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Abstract

In this paper, we investigate the generalized Hyers-Ulam stability on random p-normed spaces associated with
the following generalized quadratic functional equation f(kx +y) + flkx —y) =2f(x +y) + 2f(x —y) +
2(k? = 2)f(x) — 2f(y) ,where k is a fixed positive integer via two methods
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1. Introduction

The theory of random normed spaces is important as a generalization of the deterministic results of normed
spaces and also in the study of random operator equations. The notion of a random normed space corresponds
to the situations when we do not know exactly the norm of the point and we know only probabilities of possible
values of this norm. The random normed spaces may provide us the appropriate tools to study the geometry of
nuclear physics and have useful applications in quantum particle physics.

In 1940, Ulam [1] suggested the stability problem of functional equations concerning the stability of group
homomorphisms as follows: When is it true that a function that approximately satisfies a functional equation
must be close to an exact solution of the equation? If the problem accepts a solution, we say the equation is
stable. The famous Ulam stability problem was partially solved by Hyers[2] for the linear functional equation of
Banach spaces. Hyers' s theorem was generalized by Aoki [3] for additive mappings and by Rassias [4] for linear
mappings by considering an unbounded Cauchy difference. A generalization of the Rassias theorem was
obtained by Gavruta [5] by replacing the unbounded Cauchy difference by a general control function in the
spirit of Rassias approach. The paper of Rassias has provided a lot of influence in the development of what we
call generalized Hyers-Ulam stability of functional equations. Cadariu and Radu [6] applied the fixed-point
method to investigation of the Jensen functional equation. They could present a short and simple proof (different
from the direct method initiated by Hyers in 1941) for the generalized Hyers-Ulam stability of Jensen functional
equation and for quadratic functional equation.

The quadratic function f(x) = cx? satisfies the functional equation

f+y) +fx—y)=2f(x) +2f () (1.1)

and therefore, the functional equation (1.1) is called the quadratic functional equation. The generalized Hyers-
Ulam-Rassias stability theorem for the quadratic functional equation (1.1) was proved by [7, 8, 9] and the
references therein. The stability problems of several functional equations have been extensively investigated by
a number of authorss, and there are many interesting results concerning this paper [10, 11, 12, 13]. Before
presenting our results, we introduce some basic facts concerning of random normed spaces as in [14, 15]. A
function F: R U{—o0,+0} - [0,1] is called a distribution function if it is nondecreasing and left-continuous,
F(0) = 0 and F(4+) = 1. The class of all probability distribution functions F is denoted by A. D* is a subset
of A consisting of all functions F € A for which ["F(+o) =1, where [~ f(x) = Jim f(t). The space A" is
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partially ordered by the usual pointwise ordering of functions, that is, F < G if and only if F(t) <G(t) for all t €
R. The maximal element for A* with this order is the distribution function ¢, given by

1 if >0
EO(t)‘{ 0, if t<O0.

Definition 1.1. [14] A function T :{0,1] x [0,1] - [0,1] is a continuous triangular norm (briefly, a t-norm) if T
satisfies the following conditions:

(TN1) T is commutative and associative;

(TN2) T is continuous;

(TN3) T(a,1) = a forall a €[0,1];

(TN4) T(a,b) < T(c,d), whenever a<c and b <d forall a,b,c,d € [0,1].

Typical examples of continuous t-norms are Ty, (a,b) = min(a,b), T,(a,b) = ab and T,(a,b) = max(a + b —
1,0) (the Lukasiewicz t-norm). Recall [16] that if T isa t-norm and {x,} is a given sequence of numbers in
[0,1], then T, x; is defined recurrently by

X4, ifn=1,
1 X =

T
TTA L x;,x,)  ifn>2

i=

T,2, x; is defined as T;2; x4

Definition 1.2. [17] Let X be a reallinear space, p € R* with 0 <p <1 and T be acontinuous t-norm. The
triple (X,u,T) is called a random p-normed space if a mapping p: X - D* (for any x € X, u(x) is denoted
by u,) satisfies the following conditions:

(RN1) p, () = ¢,(®) forall t> 0 ifand only if x = 0;

(RN2) pro, (0 = p, (L) forall xeX,all t =0 and a # 0;

lalP

(RN3) poyy (t+5) = T(u(8), 1, (s)) forall x,y € X, and all t,s > 0.

Note that every p-normed space (X, ||-ll) defines a random p-normed space (X,u, Ty, ), where u,(t) = T

forall t > 0 and Ty, is the minimum t-norm. This space is called the induced random p-normed space.
Definition 1.3. Let (X,u, T) be arandom p-normed space.

1.  Asequence {x,}in X is said to be convergent to x € X if forall t >0 and A > 0, there exists a positive
integer N such that u, _,(t) > 1—A whenever n > N.

2. Asequence {x,} in X is called Cauchy if, forall t >0 and A > 0, there exists a positive integer N such
that p, _, (€) >1 — A whenever n >m = N.

3. The random p-normed space (X,u,T) is said to be complete if every Cauchy sequence in X is
convergent to a point in X.

Theorem 1.4. [14] If (X,u,T) is a random normed space and {x,} is a sequence of X such that x, - x, then
Lim 1, () = p, .
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Now, we consider the following functional equation:

flkx +y)+ flx —y) = 2f (x + y) + 2f (x =) + 2(k* = 2)f(x) = 2f () (1.2)

for all x,y € X. Then the functional equation (1.2) is equivalent to the standard Euler-Lagrange equation (1.1)
and so, it is called a quadratic functional equation since the function f(x) = x? is its solution. Note that (1) if
we put x =y = 0,then f(0) =0,(2) f(k™)=k?" f(x) forall x € X and n€ Z*,and (3) f(—x) = f(x) forall
x € X in the functional equation (1.2). Motivated by the above facts, we investigate the generalized Hyers-Ulam
stability problem of the functional equation (1.2) in random p-normed spaces (in the sense of Scherstnev) under
the minimum t-norm T,, using direct methods and fixed-point methods.

Throughout this paper, let X be a real linear space, (X,¢',Ty,) be arandom p-normed space and (Y, u,T,) be
a complete random p-normed space. For any mapping f: X - Y, we define

AfGe,y) = flkx +y) + flkx —y) = 2f(x +y) —2f(x —y) —2(k? — 2)f () + 2f (%)
forall x,y € X and any fixed positive integer k € Z*.
2. Stability of the equation (1.2) in random p-normed spaces

2.1. Directed Method. In this subsection, we prove the generalized Hyers-Ulam stability of the equation
Af(x,y) =0 inarandom p-normed space for 0 < p < 1, by the standard Hyers' direct method.

Theorem 2.1. Let ¢ : X? - Z be a function such that, for some 0 < a < k?,
H i) @ Z H ) @) (2.1)

and Ai_}rgu’w(knx'kny) (k*Pt) =1 forall x,y€ X and all t> 0. If f:X > Y is amapping with
£(0) = 0 such that

Haf(xy) ® = ,u'(p(x'y) ®) (2.2)

forall x,y € X and all t > 0, then there exists a unique quadratic mapping Q : X = Y such that
M fGy—gw ) = #,(p(x,o) (27 (k*? — aP)t) (2.3)

forall xe X and all t > 0.

Proof. Substituting y = 0 in (2.2), we have

Mf(x)—%(t) = MI(p(x.o) ((2k*)P1) (2.4)

forall x € X and all t > 0. Replacing x by k™x in (2.4), we have

2
Hrans  pan+in () = H’(p(knx,()) (k2P - (2k*)PE) 2 /“‘pr(x,o) ((;)np - (2k*)Pt)

Kx2n k2(n+1)

AN Zn—l(M _ f(kj“X))‘

forall x € X andall ¢t > 0. Since f() — == =210 (=5~ — 55
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ot 1 a~Jp
l‘f(x)_&x) Z(Zkz)p(ﬁ) t

k21 7=0

— ) . -1 1 a Jp
- T.l-1<f k]_x _M)(Z}1:O (2k2)p (kz) t) (2.5)
j=0\" k2] ~ (2G+1D)

n-1 ‘ _ 1 (a)jp
2 Tujoobr(wix) (W) Gar? )

Kk2J 1k2G+1)
= Ty (W00 ©) s Koy )
= Wyt O

forall x € X and all t > 0. Replacing x by k™x in (2.5), we obtain

, k2P
He(™Mx)  f(k+Mx) @® = Holx0 ( - )i)jp t> (2.6)

- n+m-—1
k2m k2(n+m) E:j =m (kz

forall x € X and all m,n € Z with n >m > 0. It follows from

im o (2k*)P 1
n,‘r}‘lriloo K0 Fnem-1 (i)ip b=
j=m  \k?

FK" %)

K2n

a mapping Q:X-Y by Q& = lim

} is Cauchy in (Y, Ty), and so it converges to some point Q(x) € Y. We can define
FG&™x)

K2n

that the sequence {

for all xe X and all t>0. Fix x€X and put m=0 in (2.6).

Then we obtain

) @K*)HP
2 fnx) () = (,o)( 75 f)
16 - AEG)

k2n

forall x e X and all t > 0. For every s> 0,

M - o (s + 1)

> My , Ny .
>Ty (uf(x) _f(kkzn) ® ,Uf(kkzn)_Q(x) (s)) 2.7)
/ , (2k?)P
=T | Moo | T b | Hawd o, O |
\ D, (F) i /

forall x € X and all t > 0. Taking the limit as n —» o in (2.7), we obtain

Hi g+ = 1 @P (K —aP)D). (2.8)

Thus, since s is arbitrary and by passings — 0 in (2.8), we have
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HpCoy-qeo ) 2 1 0 (2P (k*P — aP)t)
forall x € X and t > 0. Thus, the condition (2.3) holds forall x € X and all t > 0.
If we replace (x,y) by (k™x, k™y) in (2.2), then

Hapats, kny) (£) = ,u'(p(kzx’ i2y) (k2P t) (2.9)
K2n

for all x,y € X and all t >0. Letting n - oo in (2.9), we find that pyy(,) =1 for all t> 0, which implies
AQ(x,y) = 0 forall x,y € X. Therefore, the mapping @ is quadratic.

To prove the uniqueness of the quadratic mapping Q, let us assume that there exists another mapping 0 :X -
Y which satisfies (2.3). For fixed x € X, Q(k™x) = k*Q(x) and Q(k™x) = k* Q(x) for all n€ Z*. It follows
from (2.3) that

oG-t ) = ot gl ()

an an
t t
=Ty | ot  rGx (5).ug<knx) %) (5)
Kk2n - Kk2n Kk2n - K2n

20 (k% — qP) (k2\"™
2o (g (e) ¢)

. . 2P (k2P —qP) p2NP -
Since  lim (f -an—pt) = o0, we have iy _qg ) =1 forall t> 0. Thus Q(x) = Q(x)
For all x € X. This completes the proof. ]

Theorem 2.2. et ¢ : X* - Z be a function such that, for some k* < a,
.Ulq,(’_; ';’%)(t) 2 #'(p(x,y) (@Pt) (2.10)

and lim ”Ik“(p(i L)(t) =1 forall x,y€X and all t>0.If f:X - Y is a mapping with f(0) =0 which

kn gn
satisfies (2.2), then there exists a unique quadratic mapping Q : X — Y such that

G- (O Z ' () 2P (aP — k?P)0). (2.11)

forall x € X and all t > 0.

Proof. Substituting y = 0 in (2.2), we have
Heo i () D 2 W (9 (207D (212)

forall x € X and all t > 0. Replacing x by kin in (2.12), we have
1 a\"P
Hians (Z)-x2 (n+1)f(#)(t) 2 0 ((Za)p (ﬁ) t)
forall xex andall £>0.Since fG) —k2f (%) = Ziz (k2 (5) k20405 (),

K+
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Zn—1(k_2)1p
J=0\a

”f(x)—kznf(kin) (2a)P t]=z .U’(p(X,O) ® (2.13)
. X . .
forall x € X and all t > 0.Replacing x by el (2.13), we obtain

’ (Za)p ]

Higmy () gt p(—x ) ® 2 1,0 —27:;,?-1 (%),,, t (2.14)

forall x € X and n,m € Z with n > m > 0. Then the sequence {kznf (kin)} is Cauchy in (Y,u,T,), and so it

converges to some point Q(x) € Y. Now we can define a mapping Q : X > Y by Q) = lim k*f (kin) for all
n—-oo

x € X and all t > 0. The remaining assertion goes through in a similar method to the corresponding part of

Theorem 2.1. This completes the proof. ]

Corollary 2.3. Let X be a real linear space, (Z,u',Ty) be a random p-normed space and (Y,u,T,) be a
complete random p-normed space. Assume & is a positive real number and z, in Z. If f : X - Y s a mapping
with f£(0) = 0 which satisfies

Hap(ey) () = Wy, (£) (2.15)

forall x € X and all t > 0, then there exists a unique quadratic mapping Q : X - Y such that
HrGo—ow (B = W'y, (2P (K* = 1)t) (2.16)

forall x € X and all t > 0.

Proof. Let ¢ : X? - Z bedefined by @(x,y) = 8z,. Then the proof follows from Theorem 2.1 by « = 1. This
completes the proof. (]

Corollary 2.4. Let X be a real linear space, (Z,u',Ty,) be a random p-normed space and (Y,u,T,) be a
complete random p-normed space. Assume r is a positive real number with r +3 and zy € Z. If f: X > Y is
a mapping with f(0) = 0 which satisfies

HapGey) () Z HQ o1y )z, © (217)

forall x,y € X and all t > 0, then there exists a unique quadratic mapping Q : X — Y such that

R - ® = 1 yr, QPIE — kPTIE). (2.18)

forall x € X and all t > 0.

Proof. Let ¢ : X? - Z be defined by ¢(x,y) = (lxlI” + llyll” )z,. Then, the proof follows from Theorem 2.1
and Theorem 2.2 by a = k". This completes the proof. ]

2.2. Fixed Point Method.

In this subsection, using the fixed-point method, we give the generalized Hyers-Ulam stability of the equation
Af(x,y) =0 in random p-normed spaces. Let us recall that a mapping d: X?> — [0,) is called a metric on a
nonempty set X if (i) d(x,y) =0 if and only if x =y, (i) d(x,y) = d(y,x), (i) d(x,2) < d(x,y) + d(y,z) for
all x,y,z € X. Before proceeding to the main results in this subsection, we give the fixed point theorem which
plays an important role in proving our theorem:
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Theorem 2.5. [18] Suppose that (Q,d) is a complete metric space and ] : Q — Q s a strictly contractive mapping
with Lipschitz constant L < 1. Then, for each x € Q, either d(J™x,]™"'x) = oo for all nonnegative integers n >
0 or there exists a natural number n, such that

1) dy™x,J™"1x) < o forall n=n,;

(2) the sequence {J™x} is convergent to a fixed point y* of J;

(3) y* is the unique fixed point of j in the set A = {y € Q:d(J™x,y) < oo} ;

@) d(y,y") <—=d(y,Jy) forall y€ A,

Theorem 2.6. Let ¢ : X* > D* (¢p(x,y) is denoted by @) be a function such that, for some 0<a < k2,
Pix,0 (AP ) 2 @r(0) (219)

forall x€ X and all t > 0. If f: X > Y isa mapping with f(0) = 0 such that

Hap(xy) (£) 2 @y, (t) (2.20)

forall x,y € X and all t > 0, then there exists a unique quadratic mapping Q : X — Y such that

o) — ey (&) = @, (2P (k% — aP)t) (2.21)

forall xe X and all t > 0.

Proof. Putting y = 0 in (2.20), we get

o 00 2 @, 0((2k%)P1) (2.22)
flx)— 12 ’

forall x e X and all t > 0. Let Q be a set of all mappings from X into Y and introduce a generalized metric
on Q as follows:

d(g,h) = inf {c € [0,00): g e (ct) = @,0(®) for all x € X}

where, as usual, inf@ = +oo. It is easy to show that (Q,d) is a complete metric space ([12]). Now, let us consider
the mapping J: Q- Q defined by

1
]g(x) = ﬁg (kX)

forall geQ and x € X. Let g,h in Q and c € [0,00) be an arbitrary constant with d(g,h) <c. Then we
have

Hgl)-50 (ct) =z qox,o(t)
forall x € X and all t > 0, whence
a \P
HigGd - Jh(x) ((k_z) Ct) 2 HgGkex) - n(kex) (apCt) b (pkx,o(apt) P (px,()(t) (2.23)

forall x € X andall t >0, and soif d(g,h) < c, then
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aP
aUg.Jh) < 157d(g.h)

. . . . . . . aP
for all g,h € Q. Then, ] is a strictly contractive self-mapping on Q with the Lipschitz constant L = < 1.
Also, it follows from (2.20) that

t t
o - 1022 (655) 2 -y () 2 0ro® (2.24)

forall x € X and all t > 0, which implies that

1

d(fIN < G -

Using Theorem 2.5, there exists a mapping Q : X — Y, which is a unique fixed point of | in the set

0, ={g € 02:d(f, g) < =} such that

Q60 = Jim

forall x € X since lim d(J™f,Q) = 0. Again, it follows from Theorem 2.5 that
n—-oo

1
— 20 (k2P — qP)’

) 1
d(f,Q < =7dFJN < Grpa D

which implies
HrG) -qx) (t) > (px_o(Zp (kZp — a'p)t)
forall x € X and all t > 0. Replacing x and y by k™x and k™y in (2.20), respectively,

Mgy @® = 711_)12 HarGe i y) (2P E) = 711_{{}0 Py gy (K*P1)

kZ

np
forall x,y € X and all t > 0. It follows from lim ¢, (( ) t) =1 that AQ(x,y) = 0. Hence, the mapping Q
n—-oo

a

is quadratic.

To prove the uniqueness, let us assume that there exists a quadratic mapping Q':X — Y which satisfies (2.21).
Then Q' is a fixed point of J in ;. However, it follows from Theorem 2.5 that ] has only one fixed point in
0,.Hence, we deduce that Q = Q'. This completes the proof. ]

Theorem 2.7. Let ¢ : X? —» D% be a function such that, for some k? < a,
$2,0(8) = Ppx o (aPt) (2.25)

forall x€ X and all t >0.If f:X—>Y is a mapping with f(0) =0 which satisfies (2.20), then there exists a
unique quadratic mapping Q : X =Y such that

Hity—om () 2 9,0 (2P (aP = k*P)E) (2.26)
forall x € X and all t > 0.

Proof. Let O and d be as in the proof of Theorem 2.2. Then (2,d) becomes a complete metric space and the
mapping J: Q - Q defined by
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Joe =k°g (%)

forall g € 2, x € X. Then,

2p

d(Jg,Jh) < a—pd(g,h)

forall g,h € 2. Then, ] is a strictly contractive self-mapping on Q with the Lipschitz constant

2
L= I;—:< 1. It follows from (2.20) that d(f,jf) < Thus, we obtain

1
(k)P *

1 1
d(f, @ < T—7d(IN < ooy

which implies the inequality (2.20) holds for all x € X and all t > 0. The remaining assertion goes through in a
similar method to the corresponding part of Theorem 2.6. This completes the proof. ]

Corollary 2.8. Let X be a real p-Banach spaces, and define u,(t) = m for all x € X and all t > 0. Then

(X,u,Ty) is a complete random p-normed space. Define

t
t+ (llxll™ + llyll™)

Py ) =

forall x,y € X and all t >0 in which 0 <r <3. Assume that f: X - Y is a mapping with f(0) = 0, which
satisfies (2.20). Then, there exists a unique quadratic mapping Q : X = Y such that

2P (k2P —kPT )¢
D . ————————
Hi -0 (O 2 otap_enes e (2.27)

forall x,y € X and all t >0, where a = kP. Hence, we have

[l
lf ) —Qoll < W (2.28)
forall x € X.
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