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Abstract.

An analysis is made for the steady two-dimensional stagnation-point flow in a porous medium of an incompressible viscous
fluid towards a permeable stretching surface with variable viscosity and thermal radiation. The viscosity of the fluid is
assumed to be an inverse linear function of the fluid temperature. The stretching velocity and the surface temperature are
assumed to vary linearly with the distance from the stagnation point. The governing equations for the problem where
changed to dimensionless ordinary differential equations using scaling group of transformations. The transformed
governing equations in the present study were solved numerically by using Rung-Kutta and Shooting method. Favorable
comparison with previously published work is performed. A comparison between the analytical and numerical solutions has
been included. The numerical solutions are presented to illustrate the influence of the various values of the ratio of free
stream velocity and stretching velocity, the viscosity variation parameter and the porosity parameter. These effects of the
different parameter on the velocity and temperature profiles in the boundary layer as well as the coefficient of heat flux and
shearing stress at the surface are presented graphically to show interesting aspects of the solution.
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1 Introduction.

The study of hydrodynamic flow and heat transfer over a stretching sheet becomes much more interesting due to
its important applications in engineering and industry such as the extrusion of polymers, the cooling of metallic plates, the
aerodynamic extrusion of plastic sheets, etc. Flow near a stagnation point in a plane was initiated by Hiemenz [1].
Ramachandran et al. [2] studied laminar mixed convection in two dimensional stagnation flows around heated surface. The
stagnation point flows towards a surface which is moved or stretched have been considered for example by Chiam [3],
Mahapatra and Gupta [4,5], Nazar et al. [6,7], Boutros et al. [8], Mahapatra et al. [9] and recently by Ishak et al. [10,11].
Gupta et al. [12] analyzed stagnation point flow towards a stretching surface. They reported in their research work that a
boundary layer is formed when stretching velocity is less than the free stream velocity.

In many engineering areas processes occur at high temperatures so knowledge of radiation heat transfer beside
the convective heat transfer play very important role and cannot be neglected. Rosseland approximation is used to
describe the radiative heat flux in energy equation. Free convection heat transfer with radiation effect near the isothermal
stretching sheet and over a flat sheet near the stagnation point have been investigated respectively by Ghaly et al. [13] and
Pop et al [14]. Seddeek et al. [15] investigated theoretically effects of radiation and thermal diffusivity on heat transfer over
a stretching surface with variable heat flux. Recently, Seddeek et al. [16] have considered analytical solution for the effect
of radiation on flow of a magneto-micropolar fluid past a continuously moving plate with suction and blowing.

All the above studies were confined to the fluid with uniform viscosity. However, it is known that the fluid viscosity
changes with temperature [17] for example the viscosity of water decreases by about 240% when the temperature
increases from 10°C (u=0.013g cm™'s™) to 50°C (u=0.00548gcm™'s™) . Therefore, to predict the flow

behavior accurately it is necessary to take into account the viscosity variation for incompressible fluids. Anwar et al [18]
and Barakat [19] and Rahman et al. [20] showed that, when the effect of variable viscosity is included the flow
characteristics may changed substantially compared to the constant viscosity assumption . Also they found that the

influence of variable viscosity vanishes for the limiting case of vanishing temperature differences AT = TW — TOO . In this

study, we will investigate the structure of the boundary layer stagnation-point flow and heat transfer over a porous
stretching sheet in porous medium in the presence of thermal radiation and variable viscosity. The viscosity of the fluid is
assumed to vary as inverse linear function of temperature. The wall surface temperature is linearly proportional to the
distance away from the origin. The governing partial differential equations have reduced to a system of ordinary differential
equations by using Lie-group method [21]. The resulting system of non-linear differential equations is then solved
numerically using shooting method coupled with Runge-Kutta scheme.

2. Mathematical analysis

Consider the steady boundary-layer flow near the stagnation point in a porous medium of viscous incompressible
fluid at a surface coinciding with the plane y=0, the flow being in a region Yy > 0 where the space above the plane sheet
is filled with the porous medium. The equal and opposite forces are applied along the x-axis so that the wall is stretched
keeping the origin fixed. The velocity U, (X) and the temperature TW (X) of the stretching sheet is proportional to the

distance x from the stagnation-point. We assume that the fluid properties are isotropic and constant, except for the fluid
viscosity, LL , which is assumed to vary as an inverse linear function of temperature, T, in the form [22]

ﬁ:i[ler(T—Tw)] (T ). 6y

Mo il
Where, {=v/u,, and T, =T, —1/y, with u,, and T being the fluid free stream dynamic viscosity and the fluid
free stream temperature, and C and Tr being constants, their values deepening on the reference state and thermal

property of the fluid Y . In general, { > O for fluids such as liquids and { < O for gases.

The governing equations of continuity, momentum and energy under the influence of variable viscosity with
radiation in the boundary layer are

ou oV
—+—=0, )
ox oy
L M UEY ®

oxX oy ox p,0y oy p.K
_oT _oT k o°T 1 &q,
U—+V—= > —t
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(4)
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where U and V are the velocity components along x- and y-direction, T is the fluid temperature, p_ is the fluid density, k
is the thermal conductivity and K is the permeability of the porous medium. The quantity (|, on the right hand side of the

r
energy equation (4), represents the radiative heat flux in the y-direction. By using the Rosseland approximation (Raptis
[23]) the radiative heat flux(, given by:

_—4o oT!
3k* Oy

()
Where © isthe Stefan-Boltzmann constant and k*

is the Rosseland mean absorption coefficient. Assuming that the
temperature differences within the flow is such that T* may be expanded in a Taylor series and expanding T about

T_ and neglecting higher orders we get T* = 4T£T —3T£ . Therefore, the equation (4) becomes

oT _oT k &°T 16T 5°T
U—+V—

+ — (6)
oX ay P..C, oy? 3p.c .k oy
The boundary conditions are
U(X):C)_(,\_/:—\_/W ,T:TW()_():TOO+b)_( at y=0,
UI->UX)=ax,T>T, a Yoo (7)
where a,b,c are constants, and V, is the wall velocity.
By introducing the following non-dimensional variables
i U BT- Tw 3
Using (8), equations (2), (3) and (6) take the following dimensional form
ou oV
—+—=0, )
oxX oy
2
ua—u+va—u:UQ— o al:+ o, 28_u@_kl . U-u), (10)
X oy oU 6-6, 0y (0-6)2dydy 60—,
oo 0 4 828
(— —)+Vv_—= —( =) (11)
X ay Pr, " 3R’ oy?’

and the boundary conditions (7) take the form
u=x,v=-5,0=1 aty=0,

u—@cx 6=0 as y —oo.

12)
Where pr, =v_p,C, /K is the ambient Prandtl number, K; =v_ / KCis the permeability parameter of the porous
medium, 0, = —1/y(T,, — T, ) is the variable viscosity parameter, R = Kk / 46 T is the thermal radiation parameter

and S=-V_/,/ » 1S the mass flux parameter (s>0 corresponds to suction and s<0 corresponds to blowing)

Equations (9), (10) and (11) are conveniently solved by introducing the stream function (X, y) defined by
u=N ooV
oy OoX

(13)
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Which satisfy the continuity equation (9) automatically. Substituting (X, y)into the equation (10) and (11), we obtain

0° 0° oJ 0 o° 0 0° 2] 0
oy Oy _ov v _y&_ O v, 0 Vo Oy )
oy oXdy X oy U 0-0, oy> (0-0,)° oy’ oy 0-0, oy
Oy 30 0, oy a0 _ 4.0%
—(+2)- =-— ( ~—7 (15)
oy 6x X OX ay Pr, 3R oy
The boundary condition become
al = @ =s,0=1 aty=0,
oy ' OX
a
@ U=-x,0=0 asy > (16)
oy c
We now introduce the simplified form of Lie-group transformations namely, the scaling group of transformations [24]:
s g0y . €0, o €0, F, €ay, Y €05
''x"=xe"*, y=ye “, ¢y =ye °, U =U %,V =ve °, an
i £lg e 8067
U =Ue °,0" =06e
Where 0., Q,,0,,0,,05,0; and 0, are the transformation parameters and € is a small parameter.
Substituting equation(17) into equations (14) and (15), we obtain the invariance conditions
o, =00, =0, =0 =a, =0
These relations lead to the following differential equations(characteristic equations) for similarity:
dx dy dy du dv_ duU db
X 0 oy ou 0 oU O
From these equations, we find the similarity transformations
n=y, y =xr(n), 6" =6(n). (18)
Substituting these values in equations (14) and (15), we finally obtain the system of nonlinear ordinary differential
equations
a 0 0
f!2_ﬂ:H=(_)2_ r f”'—i— r que!_ . (19)
¢ 0-0, 0-90,) 0—
4 n e !
1+—)0"+Pr(1——)(f06'-fH)=0 (20)
3R 0,
0,1 . . -
Where Pr = F:'FOO (l— 9—) is the variable Prandtl number. The corresponding boundary conditions are
r
f(0)=1, f(0)=s, 6(0)=1,
, a
f(o0) > =, 6(c0) > 0. (21)
c
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a
In the above equations, a prime denotes differentiation with respect tom. In the case of —=0 and
C

0, — oo (uniform viscosity), Eq. (19), together with the boundary conditions f(0) =S, f/(0) =1, and f{(o0) =0 has

an exact solution in the form
fn)=s+ [1- exp(-ﬂ(sh/s +4(1+k)))].
S+ /s +4(1+k)

The quantities of practical interest in this study are the skin friction coefficient Cf and local Nusselt number

NuU, , which are defined as

2 WX 4 0T
C, =2 (Mg Nu =g ks T, @)
poo w ay k(TW - Too) 3R ay
Using equations (8), (18) and (23), the skin friction coefficient and the local Nusselt number can be expressed as
1 p I 4
Re2C, = " Re,?Nu, =—(1+-—)0'(0) (24)
, 3R
U, (X)x . . " 9
where Re, = —"———is the local Renolds number based on stretching velocity U, (X).

A%

o0

From equation (1), W can be readily put in the form

n=u,/(1-(0M)/0,) (25)

which clearly shows that, as er —> 00 (or as ¥ =0) this leads to L —> LL_ (constant), i.e., the viscosity variation in the
boundary layer is negligible. Also, according to the definition of viscosity/temperature parameter,
= (Tr —Tw)/(l'w —Tw), for a given reference temperature Tr ,variation of Qr means in fact, variation of the

temperature difference AT = TW —Tw. For the case of fluid heating TW > TOO , Afify [25] showed that er cannot take

the values between zero and one and suggested that Or > 1for gases and er <0 for liquids.

3. Results and Discussion.

The system of transformed differential equations, Eqgs. (19) and (20), with the corresponding boundary conditions,
Eq. (21) have been solved numerically by means of the fourth-order Runge-Kutta method with systematic estimates of

f'(0) and 6'(0) being made by using the shooting technique[26]. In the present calculations, step sizes of

An= 0.01and Niax = 6 were found to be satisfactory in obtaining sufficient accuracy within a tolerance of less than

7. : .
107" in nearly all cases. In order to assess the accuracy of the present numerical method, we compared our numerical

a
results obtained for the dimensionless stream function and its derivative taking — =0, and Or —> o0 in Eg. (19) with
c

those obtained analytically. The numerical and the analytical values of (1) and f{(n) for k; = 0.5 and s=1 are shown

in Fig. (1). The numerical values of f(1) and T{n) are in good agreement with the obtained analytical values.

Many results are obtained through out this work. A representative set of results is presented graphically
in Figs.2-16 in order to explore the various physical aspects of the problem. Fig. 2 shows the viscosity distributions across

the boundary layer for various values of a/C for both the case of constant and variable viscosity. As velocity ratio

parameter a/C increases, the viscosity distribution decreases inside the boundary layer. For very large values of

0 (—> ), the velocity ratio parameter has a negligible effect on the viscosity distribution along the stretching surface.
r

This is due to the fact that as 0, — oo the factor 0,./(0, —0) in equation (25) approaches its limiting values of 1 as

I =L, i.e. the viscosity becomes uniform within the boundary layer and equals the ambient fluid dynamic viscosity. Figs.

3, 4 and 5 show typical profiles for the fixed vertical velocity f(1), the horizontal velocity 1) and temperature 6(1)
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for different values of a/C , respectively. We observe that as the velocity ratio parameter increases the profiles of f(n)
and T/n) increase, while the profiles of (1) decrease. Also, it is observed that the velocity in the case of uniform
viscosity ( 0, — 00) is higher than that of variable viscosity (0, =1.1) for all values of a/C >1 atall points. However,

the opposite trend is seen for values of a/C<1, which is due to the fact that inverted boundary layer is formed for

a/c <1 i.e. when free stream velocity is lesser than stretching sheet parameter. It is important to note that for a/c =1,
there is no formation of boundary layer because the fluid velocity equals to the velocity of the stretching sheet. Similar
trend has also been observed for the case of impermeable surface by Pop et al. [14] and Sharma et al. [27] in the absence
of porous medium.

Figs 6-9, respectively, depict the effects of the viscosity-variation parameter Br on the fluid viscosity, velocity
(vertical and horizontal) and temperature distributions, for some values of a/c (a/c=0.2, 1, 2) in the boundary layer. From
these figures it is observed that for a/C <1, the viscosity and temperature distributions increase as Gr increases whereas

the velocity profiles (1) and (1) decrease as 0, increases. However, the opposite trend is obtained for a/Cc > 1. Also,
the effects of the variable viscosity parameter are found to be more pronounced for a fluid with small velocity ratio

parameter. For a/C =1, increasing the variable viscosity parameter has no effect on the viscosity, velocity and
temperature distributions.

The effect of the porosity parameter kl for various values of a/C on viscosity, velocity and temperature
distributions are shown in Figs. 10-13. We notice that for a/C< 1, the viscosity and the temperature increase with
increasing kl , but the velocity decreases. On the other hand, this trend is reversed by increasing porosity parameter kl

for a/c >1, The reason for such behavior is that when a/C <1, increasing the porosity parameter k1 tends to increase

the viscous forces and decelerate the flow, thus decreasing the velocity profiles. On the other hand when a/c>1,
increasing the porosity parameter tends to decrease the viscous forces and accelerate the flow, thus increasing the
velocity profiles. From these figures it can be also noticed that the porosity parameter effect is observed to be more

pronounced at lower values of a/C and kl . It is also observed that the porosity parameter has no effect on the viscosity,
velocity, and temperature distributions for the case of a/Cc =1.

Fig. 14 illustrates the effect of Radiation parameter R on the temperature distributions inside the boundary layer

for two values of a/C = 0.2 and a/C = 2. It is observed that the increase of radiation parameter R leads to an increase
of temperature distributions. Therefore, higher values of R implies higher surface heat flux and thereby making the fluid

become warmer. For very large values of R (—> oo), the temperature distributions approach a linear shape. It is also
observed that the influence of R on 0(1) is more pronounced for lower values of alC. Figs. 15 and 16 respectively,
' -
illustrate the variation of the local skin friction Re2C, and the local Nusselt number Re, 2 Nu,, for various values of the
1
viscosity variation parameter 6, and @/C . As shown, the local friction coefficient ReZC; and the local Nusselt number
3
Re,?Nu, increase with increasing 0, when a/C <1, while reverse behavior is observed when a/Cc >1. For a/c =1,
1 .
the values of Re2C; equal to zero and the values of Re,2Nu, remains constant for all values of 0, inside the boundary

layer. The zero shear stress at the wall corresponds to the parallel flow since the stretching velocity cx of the surface
equals the velocity ax of the free stream. This behavior is consistent with the results of the velocity and temperature
distributions exhibited in Figs.7,8 and 9. Also, the local rate of friction coefficient and the local rate of heat transfer are

highly affected by the viscosity parameter for small values of 0, in both a/C =0.2 and a/C = 2. However, for large
Gr the local friction coefficient and the local heat transfer profile asymptotically approach those for the constant viscosity

case. It is interesting to note that the sign of the wall shear stress was shown to depend on a/C and Gr . Therefore, the

effects of the variable viscosity and velocity ratio parameters are expected to alter the momentum boundary layer
significantly.
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