.71 0.22 0.9 -0.0248

Table 2: Nusselt number Nu data for: « =0.2,a =05 Gr =5, Gm =5, Pr =0.71, Ec = 0.01, Sc = 0.22, 7 = 0.2,
v=0.3

« a Gr Pr Fe Nu

02 05 5 071 0.01 -0.4613
5 05 5 071 0.01 -0.4617
02 01 &5 071 0.01 -0.4604
02 08 5 071 0.01 -0.4626
02 05 0 071 0.01 -0.4606

0.2 05 20 071 0.01 -0.4664

02 05 5 0.9 0.01 -0.4397
02 05 5 1.7 0.01 -0.3234
02 05 5 071 0.09 -0.4695
02 05 5 071 0.6 -0.5386

Sherwood Number

From the concentration field; the rate of mass transfer between plates and the fluid can be expressed in terms of

non-dimensional Sherwood number as j,, = —pD@ = pDSh where the Sherwood number is given by:
dy

_[(d¢
Sh—‘(dy>

Table 3 shows numerical values of mass transfer coefficient in terms of sherwood number Sh. It is observed that

(27)

y=0

Sherwood number increases with increasing in Prandtl parameter Pr, Schmidt number Sc¢, thermophoretic parameter 7

and chemical reaction parameter ~y. likewise, the increase of Eckert number Ec¢ leads to decrease the Sherwood number.
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Table 3: Sherwood number Sh data for « = 0.2, a = 0.5 Gr =5, Gm =5, Pr =0.71, Ec = 0.01, Sc =0.22, 7 = 0.2,
v=0.3

Pr  Ec Sc T vy Sh

0.71 0.01 0.22 0.2 0.3 -0.4636
1.7 001 0.22 02 0.3 -04585
0.71 0.09 0.22 0.2 0.3 -0.4640
071 09 022 02 0.3 -0.4707
0.71 2 0.22 0.2 0.3 -0.4809
0.71 0.01 060 0.2 0.3 -0.4254
0.71 0.01 078 0.2 0.3 -04015
0.71 001 096 0.2 0.3 -0.3751
0.71 0.01 0.22 01 0.3 -0.4657
0.71 0.01 0.22 06 0.3 -0.4548
0.71 0.01 0.22 09 0.3 -0.4480
0.71 0.01 022 0.2 0.1 -0.4820
0.71 0.01 0.22 02 0.5 -0.4464
0.71 0.01 0.22 0.2 0.8 -0.4227

Results and Discussion

In order to investigate the physical significance of the problem, a program was designed by using Mathematica 10
software including using of parametric ND solve package to simulate the numerical solutions of the system of the
differential equations which describe our problem. The purpose of these numerical computations to illustrate the
influence of various governing physical parameters such as: viscoelastic parameter «, couple stress inverse parameter
a, Grashof number Gr, modified Grashof number Gm, Prandtl number Pr, FEckert number Fc¢, Schmidt number Sc,
thermophoretic parameter 7 and dimensionless chemical reaction parameter v on the velocity u(y), the temperature
0(y) and the concentration ¢(y) fields which they have been done at the following values: a« = 0.2, a = 0.5 Gr = 5,
Gm =5, Pr=0.71, Ec = 0.01, Sc = 0.22, 71 = 0.2, v = 0.3. As well as, Skin friction 7*, Nusselt number Nu and
Sherwood number Sh have been computed and represented in tabulated forms at same values of parameters. In order
to get clear insight into the physics of the problem, a representative set of numerical results are shown graphically in
figures (2 — 19). In fig. 2, by increasing the viscoelastic second grade parameter «, the velocity profile u(y) decreases.
Since the influence of « on the temperature 6(y) and concentration ¢(y) fields is very small; then the results are not
shown here. It is observed from fig. 3 that an increase in couple stress inverse parameter a leads to a large arise
in the values of velocity u(y). The velocity u(y) curves decrease when the thermophoretic parameter 7 increases as
seen in fig. 4. The values of Grashof number Gr are taken to be positive and negative as they respectively represent
symmetric heating of the plates when Gr < 0 and symmetric cooling of the plates when Gr > 0. The velocity profiles
u(y) increases not only by increasing the Grashof number Gr but also by increasing the modified Grashof number Gm
as shown in fig. 5 and fig. 6 respectively. This is due to the buoyancy forces which is acting on the fluid particles due
to gravitational force that enhances the fluid velocity. The increase in the Prandtl number Pr results in the decrease in
u(y) as displayed in fig. 7. This is physically true because, the Prandtl number is a non-dimensional number which is
the ratio of momentum diffusivity (kinematic viscosity) to thermal diffusivity. The effect of increasing Eckert number

Ec is to enhance u(y) as shown in fig. 8. Higher Eckert number values lead to greater viscous dissipative heat. On the
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contrary, the reversed effect has been observed where fig. 9 indicates that velocity curves decreases with increasing

of Schmidt number Sec. Physically it is true as the concentration increase the density of the fluid increases which

results a decrease in fluid particles. fig. 10 depicts that u(y) decreases as the chemical reaction parameter +y increases

because of the presence of viscous dissipation. As a general description, velocity curves of this fluid are increased from

injected plate to reach the top of the curves (the highest value for the speed) which locate next to the center of channel

and then they decrease until it reaches zero at the sucked plate. This mean that the velocity profiles of the fluid is

maximum at the center of the channel and zero at the plates.

velocity profiles

Figure 2: Effect of the viscoelastic parameter «

on velocity profiles u(y).

u(y)

-1.0 -0.5 0.0 0.5 1.0

Figure 4: Effect of thermophoretic parameter 7

on velocity profiles u(y).
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-1.0 -0.5 0.0 0.5 1.0

Figure 3: Effect of couple stress inverse parame-

ter a on velocity profiles u(y).

=-1.0 -0.5 0.0 0.5 1.0

Figure 5: Effect of Grashof number Gr on ve-
locity profiles u(y).
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Figure 6: Effect of modified Grashof number Figure 7: Influence of Prandtl parameter Pr on
Gm on velocity profiles u(y). velocity profiles u(y).

u(y)

Figure 8: Effect of Eckert parameter Ec on Figure 9: Effect of Schmidt parameter Sc on
velocity profiles u(y). velocity profiles u(y).

u(y)

Figure 10: Effect of chemical reaction parameter v on velocity profiles u(y).
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Temperature profiles

Fig. 11 exhibits the temperature profiles 6(y) for various values of Prandtl number Pr. From this figure it is noticed
that by increasing Pr, the temperature decreases. Small values of the Prandtl number, Pr < 1, means that the thermal
diffusivity dominates. Whereas with large values of Pr > 1, the momentum diffusivity dominates the behavior. By
choose the values of Prandtl number where they are physically correspond to gases and fluids which are commonly
used in commerce and industry. Around 0.16-0.7 for mixtures of noble gases or noble gases with hydrogen and at
room temperature Pr is 0.71 . fig. 12 displays influence of Eckert parameter E¢ on the temperature profiles 6(y). It is
observed that temperature 6(y) increases as Ec increases. Effect of Grashof number Gr and modified Grashof number
Gm on temperature profiles 6(y) were studied into figure 13 and 14 respectively . From the above figures it is noticed
that the temperature distribution 6(y) of the fluid flow increases as increase both of Gr and Gm. From these figures it
is noticed that thermal boundary layer stretch when the values of Fc, Gr and Gm parameters increase. Generally, The
fluid has a high temperature at the positive side of the channel compared to the another part which it locates near to

the injection process.

6(y) o(y)

Pr=0oTi

Pr=0@

[ | =rermmmmnnnn Fr=1

............. Pr=17

Figure 11: Influence of Prandtl parameter Pr Figure 12: Influence of Eckert parameter Ec on

on temperature profiles 0(y). temperature profiles 0(y).

o(y) a(y)

Figure 13: Influence of Grashof number Gr on Figure 14: Influence of modified Grashof number

temperature profiles 0(y). G'm on temperature profiles 6(y).
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Concentration profiles

P(y)

Figure 15: Effect of Schmidt parameter Sc on Figure 16: Influence of chemical reaction param-

concentration profiles ¢(y). eter v on concentration profiles ¢(y).

$(y)

-1.0 -0.5 0.0 0.5 1.0

y
Figure 17: Influence of thermophoretic param- Figure 18: Effect of couple stress inverse param-
eter T on concentration profiles ¢(y) eter a on concentration profiles ¢(y).

Influence of Schmidt number Sc on concentration ¢(y) is shown in figure 14, from this figure it is noticed that
concentration decreases with an increase in Sc. Because, Schmidt number is a dimensionless number determined
by the ratio of momentum diffusivity and mass diffusivity, and is used to characterize fluid flows in which there are
simultaneous momentum and mass diffusion convection processes. Therefore concentration boundary layer decreases
with an increase in Schmidt number. The increase in chemical reaction parameter ~ at values v = 0.1,0.3,0.5, 0.8 leads
to a decrease in concentration distributions ¢(y) as shown in fig. 15. Effect of thermophoresis 7 on concentration
profiles ¢(y) is displayed in fig.16 at values of 7= 0.1, 0.6, 0.9 and 1.2 . Tt is noticed that the concentration profiles ¢(y)
decreases as T increases. Specially, the effect of increasing the thermophoretic parameter 7 is limited to increasing the
wall slope of the concentration profiles, but decreasing the concentration. This is true only for small values of Schmidt
number for which the Sherwood number Sh is large as chemical reaction effect increases and compared to the convection
effect. So, the thermophoretic parameter 7 is expected to alter the concentration boundary layer significantly. The

concentration profiles diverge at values of couple stress inverse parameter that equal to a = 8. As a result of the effect
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of the previous parameters on the concentration layers, we found that the fluid be more concentrated in the adjacent

side of the absorption process of th plate which located at y = 1.
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