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Abstract

We apply the Magnus and Fer perturbation methods to Jaynes Cummings Model (JCM) with linear time
dependence and show that the perturbation methods yield results which are appreciably close to the results
obtained by Wei-Norman method, leading to exact solution when the Hamiltonian under consideration is an
element of su(2), thus making the perturbation methods important for Hamiltonians for which a method of
exact solution is not available.
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Introduction

Study of Jaynes Cummings Model[2] by several authors explored interesting behaviours of both the two-level
atom and the radiation field of a coupled radiation-matter system [6,7,8,9,10,11,12,13]. The underlying SU(2)
structure of the model[16] made it possible for application of the Wei-Norman method[3] for an exact
solution. Dasgupta showed that the model is exactly solvable for a sech pulse[17] and for linear time
dependence[19]. Limitations of exact solvability of the model with arbitrary time dependence lead us to follow
perturbation methods as an alternative approach. The Hamiltonian of the model in the interaction picture is

Hit) = 28(A) 5+ 2A (Y (A, ()

where is a constant operator

1+
A=ata+ > 3

)

and c = a' a, a' a being the number operator describing the strength of the field, (a", a) being the creation and
annihilation operator, respectively, describing the dynamics of the field and Ji are the generators of the SU(2)
inherent in the Hamiltonian. We study the Hamiltonian (1) by assuming only one part of it to be linearly time
dependent. The particular form of the Hamiltonian allows us to apply the methods of perturbation, assuming
the time dependent part to be exactly solvable and the rest as a small perturbation. we expect that the
procedures shall generate results with close proximity with those given by the exact solution, thereby, making
it an alternative trick to approach time dependent Hamiltonians for which a method of exact solution is
unavailable.
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1 Perturbation Methods

When a time dependent Hamiltonian H(t) does not commute with itself at dierent times, the usual approach
for solution is the Feynman-Dyson method.

1.1 Feynman-Dyson Formula

The evolution operator is given by[21]

o t f1 ta th-1
Uit) = 1+Z;—4‘}"J' d:lj ﬂ’in' dt;---J' dtgHit) H{ty)-- Hity) (3)
k=1 8} [} [} [}

Apart from the increasing difficulties in calculations in higher order, the formula suffers from a major drawback
- the time evolution operator is not unitary at each order, which can be avoided by applying Magnus and Fer
perturbation methods.

1.2 Magnus Formula

The evolution operator is expressed as exponential of an innite sum of anti-hermitian operators[1,4,5,15,22]

Uth ta) =exp[)_Au(hta)] (g

where the expansion terms An are given by

ﬁlti}:—ijrr:ldilﬁtil}

Agtt) = 4 [, dty [,* dio[Hy Hy)

i t t fa
Astt) = 57 [, diy [, i [ 2 dts[(Hs, [Ha, Hi]+ ([Hs, Ha ] Hy)
and so on to the higer orders.

1.3 Fer Formula

According to Fer the time evolution operator is written as an innite product of exponential operators[5,17,23]

[ea]

Uit tg) = I_IEKP[SJ.-H}] (5)

j=1
where
5.t = —:'jr':IH;:I}dtl
Syt = 4 [, dt, [ dta(Hy Hy
S4(f) = ﬂ’“dﬁ jr’ dtzjr':fdh[[H;,[Hz, Hil)+[Hz [Ha H )

and so on to the higer orders.
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2 Perturbation method applied to JCM with linear time dependence
2.1 Interaction picture Hamiltonian

We rename the picture in which the Hamiltonian (1) is written, to be 'Schrédinger Picture'. When the time
dependence of the Hamiltonian is carried by only one term, it has the general form

Hit) = Hy(t)+ V (6)

The time dependent part of the Hamiltonian is assumed to have an exact solution and the other time
independent part is treated as a small perturbation to HO(t). With the initial time set at zero, the exact solution
of the time dependent part is given by

¢
Un(t) :exp[iJ’ dt'Hyit")] (7)
o

We rid of the time dependent part by transforming (6) to 'Interaction Picture'
Hyity=UgVUT (8)

The form of this interaction picture Hamiltonian depends on the time dependence of L(t) and involves the
generators Ji of the SU(2), as evident from (1). This determines the evolution operator in interaction picture, at
each order of a perturbation scheme.

2.2 The evolution matrix

We evaluate the time evolution operator at kth order of a perturbation scheme as a 2x2 matrix V(t) = vij(k)
using the algebra followed by Ji and its connection to the Pauli matrices through

Ji=0:/2 (9)

For Feynman-Dyson formula, straightforward substitution of (9) gives the evolution operator in matrix form.
For Magnus formula the sum inside the exponential of (4) is expressed in terms of the generators Ji

Alt) = —i[g1(0}]y + g2(8) ]2+ g5(E)]5] (10)

Using (9) the evolution operator is given in terms of the Pauli matrices

UI:” = C0s ,Irl —llg[_ﬂl:”ﬂl +_,|r3I:ﬂIfT3 +_,|l-3l:ﬂlf'f3] (11)

where fi(t) = gi(t)/2 and f = (fl2 + 22 + f32)1/2. With f .= f1 +if2, the evolution matrix becomes
cos f - erjgi —J'_f_ﬂjni
Uit) = (12)

—if, H"—-—i';'r f cosf+ifs %ﬂ

Thus at the first order the evolution matrix is exp[A1(t)], at the second order, it is exp[AL(t) + A2(t)] and so on.

The argument Sj(t) of the exponential in Fer formula (5), at each order, is given by
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§;(t) = ~ila;(t)oy + B;(Hhas + y; (Do) (13)

by using (9). Thus, the evolution matrix at the kth

cus_ﬂ._j”%.& _‘ﬂl—:l%&

order is given by

Ur(ty = { _ AT
—i &'*“—-’r—'j"l_ k cos fi +iye E—L'Ti_ X
with

fi=ai+pi+y, and fF=axif 15)

At the first order, the evolution operator is U(t) = UL(t), to the second order it is U(t) = U1(t)U2(t) and so on.
Thus, one may calculate the evolution operator in explicit analytic form to any desired order.

2.3 Linear Ramp

We call the linear time dependence a linear ramp when the detuning parameter is linearly time dependent,
d(D)=Dbt and the interaction parameter is time independent, L(t)=10, so that the Hamiltonian (1) becomes

Hit)=2pt]s+220 Vx| (16)
Evolution operator for the time dependent part of (16) is
Unlt) = exp[iBt]5] (17)
The 'Interaction Picture' Hamiltonian is given by
Hy(t) = 26[cos(t7)]; —sin{f17)]5] (18)
2.3.1 Feynman-Dyson
Up to first order, the evolution operator is given by
1 il —ilp)
i — [ (19)

—fj'ﬁfz +”-'|_} 1

Up to second order,

L= 8%[(I3+Ig) + (15— Iy)] ol —ily)

'|r.."|2:I — (20)

—Ei'[f2+”1} 1 —Ei'z[[h +fr;.}—l.[f5—f4}]

Up to third order,
1=a2 L+ 1) +itls - 1)) (I, —il ) +id* (kg +ik;)

'|r.."|3:| — ] (21)
—MI+ il )+ ik —iky) 1 =8I+ Ig) —iiI5 — 14))

with
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ky=Ig—Io+1, 41, @2

2.3.2 Magnus

As mentioned in subsection 2.2, the functions fk(t) occurring in (4) determines the matrix elements of the
evolution operator at each order.
At the first order,

fith=20L,  filth=-28L;,  filt)=0 (23)

At the second order,

fi=20L,  fi=-20L,  fi=207(5-1y) (29)

At the third order,

! 4 _ ! 4 _ -
Jﬁ = El'j‘f'l —§b3£f10—2f13+f13h Jlrz = —2&"I2+§|’)3:I3—2Iq+fll}1 Jlr3 = 2(}":.{5—.{*} (25)

2.3.3 Fer

As mentioned in subsection 2.3, the functions fk(t) occurring in (13) determines the matrix elements of the
evolution operator at each order.
At the first order,

filty =281, falf)y= =261, fity=0 (26)

At the second order,

fi =0, f=0, fa=28%15-14) (27)

At the third order,
4, 4,
ﬁtf}:ga‘ |:—211|:|+I12+f13}_. fztf}: 5& l:—fs—fq'FEI'll}_. ﬁ:f}:ﬂ(28)

2.4 Linear sweep

Calling the case with time independent detuning d(D)=d and linearly time dependent interaction parameter
L(t)=I0t a linear sweep, the Hamiltonian (1) becomes

Hit) =285 + 24,8 ], (29)

Evolution operator for the time dependent part of (29) is
Ua(t) = exp[ift*]1] (30)

The 'Interaction Picture' Hamiltonian is given by

Hy(t) = 28] sin{pt*)]; + cos(pt7) ]3] (31)
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2.4.1 Feynman-Dyson
Up to first order,

1—idl, -l

Vit = (32)

ol L +inly
Up to second order,

1 —i8l, - 8215 +1g)  —6l, +i82(Iy—1I5)
(33)

alz +J.rj'2|:f4—f5} 1+J.|’j‘f'|_—|’j‘2:.i3+f|':,}
Up to third order,

1 —J-l’j‘f'l - &2:f3 +Ib} +J.|’j‘3k'|_ —fjf: + h’j‘ztf.t —I5}+ |’j‘3k2

'|r.."|3:| - (34)

oy + 167 Iy —I5) - 8k, L+iol —8% (I3 +Ig) —i8°k,

kl :I?+I10—I12+f13
k=I5 -Ig+ I +114

2.4.2 Magnus

As mentioned in subsection 2.2, the functions fk(t) occurring in (10) determines the matrix elements of the
evolution operator at each order.
First order,

fth=0,  fhy =28,  filt) =281, (35)

Second order,

fi=20%Is-1y),  fr=28l,,  f;=28l (36)

Third order,

- ! 4. : 4.
Jﬁ_ = er"'ﬁfﬁ—f.th _||r2 = 2&I3+5|{|‘3[IS—2L;+I11}_, J|1'3 = Eﬂfl—gf}3ﬁf1u—zflz+f13} (37)

2.4.3 Fer

As mentioned in subsection 2.3, the functions fk(t) occurring in (13) determines the matrix elements of the
evolution operator at each order.
First order,

fitty=0, fa(8) =241, f3tt) =281, (38)

Second order,
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fi =28%(15 - Iy), fo =261, fa =281 (39)
Third order,
4 5 4 5
,|L-|_ =|:’. _E:Eﬁ‘ I:.F5+f|.]—2f|_|_}| _,|r3=§(!7‘|:—2jr|_|_'|+f|_3+flj} (40)

The time dependent integrals Ik(t) are presented in the appendix and are computed using python scripts.
3 Results and Discussion
3.1 Linear ramp

Fig.1 and Fig.2 show, respectively, that the time evolution of inversion and Mandel Q parameter determined by
Feynman-Dyson(FD) formula at second and third orders, are much better than those at the first order. Similar
feature is evident for squeezing - FD formula, even at first order, gives results which are appreciably close to
the result of Wei-Norman(WN) method(Fig.2). Also, the figures indicate an order-by-order improvement of the
results. This order-by-order improvement of the results are studied with a greater detail by computing the
logarithmic difference of inversions obtained from WN method and FD formula(Fig.4). As shown, a larger
negative value of the logarithmic difference shows an improvement of the result at higher order of the
perturbation method. Study of the physical quantities with Magnus and Fer perturbation formulae show
similar features(Fig.7,8,9 and Fig.13,14,15), along with a clear indication that Magnus and Fer methods yield
even better results than FD formula(Fig.10,11,12 and Fig.16,17,18).

Irvrsion = Wi v FD - int=0.1 nbar=1dat=1
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Figure 1: Ramp : Comparing WN and FD : Variation of inversion.
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Figure 2: Ramp : Comparing WN and FD : Variation of Mandel Q parameter.
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Figure 4: Ramp : Comparing WN and FD : Variation of inversion : Lorgarithmic Difference.
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Figure 5: Ramp : Comparing WN and FD : Variation of Mandel Q parameter : Lorgarithmic Difference.
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Figure 6: Ramp : Comparing WN and FD : Variation of squeezing : Lorgarithmic Difference.
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Figure 7: Ramp : Comparing WN and Magnus : Variation of inversion.
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Figure 8: Ramp : Comparing WN and Magnus : Variation of Mandel Q parameter.
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Figure 9: Ramp : Comparing WN and Magnus : Variation of squeezing.
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Figure 10: Ramp : Comparing WN and Magnus : Variation of inversion : Lorgarithmic Difference.
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Figure 11: Ramp : Comparing WN and Magnus : Variation of Mandel Q parameter : Lorgarithmic Difference.
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Figure 12: Ramp : Comparing WN and Magnus : Variation of squeezing : Lorgarithmic Difference.
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Figure 13: Ramp : Comparing WN and Fer : Variation of inversion.
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Figure 16: Ramp : Comparing WN and Fer : Variation of inversion : Lorgarithmic Difference.
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Figure 17: Ramp : Comparing WN and Fer : Variation of Mandel Q parameter : Lorgarithmic Difference.
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Figure 18: Ramp : Comparing WN and Fer : Variation of squeezing : Lorgarithmic Difference.

3.2 Linear sweep

As for the case of linear ramp, the closeness of the results yielded by the perturbation methods to those
generated by Wei-Norman method is evident from the figures 19,20,21,25,26,27,31,32 and 33. The gures
22,23,24,28,29,30,34,35 and 36 show the order-by-order improvement of a perturbation scheme.
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Figure 22: Sweep : Comparing WN and FD : Variation of inversion : Lorgarithmic Difference.
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Figure 23: Sweep : Comparing WN and FD : Variation of Mandel Q parameter : Lorgarithmic Difference.
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Figure 24: Sweep : Comparing WN and FD : Variation of squeezing : Lorgarithmic Dffierence.
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Figure 25: Sweep : Comparing WN and Magnus : Variation of inversion.
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Figure 26: Sweep : Comparing WN and Magnus : Variation of Mandel Q parameter.
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Figure 27: Sweep : Comparing WN and Magnus : Variation of squeezing.
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Figure 28: Sweep : Comparing WN and Magnus : Variation of inversion : Lorgarithmic Difference.
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Figure 29: Sweep : Comparing WN and Magnus : Variation of Mandel Q parameter : Lorgarithmic Difference.
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Figure 30: Sweep : Comparing WN and Magnus : Variation of squeezing : Lorgarithmic Difference.
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Figure 34: Sweep : Comparing WN and Fer : Variation of inversion : Lorgarithmic Difference.
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Figure 35: Sweep : Comparing WN and Fer : Variation of Mandel Q parameter : Lorgarithmic Difference.
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Figure 36: Sweep : Comparing WN and Fer : Variation of squeezing : Lorgarithmic Difference.
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Appendix : List of integrals

ol f
Lity= | dt;cos(ft], fzn}:J' dt, sin(pt3),
. o
ol ) i .
.ir3l:ﬂ: ﬁ,flCOSI:P”I}flI:fl}. .hl:ﬂ: dflCDSI:lB:l_}IEI:TL}.
] oA
ol i~
Istty= | dt;sin(Bt{)(t), Igtty= | dtysin(ft])(t,),
A0 A0
| .\ Pl .,
.ir?l:ﬂ: dflCOSfﬁfI}fﬂfl}. .irr;l:ﬂ: fifl{ﬂs-l:ll'jfl_}f_ll:fl}u
] oA
I i~
Iotty= | di; cos(Bi3)5(t,), Ligtfy = | dty cos(t)gity),
0

o =

ol

3
.ir|_|_|:rf=J' dILSiI'II:IBIf}Iy:IL}. .irlzl:j}z dILSiI'II:IBIE}I_lI:IL}:
] ]

o

t 3
f”m=J' dty sini 817 )15(1,), er=J' dty sini 15 1 g(t))
] o
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