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Abstract

The Natural Constant Phi is included in the geometrical figure of a Pentagram as many artists have found out.

| Michelangelo may be the most famous one, whose sketch was transported in the payload of the first successful mission to
the moon. By deriving this natural constant from the geometrics of the Pentagram a new analytical expression is found for
Phi.
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Introduction

The rules of trigonometry are used to find the distances and angles inside the Pentagram.
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Fig 1: Phi inside the Pentagram

The section line in a circle is calculated as

s:2rsin(%) (1)
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For the pentagram the angle alpha is given by

5 )
If we dievide the section line into the two equal outer parts a and the middle part b we get
. 2T
2a+b=2rsm(?) 3)

The pentagram contains only these two different distances a and b and only three different angles named alpha, beta and
gamma. To calculate these five values we need a set of five equations, the first of which is equation (3). The others follow
from the general laws for a triangle as equation (5),(6),(7),(8)

Fig 2: The three angles inside the Pentagram

From the law of the relationships of the angles to their opposite sides [1]

sink _sinf _siny
a b c

(4)
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we get

siny _ sino

2a+b a-+b ©
The other three equations can be directly obptained from the drawing of the pentagram, because these
angles add up to 180 degree.
20xt+y=1 ©
x+2B=T 9
B+y=m ®

So we got the five equations (3),(5),(6),(7),(8) and start calculating alpha, beta and gamma and then a and b. From (6) (7)
(8) we get

a=1m
> ©)
2
=—1T (10)
¥ 5
_3 TC (11)
L
From (3) we get
. 2T
b=2r51n(?)—2a (12)

From (5) we get

_a(2sinx—siny)

b=— :
SIny —sSIn« (13)
From (12) and (13) we get a as
.2
2rsin(=1r)
5
a= 1 3 (14)
ZSiH(gTr)—SiD(gT(’)
2+
sin (En)—sin (lTl')
5 5
So finally inserting (14) into (12) or (13) we can calculate b.
From Figure 1 we get Phi by
a _ 0.618...
a+b 1 (15)
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or

a
a+b (16)

b=1+

Inserting (12) into (16) results in

a

=1+
¢ . 2T (17)
2r51n(?)—a

Inserting (14) for a we get

2
2rsin|—
rsi [51]

25in[ln]—sin[gn]
2+ 3 2

sin[an]—sin [l:[]
—14 3 > (18)
¢ 2
2r51n[g:r[]

2
2rsin(—m)—

['SJ 1 . 3
2sin(=m)—sin(=m)

5 5
2+

sin[%n]—sin[én)

Here is some arithmetic necessary to simplify this equation. First the nominator can be eliminated to get

1

1 3
2 5i _ —c] —
sm[_SJt] sm[_Sn]

2+

.3 .1
sin[—m)—sin| —mx
(S m)=sin(Z7) 9

25in[ln]—5in[§:r[]
5 5
2+

. (3 .1
Sln[SJ'[)—Sln[SJI]
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or by multiplying with the denominator

p=1+ L (20)
L1 L3
2sin(=m)—sin{=mn)
1+ 35 15
sm[E:r[J—sm[thJ
which is simply
. (3
sin(=
sin2a
. S.in(l ) “
5

Results and Discussion

A new analytical form for the famous Phi Ratio was found with formula (21). In literature Phi is given by [2] as

@=2(1+(5)) e

or by [3] as

Pp=2 cos(%) (23)

Even if the occurrence of the number 5 is quite obvious in all the three formulas and also in the geometric object leading
to formula (21), the reason for this connection is still not known and may invite for further investigation.
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