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ABSTRACT

In this paper, we extend normed spaces to quasi-normed spaces and prove the generalized Hyers-Ulam stability of a
nonic functional equation:

f(x+5y)— 9f(x+4y) + 36f(x+3y) — 84f(x+2y) + 126f(x +y) — 126f(x)
+84f(x—y) —36f(x—2y) +9f(x — 3y) — f(x —4y) = 9! f(y),
where 9! = 362880, in quasi-normed spaces.
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1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [22] concerning the stability of group
homomorphisms. Hyers [9] gave the first affirmative answer to the question of Ulam for Banach spaces. Hyers’s theorem
was generalized by Aoki [1] for additive mappings. In 1978, Rassias [19] generalized Hyers theorem by obtaining a unique
linear mapping near an approximate additive mapping. The paper of Rassias has provided a lot of influence in the
development of what we called the generalized Hyers-Ulam-Rassias stability of functional equations. 1994, Gavruta
generalized the Rassias' result in [7] for unbounded Cauchy difference. Different with the direct proof used before,
Caudariu and Radu [3] proposed a novel method for studying the stability of the Cauchy functional equation based on a
fixed point result in generalized metric spaces. The stability problems of several functional equations have been
extensively investigated by a number of [2, 5, 8, 10, 11, 12, 15, 16, 21, 23] and references therein for more detailed
information.

The mathematical analysis one of the most important functional equations. In 1821, Cauchy noted that every
continuous solution of the additive Cauchy functional equation proved the functional equation:

fx+y)=fx)+f)

forall x,y € R, is linear. Every solution of the additive Cauchy equation is called an additive function.

In 1984, Cholewa [4] initiated the study of the stability of the following quadratic functional equation:

fG+ )+ flx —y)=2fC) + 2f().

A quadratic functional equation was used to characterize inner product spaces.

In [17], [18], Rassias proposed the cubic and quartic functional equations:

fGx+2y) +3f(0) = 3f(x +y) + f(x —y) + 6f(y)
and
fx+2y) + f(x = 2y) + 6f(x) = 4f(x + y) + f(x—y) + 24f(¥),

respectively, and considered the solution and the stability problem of these equations in normed spaces.

In [24], Xu et al. investigate the general solutions of the quintic and sextic functional equations:

fix +3y) = 5f(x + 2y) + 10f(x + y) — 10f(x) + 5f(x — y) — f(x — 2y) = 120f(y)

and

flx + 3y)— 6f(x + 2y)+ 15f(x + y) — 20f(x) + 15f(x — y)
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—6(x — 2y) + f(x — 3y) = 720f(y)
respectively, and then proved the stability of these two types of equations in quasi-f-normed spaces.

In 2015, Shen and Chen [20] proved the general solutions and investigated the stability of the septic and octic
functional equations in normed linear spaces:

fl + 4y)— 7f(x + 3y) + 21f(x + 2y) — 35f(x + y) — 21f(x — y)
+7f(x = 2y) — f(x — 3y) + 35f(x) = 5040f(y),
and
flx + 4y) — 8f(x + 3y) + 28f(x + 2y) — 56f(x + y) — 56f(x — )
+28f(x — 2y) — 8f(x —3y) + f(x — 4y) + 70f(x) = 40320f(y),
respectively.

Before we present our results, we introduce some basic facts concerning quasi-normed space. Let X be a real linear
space. A quasi-norm || - || is a real-valued function on satisfying the following:

() |IxI| = 0 forall x € X and ||x|| = 0 if and only if x > 0;
(i) [I1x|| = |A[|lx||forall A€ R and x € X;
(iii) there is a constant K > 1 such that ||x + y|| < K(||x|| + [lyI|) forall x,y € X.

The pair (X,]||-||) is called a quasi-normed space if || - || is a quasi-norm. The smallest possible K is called the
modulus of concavity of || - ||. A quasi-Banach space is a complete quasi-normed space.

Now, we consider a mapping f : X - Y satisfying the following functional equation, which introduced in [13], in 2016,
as follows:

flx+5y)— 9f(x +4y) + 36f(x+3y) — 84f(x+2y) + 126f(x+y) — 126f(x)
+84f(x—y) — 36f(x —2y)+ 9f(x—3y) — f(x—4y)) = 9! f(¥)

for all x,y € X. It is easy to see that the function is a solution of the functional equation (1.1). Every solution of the
functional equation (1.1) is said to be a nonic mapping. Note that the functional equation (1.1) have the properties (i)

f(0) =0, (i) f(-x) = —f(x) and f(2x) = 2°f(x).
2. MAIN RESULTS
For a given mapping f : X — Y, we defined the difference operator
Df(x,y) = f(x +5y) — 9f(x + 4y) + 36f(x +3y) — 84f(x +2y) + 126f(x +y) — 126f(x)
+84f(x —y) =36f(x = 2y) +9f(x =3y) = f(x —4y) = 9! f(¥)
forall x,y € X.

Firstly, we investigate the generalized Hyers-Ulam stability of the functional equation (1.1) in quasi-normed spaces in
the spirit of Hyers, Ulam, and Gavruta.

Theorem 2.1. Let X be a quasi-normed space and Y be a quasi-Banach space. Suppose that there exist a mapping
@: Xx X - [0,00) for whichamapping f: X - Y with f(0) = 0 satisfies
IDfCey) 1l < o(x,y) (2.1)

for all x,y € X, and the series

i (%)l d(2ix) < oo (2.2)

i=1

forall x € X, where @(x) = 95 [K5 (0(0,2x) + 9(5x,%)) +9 K*p(4x,x) + 37 K3p(3x,x)

!
+93K2¢p(2x,x) + 162 Ko(x,x) + 210¢(0,x)]

and limn_,m% @(2" x,2"y) =0 for all x, y € X. Then there exists a unique nonic mapping N : X — Y which satisfies
(1.1) and

lIFG) - NIl < & 32, (%) o2ix) 23)

29

forall x € X.
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Proof. Replacing (x,y) with (0,2x) in (2.1), we get
[If(10x) — 8f(8x) + 27f(6x) — 48f (4x) — 362838f(2x)|| < ¢(0,2x) (2.4)
forall x € X. Replacing (x,y) with (5x,x) in (2.1), we get
[1f(10x) — 9f(9x) + 36f(8x) — 84f(7x) + 126f(6x) — 126f(5x)
+84f(4x) —36f(3x) + 9f(2x) — 362881f(x)|| < ¢(5x,x) (2.5)
for all x € X. Subtracting equations (2.4) and (2.5), we get
[19F(9x) — 44 (8x) + 84f(7x) — 99f(6x) + 126f(5x) — 132f (4x)
+36f(3x) — 362847f(2x) +362881f(x)|| < K(¢(0,2x) + ¢(5x,x)) (2.6)
for all x € X.Replacing (x,y) with (4x,x) in (2.1), and multiplying the resulting equation by 9, we have
[19f(9x) — 81f(8x) + 324f(7x) — 756 (6x) + 1134f(5x) — 1134f (4x)
+ 756f(3x) — 324f(2x) — 3265839f(x) || < 9 (4x,x) 2.7)
for all x € X. Subtracting equations (2.6) and (2.7), we get
[137f(8x) — 240f(7x) + 657f(6x) — 1008f(5x) + 1002f (4x)
— 720f(3x) — 362523f(2x) + 36287201 (x) ||
< K?(9(0,2x) + ¢(5x,%)) + 9 Ko(4x,x) (2.8)
for all x € X. Replacing (x,y) with (3x,x) in (2.1), and multiplying the resulting equation by 37, we have
[137f(8x) — 333f(7x) + 1332f(6x) — 3108f(5x) + 4662f (4x)
— 4662f(3x) + 3108f(2x) — 13427855 (x)|| < 37 ¢(3x,%) (2.9)
for all x € X. Subtracting equations (2.8) and (2.9), we arrive at
[193f(7x) — 675f(6x) + 2100f(5x) — 3660f (4x)
+3942f(3x) — 3656311 (2x) + 17056575 (x)||
< K3(9(0,2x) + 9(5x,x)) + 9 K?¢(4x,x) + 37 Kp(3x, x) (2.10)
for all x € X. Replacing (x,y) with (2x,x) in (2.1), and multiplying the resulting equation by 93, we get
[193f (7x) — 837f(6x) + 3348f (5x) — 7812f (4x) + 11718f(3x)
—11625f(2x) — 33740865f(x) || < 93 ¢(2x,x) (2.11)
for all x € X. Subtracting equations (2.10) and (2.11), we arrive at
| 162f (6x) — 1248f(5x) + 4152 (4x) — 7776 f(3x) — 354006 (2x) + 5079440f (x)||
< K*((0,2x) + ¢(5x,%)) + 9 K3¢p(4x,x) + 37 K2p(3x,x) + 93 Ko(2x, x) (2.12)
for all x € X. Replacing (x,y) with (x,x) in (2.1), and multiplying the resulting equation by 162, we get
[1162f (6x) — 1458f (5x) + 5832f (4x) — 13446f(3x)
+ 18954 f(2x) — 588011401 (x)|| < 162 ¢(x,x) (2.13)
for all x € X. Subtracting equations (2.12) and (2.13), we arrive at
[1210f(5x) — 1680f(4x) + 5670f(3x) — 372960f(2x) + 109598580f (x|
< K5(9(0,2x) + ¢(5x, %)) + 9 K*¢(4x,x)

+37 K3p(3x,x) + 93 K29 (2x,x) + 162 Kp(x,x) (2.14)
For all x € X. Replacing (x,y) with (0,x) in (2.1), and multiplying the resulting equation by 210, we get
[1210£(5x) — 1680f(4x) + 5670f(3x) — 10080f(2x) — 761959801 (x) || < 210 ¢(0,x) (2.15)

for all x € X. Subtracting (2.14) and (2.15), we get
[|-362880f (2x) + 1857945601 (x)||
< K%(0,2x) + ¢(5x,%)) + 9 K> (4x,x) + 37 K*p(3x,x)
+93 K3p(2x,x) + 162 K2¢p(x,x) + 210 K¢(0, x)
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for all x € X. Thus, we can deduce that
K
[If(2x) = 2°F(OI| < ol [K® (9(0,2x) + ¢ (5x,%)) +9 K*p(4x,x) + 37 K3p(3x,x)

+93 K2¢p(2x,x) + 162 Kp(x,x) + 210 ¢(0,x)]

=o(x) (2.16)
for all x € X. It follows from (2.16) that
2 1
Hf( )—f( o) < 55P() (2.17)

for all x € X. Replacing x by 2ix in (2.17) and dividing by 2%, we get

F@ix)  f(2ix)
291 - 29(i+1)

(2ix) (2.18)

= 29(i+1)
for all x € X. Using induction on n € Z* and summing up the resulting inequality for i = 0,...,n — 1, we have
n—-1

< ;HZ_?(K) o(2ix )+ Ll (;) &(2"1x) (2.19)

forall x € X and n € Z*. Putting x by 2™ x and dividing by 2°™ in (2.17), we get
‘f(z’”’" x)  f™x)

29(n+m) - 29m

Jreo- 552

=TS 1 k!
+i +m-1
= 25 2(29) o(2mrix) + 290m+1) (29) A
i=1

< K 7.1__2 (ﬁ)mﬂ' ¢(2m+ix) + 1 (£)n+m—1

29gm Hi=1 \ 9 29gm \ 29

®(2n+m-1x) (2.20)

f2"x)

29n

Since the right-hand side of (2.20) tends to 0 as m — oo, the sequence {
Banach space Y. Thus, we may define a mapping N:X - Y by

} is a Cauchy sequence in the quasi-

N(x) = lim M

noo 29M
for all x € X. Taking the limit as n - o in (2.19), we obtain that the mapping N satisfies (2.3).
Replacing (x,y) by (2" x,2" y) in (2.1) and dividing it by 2°™, we have

1 e x2"y)
||DN(X,Y)||=7}1_{T3°2W||Df(2"x,2n3/)||=7}1_{20297n =0

for all x,y € X. Thus, the mapping N : X — Y satisfies (1.1). This implies that the mapping N is nonic.

Now, let N': X— Y be another nonic mapping satisfies (1.1) and (2.3). Fix x€ X . Then
N(2"x) = 2°" N(x) and N'(2" x) = 2°" N'(x) forall n € Z*. It follows from (2.3) that

(Z"x)|

, fQ)
ING) - NG| < || N® ~ 57 | || Se — N'()
2 K
= J9gn-1 Z(F> d)(znﬂx) (2.21)
i=0
for all x € X. Letting the limit as n - o in (2.21), we have N = N'. Thus, the nonic mapping N is unique. This completes

the proof.

Theorem 2.2. Let X be a quasi-normed space and Y be a quasi-Banach space. Suppose that there exist a mapping
@p:X xX —[0,00) for which a mapping f:X - Y with f(0) =0 satisfies the inequality (2.1) and the series

o i X
20(2°K) @ (2—) <o and lim 27 (zn,zn) =0 forall x,y €X, where

K
d(x) = —[K° (¢(0,2x) + (5x,%)) +9 K*p(4x,x) +37 K3¢(3x,x)

+93 K2p(2x,x) + 162 Kp(x,x) + 210 ¢(0,x)].

Then, there exists a unique nonic mapping N : X — Y which satisfies (1.1) and

4371 | Page
October 2016 www.cirworld.com



& ISSN 2347-3487
‘ Volume 12 Number 3
N Journal of Advances in Physics

IFG) =N < 55 IR0 @ (3) (2.22)

29
forall x € X.

Proof. The proof is similarly proved by the following inequality due to (2.17)

lreo-2mr(Z)|| = & S o (2)+

@K o (Z) (2.23)

291(

for all x € X and n € Z*. Then the sequence {29“ f(zin)} is a Cauchy sequence in the quasi-Banach space Y. So, we

can define a mapping N : X — Y by N(x) = lim 2°" f(zin) for all x € X. Letting the limit as n — oo in (2.23), we obtain
n—-oo
(2.22). The rest of proof is similar method to the corresponding part of Theorem 2.1. This complete the proof.

Corollary 2.3. Let pand 6 be positive real numbers. Suppose that a mapping f : X - Y with f(0) = 0 satisfies the
inequality

[IDf G| < o(Ixl]” + [Ivl]")

forall x,y € X. Then there exists a unique nonic mapping N : X — Y which satisfies (1.1) and

( KMe ;
Z:;K [1x || if p<9-log, K
|lf ) = NI| <
KMy, ) .
m ||x|| ) lf p>9+ IOgZK

forall x € X, where My, = Z—'f [(2P + 5P + 1)K5 +9(4P + 1)K* +37(3P + 1)K3 + 93(2P + 1)K? + 324K + 210].
Corollary 2.4. Let p, q, 6 be positive real numbersand f: X —» Y be a mapping with f(0) = 0 satisfying
IDf G| < o1l Ivl["

forall x,y € X . Then there exists a unique nonic mapping N : X — Y which satisfies (1.1) and

(KM, p+a )
29_2;)1(“ || if p+q<9-log, K
|If ) = N@)I| <
KMo, p+q .
k ZP—ZZK“ || , if p+q>9+ log, K

2
for all x € X, where Mg, = Z-[SPK* + 9 - 4PK3 + 37 - 3PK? + 93 - 2PK + 162].

Next, we investigate the generalized Hyers-Ulam stability of the functional equation (1.1) in quasi-normed spaces by
the fixed point alternative. We will deal with the fixed point theorem which was proved by Diaz and Margolis.

Theorem 2.5. [6] Let (Q,d) be a complete generalized metric space and T : Q — Qbe a strictly contractive mapping
with Lipshitz constant L. Then, for any x € Q, either d(T™x, T"*'x) = o for all nonnegative integers n > 0 or other
exists a natural number n, such that

0) d(T™x, T*"'x) < oo forall n > ng;

(ii) the sequence {T™x} is convergent to a fixed point y* of T;

(iii) y* is the unique fixed point of T inthe set 4 ={y €Q | d(T™x,y) < oo};
(iv) d(y, y*) < = d(y,Ty) forall y € 4.

Theorem 2.6. Let X be a quasi-normed space, Y be a quasi-Banach space and ¢ : X xX - [0,0) be a mapping
such that there exists a constant L <1 with

92/ x,27y) <29 L o(x,y) (2.24)
forall x,y € X, where j= +1.If f: X - Y is amapping with f(0) = 0 satisfying
[IDf e, W] < o(x,y) (2.25)

for all x,y € X, then there exists a unique nonic mapping N : X — Y such that

IfG) = N@I| < ®(x) (2.26)

2% |1 - LJ|

forall x € X, where &(x) = g [K5 (9(0,2x) + ¢(5x,x)) +9 K*(4x,x) + 37 K3¢(3x,x)
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+93K2%p(2x,x) + 162 Ko(x,x) +210¢(0,x)].
Proof. It follows from (2.16) that
|If 2x) = 2°F (0| < (%) (2.27)
forallx e X. Let Q={f|f: X - Y} and introduce a generalized metric d on Q as follows:
d(g, h) = inf{c € [0,c0) | ||g(x) — h(x)|| < c®P(x) forall x € X}

where, as usual, inf ¢ = +o. Then (Q,d) is a generalized complete metric space [14]. We consider the mapping
T:Q - Q isdefined by

9(27x)
29J

Tg(x) =

forall x € X. Let g,h € Q and c € [0,) be an arbitrary constant with d(g, h) < c. It follows from the definition of d, T
and (2.24) that

[ITg(x) = Th()I| < c1>(21x) < cLd(x)

for all x € X, which gives d(Tg,Th) < Ld(g,h) for all g,h € Q. This means that T is a strictly contractive self-mapping on
Q with Lipschitz constant L.

It follows from (2.27) that
1

arrH= 1%
?, lf j:—l

if j=1

for allx € X. It follows from the conditions (2) and (3) of Theorem 2.5 that there exists a mapping N which is a unique
fixed point of Tin the set Q; ={g € Q|d(f, g) < o} such that

f(2"x)

29nj

N(x) = lim

n—oo

forallx € X since limd(T"f,N) = 0. Again, from the condition (4) of Theorem 3.1, we have
n—-oo

da(f, N)<—d(f Tf) <

297 |1 L
Then, we conclude that the inequality (2.26) holds for all x € X.
If we replace x by 2™x andy by 2™y in (2.25), then we obtain

Df(2Mx,2My) - [|Df(2™x, 2™y )| - e(2Mx, 2My)
29nj - 29mj - 29nj

for all x € X. Taking the limit as n — o in the above inequality, we deduce that DN(x,y) = 0 for all x,y € X. Therefore,
the mapping N : X — Y is nonic, as desired. This completes the proof.

Corollary 2.7. Let 6 be positive real number and be a mapping f : X — Y with f(0) = 0 satisfying
[IDf(x, )| <6
forall x,y € X. Then there exists a unique nonic mapping N : X — Y such that
GO = NI < s
forall x € X.
Corrllary 2.8. Let p,6 be positive real numbers with p # 9 and f: X - Y be a mapping with f(0) = 0 satisfying
IDf Ce I < o(Ixl]” +Ivl[)

forall x,y € X . Then there exists a unique nonic mapping N : X — Y such that

[P
If () = NIl < 25— lxl|”

21’||

forall x € X, where 59,,=—(5P+9 4P +37. 3P 4+ 93. 2P 4 674).
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