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ABSTRACT

In this paper, we prove the stability problem in the spirit of Hyers-Ulam, Rassias and Gavruta for the quadratic functional
equation:

fQRx+y)+fQRx—y)=2f(x+y) +2f(x —y) +4f(x) — 2f(y)

in 2-Banach spaces. These results extend the generalized Hyers-Ulam stability results by the quadratic functional
equation in normed spaces to 2-Banach spaces.
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1 INTRODUCTION

In 1940, Ulam [17] suggested the stability problem of functional equations concerning the stability of group
homomorphisms as follows: When is it true that a mapping satisfying a stability problem of functional equation
approximately must be close to an exact solution of the given functional equation? The famous Ulam stability problem was
partially solved by Hyers [10] of Banach spaces in 1941. Th.M. Rassias [14] given a generalization of Hyers' theorem by
proving the existence of unique linear mappings near approximate additive mappings. The paper of Rassias has provided
a lot of influence in the development of what we call the generalized Hyers-Ulam-Rassias stability of functional equations.
In 1982, J.M. Rassias [13] provided a generalizations of the Hyer-Ulam stability theorem which allows the Cauchy
difference controlled by a product of different powers of norm. And then, the result of Th.M. Rassias theorem has been
generalized by Gavruta [8] by replacing the unbounded Cauchy difference by a generalized control function.

The quadratic function the mapping f(x) = cx? satisfies the following functional equation

fO+y)+fx—y)=2f()+f») (1.1)

and therefore the functional equation (1.1) is called the quadratic functional equation. The generalized Hyers-Ulam-
Rassias stability theorem for the quadratic functional equation (1.1) was proved by [4, 5, 9, 16] and the references therein.
Recently, many mathematicians came out with results in linear 2-normed spaces, analogous with that in classical normed
spaces and Banach spaces. In particular, the stability problems of the functional equations in 2-normed spaces have
investigated by [1, 3, 11,12]. Before we present our results, we introduce some basic facts concerning linear 2-normed
spaces. The theory of linear 2-normed spaces was first developed by Gahler [7] in the mid 1960's, while that of 2-Banach
spaces was studied later by White [18]. For further details on linear 2-normed spaces, refer to the books [2] and [6].

Definition 1.1. [7] Let X be a linear space over R with dim X > 1 and let ||-,-||2:X x X = R be a real-valued function. Then
(X, ||~,~||2) is called a linear 2-normed space if

(2N1) ||x,y||2 >0 and ||x,y||2 = 0 if and only if x and y are linearly dependent;
@N2) [lxyl], = [ly «ll,;
(2N3) ||0£x,y||2 = |af ||x,y||2 forall« € R;

(2N4) [1x + y,zI|, < [Ix, 21|, + [ly, I,
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for all x,y,z € X. The function ||~,~||2 is called a 2-norm on X.

Geometrically, a 2-norm function generalizes the concept of area function of parallelogram due to the fact that it
represents the area of the usual parallelogram spanned by the two associated elements. For example, take X = R? being
equipped with the 2-norm

||x,y||2 = the area of the parallelogram spanned by the vectors x and y,

which may be given explicitly by the formula
||x,y||2 = [x1y2 — %111
where x = (x1,v1), ¥ = (x2,¥,). Then, (X, ||~,~||2) is a linear 2-normed space.
Remark 1.2. Let X be a linear 2-normed space.
@) |lx,y + 0le|2 = ||x,y||2 forall « € R.
(2) If x,y and z are linearly dependent, then
i,y + 21|, = [leyll, + |zl or |lxy—zll, = [l yll, +|ixzl,.
(3) It follows from the conditions (2N2) and (2N4) that
|1, z1l, = |1y 2], | < 1x -y, 2],

for all x,y,z € X. Hence, the function x - ||x,z||2 is continuous function of X into R for any fixed z € X.
Lemma 1.3. Let X be a linear 2-normed space. If x € X and ||x,z||2 =0forallz € X, thenx = 0.

Proof. Suppose that x # 0. If ||x,z||2 = 0||x,z||2 # 0 for all z € X, then x, z are linearly dependent for all z € X. Since the

dim X > 1, the only way that x can be linearly dependent for all z € X is for x = 0.

Definition 1.4. [18] Let X be a linear 2-normed space.

(1) A sequence {x,} in X is called a 2-convergent sequence if there is an x € X such that lim ||xn — x,y||2 =0forallye€X.
n—-oo

If the sequence {x,} 2-converges to x, then we write Tllingo x, = x and x is called the limit of {x,,}.

(2) A sequence {x,}in X is called a 2-Cauchy sequence if there are y, z € X such that y and z are linearly independent,

lim ||xn—xm,y|| =0 and lim ||xn—xm,zl| =0.
m,n—oo 2 mmn—oo 2

(3) A linear 2-normed space in which every 2-Cauchy sequence is a convergent sequence is called a 2-Banach space.

Example 1.5. Let X = R3 with the vector addition and scalar multiplication defined componentwise and with 2-norm
defined as follows:

i j ok
|Ix,yI|2 =|xXxy|=abs|la; by ¢
a, bz Cy

forall x = agi + byj + c;k and y = ayi + b,j + ¢,k in X. Then, (X, ||-,-||2) is a 2-Banach space.

Note that [2] (1) for a convergent sequence {x,}in a linear 2-normed space X, lim ||xn,y||2 = |[llimp_ e xn,y||2 for all

y EX,

(2) a sequence {x,}is a 2-Cauchy sequence in a linear 2-normed space X if and only if lim ||xn — xm,y||2 = 0 for all
n,m-—oo

y € X.

In [15], Ravi et al. considered the following functional equation
fQx+y)+fCx—y)=2f(x+y) +2f(x —y) +4f(x) = 2f (¥) (1.2)

Then, it is easy to show the function f(x) = x? satisfies the functional equation (1.2), which is called the quadratic
functional equation and every solution of the quadratic functional equation is said to be a quadratic mapping. The
functional equation (1.2) are equivalence to the standard Euler-Lagrange functional equation (1.1). In this paper, we
investigate the stability problem in the spirit of Hyers-Ulam, Rassias and Gavruta for the quadratic functional equation (1.2)
in 2-Banach spaces. These results extend the generalized Hyers-Ulam stability results by the quadratic functional
equation in normed spaces to 2-Banach spaces.

5055 | Page
September 2017 wWww.cirworld.com



ISSN 2347-3487
Volume 13 Number 8
Journal of Advances in Physics

Throughout this paper, let X be a real normed space. We consider that there is a 2-norm on X which makes (X, ||-,-||2) a
2-Banach space (in shortly, we substitute X, for (X,||~,~||2)). For any xy,xy,...,x, in X, let V(xy,x,, ..., x,) denote the

subspace of X generated by xi,x,, ..., x,. Whenever the notation V(xy, x,, ..., x,) is used, the vectors x,x,, ..., x, are
linearly independent. For a given mapping f : X = X, we define a difference operator Df: X x X — X, by

Df(x,y) = fQRx+y)+fQRx—y) = 2f(x +y) — 2f (x —y) — 4f (x) + 2f (y)
forall x,y € X.

2. MAIN RESULTS
2.1 Rassias stability of (1.2)

In this section, we give the generalized Hyers-Ulam-Rassias stability for the quadratic functional equation (1.2) in linear 2-
normed spaces. The results obtained here extend the ones obtained by Hyers-Ulam [10], Th.M. Rassias [14] and J.M.
Rassias [13].

Theorem 2.1. Let £ € {—1,1} be fixed, 6 and p be positive real numbers with #p < [. If a mapping f : X - X, satisfies the
inequality

|IDf Gy, 21|, < 0lxl | |Iyl|”|1zI]” (2.1)

for all x,y,z € X with z & V(x,y), then the limit Q(x) = lim,_o L (3 )

Q : X — X, satisfies (1.2) and the inequality

exists for all x € X and the unique quadratic mapping

8] lxI[*|1zl”

If () — Q) zll; < S(o-31) (2.2)

for all x,z € X with z & V(x).
Proof. Letting x = y in (2.1), we have

|IF (3x) = 3£ (x) — 2 (2x) — 2£(0), 2|, < 6] lx]| " |II|”
for all x,z € X with z ¢ V(x) and replacing y by 0 in (2.1), we have
|12f(2x) = 8f (x) — 2f(0),2I|, < 0

for all x,z € X with z & V(x). Then, it follows from the above inequalities that

f(3x) g 9||x||:’||z||"
2

Jro -

for all x, z € X with z ¢ V(x). Replacing (x, z) by (3% x, 3% z), we have

f(gt’ix) f(3e(j+1)x) 0 /3P\3Y
‘ 9¢j - 9¢(j+1) 'z S§ Y ||x||2p||z||p
2

3

for all x,z € X with z € V(x) and all integers j € Z with j > 0. Thus, we can obtain
3tk 3tm olixIZPlzlP m—2t N\ 3%j
152 - 22, < S 5 ) @

gtm - 9 j=k+=t \3
2

for all x,z € X with z ¢ V(x) and all integers k,m € Z with m > k = 0. Since ¢p < p,
f(gé’kx) f(gé’mx)
_ .z

gik glm

lim
k,m—oo

2

for all x, z € X with z € V(x). This means that the sequence {f(3 x)} is a 2-Cauchy sequence in a 2-Banach space X,, the
30

sequence { } 2-converges for all x € X. So, we can define a mapping Q : X - X, by

0 = lim L&D f(3"“X)
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for all x € X. Taking the limit as m — o in (2.3) with k = 0, it is easy to see that we find the mapping Q satisfies (2.2). If we
replace (3%x,3%y,3%z) in the place of (x, y, z) and divide 33% both sides of (2.1), we have

||DQ(x,y),z|| lim ||Df(3€” ,3y), 3"JZ|| < lim 6||x|| ||y|| ||z|| 33p-1in — o

n—oo 33{)‘” n-oo

for all x,y,z € X with z ¢ V(x,y). It follows from Lemma 1.3 that DQ(x,y) =0 for all z € X, Thus, the mapping Q is
quadratic. To prove the uniqueness of the quadratic mapping Q, let us assume that there exists another quadratic
mapping Q' : X - X, which satisfies (1.2) and (2.2). Since we have Q’(3""x) = 9'Q'(x) for all x € X and all integers n € Z

with n > 0, it follows from (2.2) that
2P v
_ ol il 3m\
,  £O-3%1 3

for all x,z € X with z & V(x), which tends to zero as n — oo for all x € X. So, we can conclude that Q(x) = Q'(x) for all x €
X. This completes the proof. m

S~ Q()z

e

Corollary 2.2. Let £ € {—1, 1} be fixed, 8 and p, g, r be positive real numbers with #(p + g + r) <. Ifamapping f : X = X,
satisfies the inequality

|IDf G 3), 21|, < 6]1xI|”[1y1]*[121]

for all x,y,z € X with z € V(x, y), then the unigque quadratic mapping Q : X — X, satisfies (1.2) and the inequality

0 p+q r
< J@ {112

|IfG) — Q), zl|, <
for all x,z € X with z & V(x).
Corollary 2.3. Let § be a positive real number and f : X —» X, be a mapping that satisfies the inequality
||Df(x,y),z||2 <6

for all x,y,z € X with z € V(x, y). Then there exists a unique quadratic mapping Q : X — X, such that the inequality

1) ~ QG0 2I], < 75 8
for all x,z € X with z & V(x).

Now, we are going to establish the modified the Hyers-Ulam stability in the spirit of J.M. Rassias [13] which we replaced
the factor ||x||p + ||y||p + ||z||p by ||x||p||y||p||z||p for the quadratic functional equation (1.2).

Theorem 2.4. Let £ € {—1, 1} be fixed, 6 and p be positive real numbers with £p < 3¢. If a mapping f : X - X, satisfies the
inequality

|IDf ey, 2], < o(IxI]” + [Iy1]” +|1zI]") (2.4)

n
for all x,,z € X with z & V(x,y), then the limit Q(x) = limy,_,q, L2

Q : X — X, satisfies (1.2) and the inequality

exists for all x € X and the unique quadratic mapping

o|lxI|” 26])z|[”
If ) = QG 2ll, < 550+ 7omsw (2.5)
for all x,z € X with z ¢ V(x).
Proof. Using the same method as in the proof of Theorem 2.1, we have
f(3x) 0 P
Hﬂ)— < 5 G| + 21zl
2
for all x,z € X with z ¢ V(x), and then we have
f(3%x)  f(3"™x) 6 wm—3 (1\3 1+¢jp P ||z |P
|57 - 5= 2], = 530 G) P Il + 2 s i) (26)
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for all x,z € X with z € V(x) and all integers k, m with m > k > 0. Then, the sequence {f( )

€N

} is a 2-Cauchy sequence in

the 2-Banach space X,, and so the sequence{
LCHED)

} 2-converges for all x € X. We can define a mapping Q : X = X, by

Q(x) =lim, 0 for all x € X. Letting m — o in (2.5) with k = 0,

0|lx|” 26||z1|”
,  2B=3r7) " f(9—3%)

f(3fmx)

fx) -

lim ‘

m—oo
for all x,z € X. Thus, we obtain the desired inequality (2.5). The remaining proof is similar to that of the proof of Theorem
2.1. This completes the proof. m

Theorem 2.5. Let ¢ € {—1, 1} be fixed, 8 > 0 and p, q be positive real numbers with £(p + q) < 3¢. Ifamapping f: X - X,
satisfies the inequality

IDf e,y 21|, < 6(IxI]” + [Iv1]) IzI]* 2.7)

for all x, y, z € X with z & V(x, y), then there exists a unique quadratic mapping Q : X —» X, satisfies (1.2) and the inequality

o]1xI[” |11
~ 3¢(1-3P*473)

I C) = @), 2], < (2.8)
for all x,z € X with z & V(x).
Proof. Letting x = y in (2.7), we have
If(32) = 3f(x) — 2f (2x) — 2 (0), Il < 26]IxI||lzI|*
for all x, z € X with z & V(x). Putting y by 0 in (2.7), we have
12 (2x) — 8 (x) — 2 (0, Il < 6]lxl|" Izl

for all x,z € X with z ¢ V(x). Then we obtain

140
2

m
_ Ol |1z

3
2 —
jee st

of ofm 3¢(+a-3)j

Hf(:g{’kx) B f(3{’mx) ;

for all x,z € X with z ¢ V(x) and all integers k, m with m > k > 0. Then, the sequence { S )} is a 2-Cauchy sequence in

the 2-Banach space X,, and so the sequence {m x)} 2-converges in X. So, we may define a mapping Q : X — X, by
f37x)
‘n

Q(x) = lim,_ for all x € X. Thus, the mapping Q is quadratic and satisfies (1.2) and (2.8). The remaining assertion
goes through by similar method to be the proof Theorem 2.3. This completes the proof. m

Now, we will provide an example to illustrate that the functional equation (1.2) is not stable for p + g = 3 is singular in
Theorem 2.5:

Example 2.6. X = C be a linear space over R. Define a mapping ||-,-||2:X x X - Rby
||x,y||2 = |ad — bc|,

where x = a +bi, y = ¢ + di for a,b,c,d € R (i = V—1 is the imaginary unit). Then (X, ||-+[|,) is a linear 2-normed space.
Let ¢: C — C be defined by

(x% 0 |xl<1;
$(x) _{ 1, Ixl>1
Consider the function f : € —» C by the formula f(x) = X2 09] ¢ (3/x) for all x € C. It is clear that f is bounded by on C.
We prove that
[IDF Cx, ), 21|, < 144(1x]* + |y1?)]2]? (2.9)

for all x,y,z € C with z € V(x,y). To see this, if |x|? + |y|> = 0or |x|? + |y|?> = § then we have (2.9). Now, suppose that
0< |x2+|y)? < %. Then, there exists a positive integer k € Z* such that
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<|x]2+y|* < (2.10)

gk+1

Then, 951 [x|? < 2, 9571 |2 < = and 3% (2x £ ), 3¥71 (x £3),3* 1 x,3¥ 1y € (-1,1). Forj = 0,1,...k — 1,
¢(37 @x+3))+ (3 @x-3)-20 (3 Gc+y)-2¢(3/ x - )
—4¢ (37 (1) +2 (3 1)) =
It follows from the definition of f and (2.10) that

|IDfCx,y), 21|, < 1235, zZa

> lzl = o |21 < 144(1x? + |y|?)]z]?.

91
Thus, f satisfies (2.9) for all x,y,z € Rwith 0 < |x|? + |y|? < 5. Assume that there exist a quadratic mapping Q : C — C and
a positive constant 4 € R* such that

1 () = @), zI|, < ulx|?|z]

for all x,z € Cwith z € V(x). Then there exists a constant ¢ € C such that Q(x) = cx? for all rational numbers x € Q. So we
have

If G, zll, < (u+ leDlx|?z| (211)

forallx € Q and all z € C. Let A € Z* with 2 > pu + |c|. If z = si where s € R and x is a rational number in (O, 317), then3/x €
(0,1) forallj =0,1,..,4— 1, and we obtain
A-1

SEPY 1
IDfGey 2, = Y 55 6@ )z|| = D 55 @(3/x)Isl = Aal?lsl > (u+ DIl
j=0 2

which contradicts (2.11). Therefore the quadratic functional equation (1.2) is not stable in sense of Ulam, Hyers, Rassias if
p+r=3.

2.2 Gavrute stability of (1.2) aaa

In this section, we obtain stability in the spirit of Gavrute [8] for the quadratic functional equation (1.2). This results
generalized and modifies the Hyers-Ulam stability in 2-Banach spaces.

Theorem 3.1. Let £ € {—1,1} be fixed, ¥ : X3 - R be a mapping such that

Z o (¥(37x,3%x,372) + (3", 0,3%"2) ) < o0
1

n=
and lim,,_,., 9%1/1(3""3@ 3fny,z) = 0 forall x,y,z € X. If a mapping f : X - X, satisfies the inequality

[IDf G, ¥), 21|, < Y(x,y,2) (3.1)

n
for all x,y,z € X with z & V(x, y), then the limit Q(x) = lim,,_,o, L2

Q : X - X, satisfies (1.2) and the inequality
IF G = 0@, 2|, < 5, 2) (3.2)

exists for all x € X and the unique quadratic mapping

for all x,z € X with z & V(x).
Proof. Letting x = y in (3.1), we have

[1f(3x) = f() = 2 (2%) — 2 (0), 2l |, < Y(x,%,2)
for all x,z € X with z € V(x). Putting y = 0 in (3.1), we have
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|12 (2) = 3f () + 2f (0), 2|, < Y (x,0,2)

for all x,z € X with z € V(x). Then it follows from the above inequalities that

1
[re -5 rGw.2

< WG +(x,0,2)
2

for all x,z € X with z ¢ V(x). Thus, we have

f(3%ix)  f(3tU+Dyx 1\2+3¢ o . .
G2 -] = () (esresna s st

for all x,z € X and all integers j € Z with j > 0, which is

”w - w,znz

otk gtm

m-2t 3¢ . . . . )
< §Z}_=k+ﬁ; (3)" (w(3¥x,3%x,3%2) +(3%%,0,3%z)) (3.3)

n
for all x,z € X with z ¢ V(x) and all integers k, m € Z with m > k = 0. Then, the sequence {f(;nx)} is a 2-Cauchy

sequence in the 2-Banach space X,, and so it 2-converges for all x € X. So, we may define a mapping Q: X - X, by
n
Q(x) = limy,_,4 f(zmx) for all x € X. Letting m — oo in (3.3) with k = 0, we obtain the desired inequality (3.2). The remaining

proof is similar to that of the proof of Theorem 2.1. This completes the proof.

Remark 3.2. Let ¥(x,,2) = 6|lxI|"|Iyl|"|lzI|” with £p < ¢ and ¥(x,y,2) = 6(IxI|” + |Iyl|” +|IzI|") with £p <3¢ in
Theorem 3.1, respectively. Then we obtain (2.2) in Theorem 2.1 and (2.5) in Theorem 2.3.
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