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ABSTRAC

In this paper, we study the existence of multiple sign-changing solutions with a prescribed L"*- norm and the existence of
least energy sign-changing restrained solutions for the following nonlinear Schrodinger-Poisson system:

—Au+u+g(X)u=Alul"u, in 0°,

~Ag(X)=uf, on 0°

By choosing a proper functional restricted on some appropriate subset to using a method of invariant sets of descending

flow, we prove that this system has infinitely many sign-changing solutions With the prescribed L"*-norm and has a least
energy for such sign-changing restrained solution for p e (3,5). Few existence results of multiple sign-changing restrained

solutions are available in the literature. Our work generalize some results in literature.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the multiplicity of sign-changing solutions of the following nonlinear Schrédinger-Poisson system:

—AU+U+g(X)u=A|u|""u, in 0°, 1.1

~Ag(x)uf’, on 1°

where pe(3,5), 1€ll is a parameter. This system has been first introduced in [1] as a physical model describing a
charged wave interacting with its own electrostatic field in quantum mechanic. The unknowns of the system are the field U
associated to the particle and the electric potential ¢ The presence of the nonlinear term simulates the interaction
between many particles or external nonlinear perturbations. We refer the readers to [1] and the references therein for the
physical aspects of problem (1.1). Similar equations have been very studied in literature, see [2-7,10-16].

The Ael in (1.1) is called a frequency. For fixed A, system (1.1) has been extensively studied on the existence of
positive solutions, ground states, radial and non-radial solutions and semiclassical states, see e.g. [6-17], etc. As shown
by recent results the structure of the solution set of (1.1) depends strongly on the value of p of the power-type

nonlinearity. In [6] and [8], a related Pohozeav equality is found, and then the authors proved that system (1.1) does not
admit any nontrivial solution for p<2 or p>5 if A=1. While as pe(2,5), the existence and multiplicity results have

been obtained for 4 >0 by using variational techniques.

To continue the statement well, let us fix some notations. We will write H' = H'(0®), D' =D"* (0 *)={u e l°(0 ®):Vu e
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L*(0%)} as the usual Sobolev spaces, and H!, D! the corresponding subspaces of radial functions. Recall that the
inclusion Hrl - =1 3) is compact for 2<(q<6 (see [18]). In the present paper, we will take H = H: as the work

space. Sometimes we will simply write I f to mean the Lebesgue integral of f(x) in[l ®. We make use of the following

notations.

1
|“|p:(fD3|U(X)|p dx)? for pe[2,+») and uel®;
1
lull=Lf I VU de+ [ Juf? dx]? for ueH:=H*@?).
C, d,Cj,dj Denote positive constants which can change line to line.

We say that (u.,A.)e Hrl(D 3)><D is a couple of solution to (1.1) if u, is a solution to (1.1) with A =A,.
Motivated by the fact that physicists are often interested in restrained solutions or normalized solutions, that is, solutions
with a prescribed P norm, we consider for each ¢ >0 the following problem:

(P,): There exists a couple (u,,A.)e H}(@ *)x0 of solution to (1.1) such that | u |gjj= c.

Recently, normalized or restrained solutions to elliptic equations attract much attention of researchers, see e.g. [19-
31]. In [19], Liu and Wang considered the restrained problem to the following quasilinear Schrédinger equation:

—-Au +V(x)u—%uAu2 =2|ul”tu in O, (1.2)

They proved the existence of a positive solution with the restraint J' JJu |p+l dx =1, and 1 appears as an unknown
O

Lagrangian multiplier, to Eq. (1.2). In [20], Xiong and Liu proved the existence of a sign-changing solution with the restraint
|u ”ﬁ:l to (1.2). In [21], Benci and Cerami considered the following semi-linear Schroédinger equation:

—Au—Au=g(u), Ael, xeOM (1.3)

with g(u)=|u|*" u, they proved the existence of multiple positive solutions with the restraint |u gjzl to (1.3).

In [23], by using a minimax procedure, Jeanjean proved that for each ¢ >0, there is a couple (u., ) e Hl(D N)

x[] ™ of weak solution to (1.3) with |u |§: c. In [26], Bartsch and De Valeriola considered the semi-linear Schrédinger
equation (1.3) and proved that there are infinitely many normalized solutions to Eq. (1.3). In [27], Bellazzini et al.

considered (1.1) and proved that for pe(zy5) there exists C, >0 such that for any CE(O, CO), equation (1.1) has a
3
couple (u,,A.) e H*(J ") x0J ~ of weak solution with |u |>= ¢ by using a mountain pass argument on

S(c)={ueH'@®:ul(=c}, c>0.

Luo in [30] proved that when pe(%,S), there exists C, >0 such that for any Ce(O,CO), equation (1.1) admits an

unbounded sequence of couples of weak solutions {(+u,, 4,)}< H; (") <[~ with |u, ;=c for each nel ". Luo
and Wang in [31] proved that there are infinitely many normalized high energy solutions to Kirchhoff-type equations

restrained on S(c) ={ue H'(0®):ul>=c},c>0.

On the other hand, the problem of finding sign-changing solutions is a very classical problem. In general, this
problem is much more difficult than finding a mere solution. There were several abstract theories or methods to study sign-
changing solutions. In recent years, for fixed 4, Wang and Zhou [32] obtained a least energy sign-changing solution to
(1.1) without any symmetry by seeking minimizer of the energy functional on the sign-changing Nehari manifold when
p €(3,5), based on variational method and Brouwer degree theory. Liu et al [33] considered a more general nonlinear

term f, they proved that problem (1.1) has infinitely many sign-changing solutions under some appropriate conditions on

the nonlinearity, especially, the f is quasi-asymptotic P order, i.e., “msupM<+w for some pe(2,5). Using

[s]—>+o0 | Ik
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concentration compactness principle and rotational transformation, d' Aveni [34] showed the existence of non-radially
symmetric sign-changing solution of (1.1). Using a Nehari type manifold and gluing solution piece together, Kim and Seok
[35] proved the existence of radially sign-changing solutions of (1.1) with prescribed numbers of nodal domains for

p €(3,5). lanni [36] obtained a similar result to [35] for pe[3,5) via a heat flow approach together with a limit procedure.
Based on the Lyapunov-Schmidt reduction method, in another paper of lanni and Vaira [37], the existence of non-radially
symmetric sign-changing solutions for the semi-classical limit case of (1.1).

Motivated by the above works, a natural question is whether (1.1) has sign-changing solutions u_ for problem (Pc)

and whether (1.1) has infinitely many sign-changing restrained solutions u_ for problem (PC ). To the authors' knowledge,

there are very few results on the multiple of sign-changing restrained solutions for problem (1.1) in the literature. In the
present paper, we focus on the study of multiple sign-changing restrained solutions for system (1.1). We will verify that
system (1.1) has infinitely many sign-changing restrained solutions for p € (3,5). Our main result in this aspect is the

following:
Theorem 1.1. Let pe(35). Then for any given ¢>0, equation (1.1) has a sequence of couples of sign-changing

restrained solutions {(u, , 4, )} < H}(J ®) =< * with |u, gjz c foreach ke ™.

To prove the theorem we use the general ideas inspired by [38] adapting their arguments to our problem which
contains also the coupling term. Where a suitable subset was given in which there exist two subsets separating the
motivating functional, and on which an auxiliary operator A was constructed, so that we are able to apply suitable
minimax arguments in the presence of invariant sets of a descending flow generated by the operator A to obtain the

existence of multiple sign-changing solutions with restraint to system (1.1). We have used this method to obtain an
analogous result to (1.1) for pe(3,5) and A=1. Some arguments in our proof are borrowed from [38]. Remark that the

ideas in [38] can not be used directly, and here we will give some new techniques. The method seems to be quite new for
the nonlinear Schrédinger-Poisson equations and presents several difficulties due to nonlocal term. The method is
different from that used in [20, 23, 26, 27] and others.

Since (1.1) has infinitely many sign-changing restrained solutions, another natural question is whether (1.1) has a
least energy sign-changing restrained solution, which has not been studied before. Here we can prove the following result.

Theorem 1.2. Suppose that the conditions in Theorem 1.1 hold. Then system (1.1) has a least energy sign-changing

solution (u,, A,) with restraint |u, |Ej: c, that is, it has the least energy among all sign-changing radially solutions with

restraint |u, [Pi=c.

The paper is organized as follows. In Section 2, we present some preliminary results. We prove Theorem 1.1 in
section 3 and Theorem 1.2 in section 4, respectively.

2. PRELIMINARIES

In this section, we give some preliminary results. An important fact involving system (1.1) is that this class of system
can be transformed into a Schrddinger equation with a nonlocal term (see, for instance, [8, 10]), which allows to apply

variational approaches. For any given U e H', the Lax-Milgram Theorem implies that there exists a unique ®[u]=4¢, € D!
such that ~Ag={u|* and
2
u”(y)
X)=| ,————dy.
4,9 fn34ﬂ|x_y| y

We now summarize some properties of the map @, which will be useful later. See, for instance, [5] and [8] for a
proof.

Lemma 2.1.

(1) Themap ®:ueH'—>¢ D" isofclass C.
(2 Dlul=¢,>0.
(3) ®[tu] =t?®[u] for every ue H" and tell.

(4) There exists ¢*>0 independent of u such that

[t <cull,
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(5) If u is aradial function, then so is ¢,.
(6) Ifu —u weaklyin H} then ®[u ]— ®[u] in D}, and .[R3 ®[u, Ju? —>IR3 ®[u]u? strongly.
From above properties, substituting ¢ =g, into system (1.1), we can rewrite system (1.1) as the single equation
—Au+u+gu=Alul’*u,

and the energy functional I, : H! —[) :
| ~ [ \% 2 2 1 2 _ 1 y) P d
4(U)—j(—(l u)[F +u) 1) +=¢, 0Qu=(x) ——— A [ u(x) [*7)dx
2 4 p+1
is well defined for any A > 0. Furthermore, it is known that |, is a C! functional with derivative given by

IOWNE IVqu+uv+¢uuv—/1 [u|”™*uv.

Throughout this paper, we take the following functional
I _ 1 2 2 1 2 1 p+1 d 2 1
(U)—I(—(IVU(X)I +[u(x) [)) +=¢, ()u”(x) ———[u(x) [*")dx (2.1)
2 4 p+1

as our motivating functional. However the functional is unbounded from above and from below on Hrl. The idea is to

restrict the functional to a suitable subset on which this unboundedness is removed, and in which we can select two
subsets separating the motivating functional.

Define

M*={ueH' :%c<|u Pri<2c};

M ={ueH;Julli=c}.
Evidently M * is open subset of H and M is closed. Define
N, ={ue M*:|lu|f<b}, N, =N, M.
We will see that, to obtain solutions of (1.1) solving problem (PC), we turn to study the functional | restricted to N;,

which is a problem with another extra constraint. We obtain directly the couple on (u,,A,) with restraint |u, |Ej:c

solving Eq. (1.1) without utilizing critical points of the functional |, . Recalling the Sobolev inequality

lulP=S |uf,,. vueH;,
where S is a positive constant.

Fixany k elJ. Let W, ,, be a k+1 dimensional subspace of H . Then we can find some b, >0 such that

lulP<b, VueWw,,, satisfying |u|P"<2c. (2.2)

p+1

Fix a b >0 such that

1 1 c
b>2(= —c*hP+——+1 ) 2.3
> (2bk+4 k+p+l+)>bk (2.3)

From now on, we let ¢ = j'(| VuP +luP)=u ||2/3 = J'¢u (x)u? Y= I| u(x) |P™* as fixed notations for convenience.

Let B, ={ueW,,: |ul’i=c}, andforany ue B, we have that

1 1 11 1
(W) =Zq+=f-—y<=g+= 8.
W=Za+,8 i1/ <2977

Since B, < ka, we have that
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a=lulf<b, B<c*bl.
Then we obtain that

I(u) S%bk +%c*bk2.

Let d, :%bk +%c*bk2 +1, therefore, we have
squ I(u)<d,. (2.4)
Then for u e N, we have that
I(u)=%a+%ﬁ—ﬁy2%a—m.

And we have that

inf 1(u)>d,. (2.5)

uedN,
Hence we achieve the following important lemma.

Lemma 2.2. There exists dk > 0 such that

inf 1(u)>d, >supl(u). (2.6)

ueoN, ueB,

Now we introduce an auxiliary operator A, which will be used to construct the descending flow for the functional
|.Clearly, for any u e N;, the operator —A+1+¢u is positive definite in Hrl_ Forany u e N;, let We Hr1 be the unique
solution to the following linear equation

—A\Tv+v”v+¢uv"v:|u|p‘1u, We Hrl. 2.7
Since |u |gﬁ>%c >0,,s0 W=0 and

-1, ~ ~ 112 12 ~ 112
[lulud = WP +[ 4, WP = w|*>0.
Let

N c
wW=oW, where OC=F—""—"> 0
J'|u|p’ uw

Then w is the unique solution of the following problem
~-AW+W+gw=c|ul"u, (2.8)
flul‘”uw=c, weH:.
Then, the operator A is defined as follows: for any u e N;, AlU)=we Hi. Clearly, A is odd. Furthermore, we have
Lemma 2.3. The operator A is of class C* from N, to H}, thatis, Ae C* (N;,H?).
Proof. To prove that A e C* (N, H}), we consider the map ¥ : N, x H!x[] — H*x[], where
Yu,v,0)=(V-(-A+D) (o |u|" u-gv), _[| ul”'uv—c)

Then W is of class C*, the implicit function theorem can be applied to ¥ . Note that (2.8) holds if and only if

¥(u,v,o) =(0,0) . We compute the derivative of ¥ with respectto (v,o’) at the point (u,w, o) in the direction
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(W,&) and obtainamap @ :H!x[] — H!x[] given by

O(W,5) =D, ,, ¥ (u,w,c)(W,5)
= (W—(-A+) (& ul u—g,m), [lulum).

If ®(w,o)=(0,0), thatis
~AW+W+gW=5|u|""u, (2.9)
And j |ulPuw =0.
Multiplying the equation (2.9) by W and then integrating it, we get
I W|P<&[lul" uw=0.
Then W=0 and & |u|"*u=0in[? so &=0.Hence ® is injective.
To prove @ is surjective, given any (f,c) e Hr1 U, letv,v, € Hrl be solutions of the linear problems

—AV, +V, + ¢V, =—Af + f,
—AV, +V, +@,v, = u " u.

c —I| u P uv,
since |u [F1> lc >0, so v,#0 and then J‘| ulPluv,>0. Let G=—0d
2 Il u P *uv,

®(W, &) = (f,c,), which implies @ is surjective. Hence @ is a bijective map, which implies that Ae C* (N,,H}).

, W=V, +5V,, then

This completes the proof.

Lemma 2.4. Suppose that {u } < N, w, = A(u,). Then {w.} has a strongly convergent subsequence in Hrl.

Proof. Let {u }< N,, then u is bounded in Hrl. By (2.7) and the Sobolev inequality, we have

p
~ 112 1w - -
1, 1P < [T, 1P W, <P |, |, < co [, |l
Then {w.} Hi is a bounded sequence. Passing to a subsequence, we may assume that u, —u, W, —>\70 weakly in

~ 12
Hrl and u, —>u, W, >V, strongly in L* for s e(2,6).Since u, —u strongly in L5 (0°%), it follows from Lemma 2.1(6)

and the Sobolev imbedding theorem that ¢, — ¢, strongly in L®. Consider the identity
[V %,V E+ w8+ [ 4, W& = [lu, " u,g, geHL. (2.10)
Using the Holder inequality, we have

| (@, 9,8 =4, Vo) Kl 8, 1] W, =V || £ o = 0(D)

5 5

forany & e H;. Then we get
[ VR,V (8, V) + W, (8, V) = [ 6, W, (W, =) + [1u, Py, (W, —V) = 0(D).
Hence
1%, 1= [ Vi, V'V, + W,V +0(2) =IIV, I +o(2),
which implies Vv, —)\70 strongly in Hrl. Taking limit as N — +oo in (2.10) yields

[(WVVE+V, &) + [ 4V = [u P ug, EeH!.
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This implies that \70 satisfies
AV, +V, + gV, Ju " u.
Since |u |$ﬁ: ¢, so V, = 0 and then J'| u[PuV, > 0, which implies that

. . C C
limo, =lim = =
N n—mj'lulp— U, J'lulp— uv,

Oy,

Therefore, w, = o, W, — 0'0\70 =V, strongly in Hrl. This completes the proof.
Now let us define a map
V:N, > H}!, V(u)=u-A().

To constructing a descending flow for the functional | (u), we prove that V is a sort of pseudo-gradient vector of | (u)
restricted on N, . We have the following lemma.

Lemma 2.5. HOINIOIEROLE YueN,.
Proof. Take any ueN, and writte w=A(u) as above. By (2.8), we have Ilulp'lu(u—w)zc—C:O. Let
v=VV(u)=u—w,, then u=v+w and I| u|”'uv =0, we deduce from (2.1) and (2.8) that
1"(w)[v] =j(Vqu+uv)+I¢uuv—j| ulPtuv

:JV(V+W)VV+(V+W)V+I¢U(V+W)V

=|v | +aj| u |p‘1uv+J'¢uv2

2|V
Lemma2.6. Let u, € N, be such that

I(u)—>d<d, and V(u)—0 stronglyin H'.

Then, up to a subsequence, there exists u e N, such that u, — u strongly in Hr1 and V(u)=0.

Proof. Since u, € N, , then u_ is bounded. By Lemma 2.4, up to a subsequence, we may assume that u, — u weakly

in H' and w, = A(u,) —V, stronglyin H', hence u, —u in L° for s €[2,6], we have
Iung —>'[u§, _[V(un —u)VE+(u,—u)é —0, forall &eHy,
and

[IV(w, =Vo) P+ w, =V, [ —0.
Hence J'V(un —u)vV, -0, I(un —u)V, -0, J| vV(w, —V,) [ >0 andj| w, =V, > — 0. Since V(u,) >0, it
reads I|V(un ~w) [ +|u —w, |* =0, hence J.| V(u,—w,) > —0 and j| u, —w, [> — 0. So we have that
0< IVunV(un —-u) |=| J'V(un -W, +W, =V, +V,)V(u, —u)|
=[1V (U, =w,) [ V(U, =0) [+ V(W, ~Vo)V(u, —u) [+] [ VVoV (U, ~u)|
2 2
=6, [[1V(U, =w,) P +[IV(w, Vo) [ T+] [ VV,V(u, —u) | = o(2).

Similarly, we have
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0] [u, (U, —u) =1 J (U, =W, +w, =V, +V,)(u, ~u)]|
<c[f1u, —w, +[1w, =V, [ 1] [V (U, —u) = 0.

Hence u, —u strongly in Hrl andso ue N_b . Therefore, V/(u) = lim V(u,) =0. Moreover, I(u,) >d<d, and so
n—co
u e N, . This completes the proof.

To obtain sign-changing solutions, we make use of the positive and negative cones as in many references such as
[33, 38]. Precisely, we define

P*={ueH':u>0}and P =—P*={ueH':u<0}, set P=P*UP".

Moreover, for 5> 0 we define P, ={u e H; :dist_,, (u, P) < 5}, where

dist ,,, (u, P) =min{dist ,, (u,P*), dist_,(u,P7)},
:ve P*L

p+1-

dist,,, (u,P*) =inf{lu—v|

Denote u* = max{0,+u}, then u=u*—u~ and, it is easy to check that dist orr (U, P*)=|u* lpa -

Then P is an open and symmetric subset of Hr1 and Hrl \ P, contains only sign-changing functions.

Lemma 2.7. There exists &, > 0 such that for ¢ € (0, 5,) , there holds

dist (A(u),P)<%5, VueN,, dist, (U P)<d.

p+1 p+1

Proof. For u e P, , we have that distp+l(u, P*)< & or distp+l(u, P7)< 6. To show distp+1(A(u), P) < %5 , we need

to show that either dijst p+1(A(u), P+) < %5 or dist b+ (A(u),P7) < %5 be valid. Indeed, for 6 small enough, we have

the following two statements:

(1) If dist_.,(u,P*) <&, then dist (A(u),P+)<%§-

p+1 p+1

(2) I dist,,,(u,P7) <o, then dist_,, (A(u), P‘)<%5-

p+1

Since the two conclusions are similar, it suffices to prove the first one. Let w= A(u) =w"—w, we have
dist,,, (W, P [ W™ IE W™ |l W IS ¢ | W [l= =Gy (W, W),
=—¢[[luluw - [ g,ww]
=—c[flu Pw = flu Pw + [ 4, (w)?]
<coflumPw < U [Bllw |l
Therefore

dist ., (W, P*) < ¢, [u [B7i U™ [, =C, |u™ |51 dist ,,, (u, P*).

1 _ ,
Let 5,>0 small enough such that 0050"'1 < —. Then we get that if 5e(0,8,) and ueN, with
2

dist_.,(u,P*) < &, we have that dist (A(u), P+) < E5. This completes the proof.
2

p+1 p+1

To continue our proof, we introduce a notion of local genus simulating that of vector genus introduced by [38] to
define suitable minimax energy levels. To do this, we consider the class of sets
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F ={Bc M: B isclosed and symmetric with respect to 0},
and, foreach BeF and k € N, the class of functions
F.(B)={f:B—>0"", f isoddand f eC(B,0"™")}.

Here we denote R°={0}. The genus y of BeF is a number in 0 U{+oo}. We say that y(B) >k if for every
f e K (B) there exists u e B suchthat f(u)=0.We denote

I'={BeF:y(B)=k}.

As usual, we have the following useful properties of the genus.

Lemma 2.8.

(1) Let B&M andlet p: S*'={xe0",| x|=c,c>0}—> B be an odd homeomorphism. Then BeT,.

(2) There holds 77(B) e I, whenever BeI", and 77: B— M is a continuous odd map.
The following two lemmas are crucial in constructing suitable minimax values of | .
Lemma2.9. Let k> 2. Then there exists 5,>0,forany 5 e (0,50) and any B e | there holds B\ P§ 0.

Proof. Forany B eI, . By the definition of T", , then forany f e F, (B) there exists u e B such that f (u)=0.

Consider the function B — 0% defined as f(u) =(I|u |Pu,0,---,0) €0 k-1 Clearly f e F.(B). so there exists

ue B suchthat f(u)=0.Notethat ue M , thatis J'| u |p+l = ¢, we conclude that

Jlurp = flurp =2,

1 1
o 1 7 1 -3
that is, dlstp+l(u, P)= (EC) P+l and so ue B\P; forevery § < 5, < (EC) p+L

Lemma 2.10. There exists BeT’,,, suchthat B< N, and sup,_; I (u) <d, .

P+ — C}. Obviously,

Proof. Let W, ,, be a k+1 dimensional subspace of H;. We define B=B, ={ueW,_,: |u b=

there exists an odd homeomorphism from S* to B . By Lemma 2.8 (1) one has Be " From (2.2) we have that

k+1 "
B < N, . and so Lemma 2.2 yields sup, g I (u) <d, -

1
Now we are in a position to construct the minimax values for | . For every k, e[2,k +1] and §< §, < (1 c)P*,
2

we define

Cs, = Inf sup I(u), (2.11)

Belg ueB\P;
where F(k)l ={Bel, :B<= N, and supg I <d,}.
Note that T? — T for any k, >k;, hence T = and so c, is well defined for any k e[2,k+1]. Moreover,
2 1 1 1

Cs, <d, forevery §€(0,6,) and k; e[2,k+1]. Define NJ ={ueN,:1(u)<d,}, thenby Lemma22 B, < N,
Now we can construct a descending flow for the functional | , and then the set Ng’ will be seen turned out to be

the desired invariant set of the flow.

Lemma 2.11. There exists a unigue global solution 77 : [0, +o0) x Nf - Hr1 for the initial value problem

Wz—vm(t,u)), n(O,u)=ueN;, (2.12)
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which satisfies

(1) 7n(t,u)e NS forany t>0 and ue N?.

(2) n(t,—u)=-n(t,u) forany t >0 and ue N;.

(3) Forevery ue N/, the map t — I(7(t,u)) is non-increasing.

. 1 -5
(4) Thereexists & € (0, (E c)P*') such that, for every & < &, , there holds
n(t,u)e P, whenever ueN?~P, and t>0.

Proof. The proof is similar to that has shown as in [39]. For the sake of completeness we reproduce that proof here.

Recalling Lemma 2.3, it shows that V/(u) e C' (N,,H}). Since N2 = N, and N, be open, so (2.12) admits a
unique solution 7(t,u) € N, , where T__ >0 is the maximal time such that 77:[0,T,_)xN — N, cH' forall te
[0,T,.) (since V(u) is defined only on N;). We should prove T, =+co forany u e N;’. Reasoning by contradiction,

suppose that there exists some u, € Né’, the flow starting from which the maximal time T,__ < oo . Consider

% J1nue) 7 = =(p+DJ 170t Uo) "™ 7(t, U )07t Uo) = Al (8, Uy)
=(p+Dc—(p+D[In(tu) ", V¥ 0<t<T,,.

Since IIU(O,UO) [P+ =I| u, [P = ¢, we infer that j'| n(t,u,) P =c forall 0<t<T, . Then p(t,u,)eM NN, =N,

forall te[0,T,,). hence n(T . uU,) €0N,,andso I(7(T,,.U,))=d, . Since 5(t,u,)e N, foral te[0,T, ), we
deduce from Lemma 2.5 that

F (77 (T Up)) = 11(U5) —IOT“‘ (7 (t,up))IV (7 (t, U, ))]dt

<1(Up) - [, V(7 up)) [Pt < 1(u,) <d,

a contradiction. So T__ =+co, and above inequality shows similarly that |(7(t,u)) <1(u)<d, for all t>0 and

ue NS, hence previous argument shows that 7(t,u) N;’ for all t >0 and then (1), (2), (3) hold.

1
Finally, let 506(0,(%(;)'”1) be such that Lemma 2.7 holds for o<¢,. For any uENgJ

withdist ., (U, P) <& < &, since

n(t,u)=u +t%77(0, u)+o(t) = @—t)u+tA) +o(t),

we achieve that
dist ,, (n(t,u), P)=dist , (L—-t)u+tA(u)+o(t),P)
<@-t)dist,,,(u, P) +tdist ,,, (A(u), P) +o(t)

< (1—t)5+%t5+ oft) <

for t > 0 small enough. Hence (4) holds.

3. PROOF OF THEOROM 1.1

After all the preparations above, now we are in a position to prove Theorem 1.1.
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Proof. of Theorem 1.1.(Existence part) Take any k €[2,k+1] and 5e(0,5,), write d =c, for convenience in
1
this part. We prove that there exists a couple (u,,A,) with u, changing its sign and |u, |gjzc such that (u,,4,) isa

solution to (1.1), thatis, d =c,, is a correspondent value of some critical value of Iic .
1
We claim that there exists a sequence {u,} = N/ such that
I(u,)—>d, V(u,)—>0 as n—+, and dist,,(u,,P)>s5, VneO*. (3.1)

Proving this claim by contradiction. Suppose that (3.1) does not hold, recalling that d < d, , there exists small ¢ € (0,1)
such that

IVW)IPze, YueNS, [I(u)-d<2e, dist,, (u,P)=0.
Recalling the definition of d =c;, in (2.11), we see that there exists B e FE such that
1 1

sup I(u)<d+e.
ueB\Py

Noting that B < N, we can consider D =7;(2,B), where 7 is in Lemma 2.11. Hence D < N . Lemma 2.8 (2) and
Lemma 2.11 (2) imply that Derl, . By Lemma 2.11 (3), we have sup, | <supy |l <d,, that is Derfj1 and so
SUPpyp. | =d . Let u, € D\ P; such that SUPpp, | —& < I (u,), then there exists u € B such that 7(2,u) =u, and

d—e<supl—e<I(u)=1((2,u)).

D\P,

Since 7(t,u) e N? for any t>0 and 7(2,u) =u, ¢ P,, Lemma 2.11 (4) shows that 7(t,u) ¢ P, for all t €[0,2]. In
particular, u ¢ P; and so | (u) <d +¢&. Hence for all t €[0, 2] we have

d—e<l(mu) <I(ntu)<Iu)<d+e.

Which deduces || V(7(t,u)) |= & and
% 1 (7(t,u)) = =1 (@ UDIV (7L U1 <~V (@t up)) P< —e,
for every t [0, 2]. Therefore, we arrive at
d—e<1(n2u) < I(u)—j:gdt <d+e-2¢=d—¢,
a contradiction. Then (3.1) holds. By Lemma 2.6, up to a subsequence, there exists u e N, such that u, — u strongly in
H and V(u)=0,l(u)=d = Cs, - Since V(u) =u—A(u) =0, thatis u=A(u), hence u satisfies
~Au+U+gu=c|ul’tu,
[lup+ =c.
Since distp+1(u, P)> ¢, we knowthat u g P;, hence u is sign-changing. Let

CNulF +[d, [uf

A =0 o
We see that (u.,A,) solves the problem (P,). In a word, for any k e[2,k+1], every Cax, corresponds to a critical

value of |, such that |jt (u)= Ca, "'Ll(l_lc) for some couple (u,, A,) which solves the problem (P,).
p+

(Multiplicity part) We prove that system (1.1) has infinitely many sign-changing normalized solutions. Reasoning by
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contradiction, suppose that there exists n, [ * such that system (1.1) has only n, such solutions. Take k>n, +1

fixed and & e (0, 5,) . since FE1+1 - 1“01 , we have
Csp SCs3 <+ < Cy < Cypryy <y 3.2

Since ¢, are correspondent values of critical values of |, for all k, €[2,k+1] with some couple (u_,A.). We show
that for any two different minimax values c,, , the corresponding couples (u,, 4, ) are different. Set d, = d, are two such
values, d, corresponds to the couple (u;,A). If Ill(ul) # |,12 (u,), then (u,A)##(u, A,) obviously. If
p+1
c
u, #U,, hence (ul, j_l) #* (uz,ﬂ?) . Therefore, there certainly exists some 2 < N, < k such that

I, u)=1,(u,), since I&(ui)zdi_'_ﬁ(l_ﬂi)’ one has 4 — 4 = (d,—d,)#0, then 2 =4, and so

Csn, = Csenysy =C <. (3.3)
Define
K ={ueN,: u issign-changing, 1(u)=C and V(u)=0}. (3.49)
Then K is finite and symmetric, that is, K € F . Then there exists kK, <k-1 and {u, :1<m< kycoK such that
K ={u,, —u,:1<m<k}.

m?

Taking O, be open neighborhoods of u_ in H, such thatany two of O, and —Q, , where 1<m<k,, are disjoint and

ko
K <=0=U

m=1

o, v —CTm.

m

Define a continuous map f : 0 —[J \{0} by

N 1, if uelU<,0, ,
fu)= "
-1, if ueUs,-0O, .

Then f(—u)=—f(u). Then by Tietze's extension theorem, there exists f e C(H,[1) such that f |,= f . Define

_ () f(u)

F(u) >

then F|,=f and, is odd on H . Define
K,={ueN,:inf,_ |l[u-v|<z}.

Take 7 >0 small such that K, < O. Recalling V(u)=0 in K and K is finite, there exists C >0 such that

IO VueK,. (3.5)
By (3.4) and Lemma 2.6, it is easy to see that there exists small ¢ < (0, d _6) such that
IV I|P=e, VYueN,\(K,UP,) satisfying |l(u)—d |<2e. (3.6)
Let ¢ = % min{l, é} Then we can take B e Fﬁlﬁl such that
SUPgp, | <Cyn .y +@& =T +ae. 3.7

Let D= B\KZT, then DeF . We claim that »(D) > N, - Otherwise, then there exists § e Fu (D) such that for any

ueD,§#0. By Tietze's extension theorem, we getamap g e C(H,[] ") suchthat §|,= §. Define
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g(u) - g(u) _Zg(_u) , Y Uue H,

then g|,=§ and is odd. Let G(u) = (g(u), F(u)) for ueB, then GeC(H, M~y and is odd. Hence G e FN1+1(B)'
Since Bel',;» S0 G(u)=(g(u),F(u))=0 for some ueB. If ueK,, <O, then F(u)=0, a contradiction. So
ueB\K, =D, and then 0=g(u)=g(u) =0, also a contradiction. Hence »(D)>N,, thatis, De I, - Note that

DcBcN, and BeTy ,,. then sup, | <supgy | <d,, we obtain that Dc N, and DeTl? . We consider E =

U(i: D). As previous proof in existence part, we have E el"% , hence sup.,, | >c;, =T . On the other hand,
3 1 ) 1

there exists u, € E\ P; such that sup.,, | —ae < 1(u,), hence there exists ue D such that U(L,U) =U, and then,
’ 3C

we have

C—ae <supg, | —ae<1(u)= I(n(é,u)).

Since 77(t,u) € N forall t>0 and ;(—,u)=u, ¢ P, We have 7(t,u) ¢ P, for all t [0,——]. In particular, u & P,
3C ‘ 3C ‘

and so |(u) <T+ae by (3.7), since ue D=B\K, —B.Thenforany t ¢ [O,L] , we have
3C
C-ae< I(ry(é,u))ﬁ I (7(t,u)) < 1(u) <T +ae.

In order to use (3.6), we need to show that 7(t,u) ¢ K _ for all te[O,i]- If there exists T e[O,i] such that
3C 3C

n(T,u) eK_, then there exist 0 <t <t, <T such that 7(t,u) e K, ,n(t,,u)edK , and 5(t,u) eK, \K_ for
t e (t,,t,). So we see from (3.5) that

£ <t~ W) I | VOt udt €20, -,

that is, —— <t,—t, <T <—, a contradiction. Hence 7(t,u) K for all t [0,——], hence || V(7 (t,u))|*>¢ and,
2C 3C 3C
we achieve that

s z [ gdt < T 46— 206 =T —
C ag<l(77(3C,u))Sl(u) .[0 edt <T+ae—2ae =T —asc,

a contradiction. Hence we have infinitely many different values of ¢ This completes the proof.

5(k+1)
4. PROOF OF THEOROM 1.2
Proof. of Theorem 1.2. Define

K.={(,,4): (u,A) solves the problem (P,) with u_ sign-changing}.

Then K = . Let d =inf(u ek I,(u). Then d is well defined since U(U)ZEHUHZ for ue N ,, the Nehari
cr c 4

manifold defined as N , ={(u, 1) e H \{0}x0O * : I/ (u)[u] =0} . Take k=1 in Section 3, (1.1) has a couple (u_, A.)
with Iﬂc (u.) =c,, < d, solving the problem (P.). Hence d < d,-Let (u, A') =(u,,4,) € K, be a minimizing sequence

of d with I, (u)<d, forall n=1, then |ju, IIP< 41, (u,) <4d,, thatis, {u } is a bounded sequence. Since (u,,4,)

lu, IF +[ &, 1u, [
C

solves (PC), we have |/’1n (u,)=0 and A, = <, then A4, has a convergent subsequence which
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still likewise labeled as 4 and set 4 — A, = A . Recalling the Sobolev inequality S |u, |i+1g|| u, |> and (u,,4,)eK,.

we deduce that inf{4,,A}>S cgij >0. Then we have
I (u)vl= IVuan +UV+4, uv—2a|lu, [P u,v
and
I} (u)vl=0= JVuan +UV+g, uv—4 |u, [P uv.
Then we evaluate that
1 (V= (4, = D[l " uy
which implies that

11 M A =21 ] [T, P vl

2

Recalling the Sobolev inequality S |v |p+l

<||v||* again, we deduce that

| Illl (un)[v] |S Cl | ﬂh _ﬂ’l | l‘In |S+1”V”1
thatis, |1 (u,)I<c, | 4, —A| which implies that 1, (u,) — 0. Hence {u,} is a PS sequence of |, and the fact that

the PS condition is valid for pe[3,5) and for any A >0 has been inferred in [6]. Then u_ has a strongly convergent

subsequence which still likewise labeled as u, . Suppose u, — u strongly in H with |u |gﬁ: c, then |} (u)=0 and

2

I, (u)=d. We need to show u changing sign. Recalling the Sobolev inequality S|u |p+l

I} (u,)[u,]1=0 that

<JJull*, we deduce from

Slus foasluy IP=4, [uy 85 [, lus P<cyluy 25,

1

which implies that | y* = (i) P2 —¢ >0 for all n>1. Hence [u® | c, and so (u,A) e K, . This completes the
CO

p+l2

proof.
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