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ABSTRACT

In this work, an extended Jacobian elliptic function expansion method is proposed for constructing the exact solutions of
nonlinear evolution equations. The validity and reliability of the method are tested by its applications to the Couple Boiti-
Leon-Pempinelli System which plays an important role in mathematical physics.
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1- Introduction

The nonlinear partial differential equations of mathematical physics are major subjects in physical science [1]. Exact
solutions for these equations play an important role in many phenomena in physics such as fluid mechanics,
hydrodynamics, Optics, Plasma physics and so on. Recently many new approaches for finding these solutions have been
proposed, for example, tanh — sech method [2]-[4], extended tanh - method [5]-[7], sine - cosine method [8]-[10], modified

simple equation method [11, 12], the exp (exp[—qb(f]}) —expansion method [13]-[15], the extended

&t
exp (exp [—qb[f])) — expansion method [16], (EJ —expansion method [17]-[19], Jacobi elliptic function method
[20]- [23] and so on.

The objective of this article is to apply the extended Jacobian elliptic function expansion method for finding the exact
traveling wave solution the Couple Boiti-Leon-Pempinelli System which play an important role in mathematical physics.
The rest of this paper is organized as follows: In Section 2, we give the description of the extended Jacobi elliptic function
expansion method In Section 3, we use this method to find the exact solutions of the nonlinear evolution equations pointed
out above. In Section 4, conclusions are given.

2- Description of method

Consider the following nonlinear evolution equation

Plu, e Uy Uy Uy e o2 ) = 0, (2.2)

Since, P is a polynomial in it [x, L‘:] and its partial derivatives. In the following, we give the main steps of this method

Step 1. We use the traveling wave solution in the form

u[x,t] Ti ‘Lt,(f:], f =x —ct, (2.2

where c is a positive constant, to reduce Eqg. (2.1) to the following ODE:

pluu,u" 2", ...0) =0, (2.3)

du
where P is a polynomial in u (§) and its total derivatives, while u'=—.

dég

Step 2. Making good use of ten Jacobian elliptic functions we assume that (2.3) have the solutions in these forms:

(@) =20+ 3174 (6)[af, () +b,8 (§)], | -2 -
With
f,(&)=sn¢, g,(&)=cné,
f,(&)=sné, 9,(&)=dng,
fo(£)=nsé&, g,(&)=csé,
f,(&)=ns&, g,(&)=dsé, (2.5)
fs(£)=scs, 95(&)=ncé,
fe(&)=sd&, ge(&)=nd¢,

where SN&,cné,dné, are the Jacobian elliptic sine function, The jacobian elliptic cosine function and the Jacobian

elliptic function of the third kind and other Jacobian functions which is denoted by Glaisher's symbols and are generated
by these three kinds of functions, namely

3135| Page December 07, 2015



LIL@JJ ISSN 2347-3487

nsézi,ncgzi,ndcfzi,scgzﬁ,
sné cné dné sné
(2.6)
csézﬁ,dsgzdn—g,sdézﬁ,
cné sn& dn¢é
those have the relations
sn’+cn’ =1, dn’S+m?sn’E =1, ns?E =1+cs%E,
2.7
ns’£=m?+ds’¢, sc’E+1=nc’s, msd® +1=nd &, &0
with the modulus m (0 <m < 1). In addition we know that
(2.8)

d d d 2
Esngg —cnédné,&cngg _—snédné,&dngg =—-m-snécné.

The derivatives of other Jacobian elliptic functions are obtained by using Eq. (2.8). To balance the highest order linear
term with nonlinear term we define the degree of u as D[u] = n which gives rise to the degrees of other expressions as

du dou Y
D{@}:njtq,D up{ﬁj =np+s(n+q). (2.9)

According the rules, we can balance the highest order linear term and nonlinear term in Eq. (2.3) so that niin Eq. (2.4) can
be determined.

In addition we see that whenm —1, sn&,cn&and dné degenerate as tanh £,sech &, sech &, respectively, while
when therefore Eq. (2.5) degenerate as the following forms

u(é)=a,+ itanhj‘l(f)[aj tanh (&) +b; sech(£) |,
u(d)=a,+ icoth“(f)[aj coth (£)+b; csch(£) ],
u(é) = a0+itanh"‘l(§)[aj tan (&) +b; sec(&) ], (2.10)

N .
u(&) =a,+ Y coth’*(£)[ a cot(&)+b; csc ()],
j=1
Therefore the extended Jacobian elliptic function expansion method is more general than sine-cosine method, the tan-

function method and Jacobian elliptic function expansion method.

3- The Couple Boiti-Leon-Pempinelli System

Consider the Couple Boiti-Leon-Pempinelli System [24] is in the form

{“:}- = (u? — Uy ey T 2V (3.1)
v, = v, 1+ 2uv,.

Using the transformation u(x,}’, l‘] = u(n‘f] since f =x+y—ct, and integrate the first equation of the system
(3.1) three times with zero constant of integration and substitute it into the second equation of system (3.1) we obtained

u' —3ud —3cu® —cfu=0. (3.2
Balancing u'andu® we get N = 1. so that, we assume the solution of Eq. (3.2) be in the form

u($) = ay + aysn + byen. 3.3)
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Where g, 34, bi are arbitrary constants to be determined later. Substituting Eq. (3.3) and it's derivatives into Eq. (3.2)

and equating all coefficients of .S‘Tla, SNn° CH, 51T, SN CN, SN, 1, sn? to zero, we obtain

( 2a,m* —2ai + 6a,bi = 0,
2m*b; — 6alb, + 2bJ = 0,
6ayai + 6aga; —3c(al —bi) =0,
4 —12aya.by — 6cab, =0, (3.4)
—ay — almz — Erx%al — Ealbf — 6caga, — e’ a, =0,
—6ayb, — 2bj6cayh, —c*b, =0,

\ —2ad — 6ay,b? —3ai — c*a, = 0.

Solving above system by using Maple 16, we obtained
1
— = - o s . =
= —4 2+ 2m* ’%:E /2+2m* ,a;, = tm,b;, = 0.

So that, we get the exact traveling wave solution of Eq. (3.3)

1 — 3.5
u(e,r]=£ [242m* +msn. 59

When m = 1, we get hyperbolic solution of Eq. (3.3)
4- Conclusion

We establish exact solutions for the Couple Boiti-Leon-Pempinelli System is the most fascinatin problems of modern
mathematical physics. The extended Jacobian elliptic function expansion method has been successfully used to find the
exact traveling wave solutions of some nonlinear evolution equations. As an application, the traveling wave solutions for
the Couple Boiti-Leon-Pempinelli System which has been constructed using the extended Jacobian elliptic function
expansion method. Let us compare between our results obtained in the present article with the well-known results
obtained by other authors using different methods as follows: Our results of the system are new and different from those
obtained in [24]. It can be concluded that this method is reliable and propose a variety of exact solutions NPDEs. The
performance of this method is effective and can be applied to many other nonlinear evolution equations.
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