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Abstract

Critical exponents at K., 3k_, 5k. and 7K_ for the momentum distribution function are studied for one-dimensional
Hubbard model in the presence of magnetic field, using conformal field theory (CFT) approach. Exponents at kF and 3k,
are reproduced. Results at 5K_ is in contrast to earlier numerical prediction of 1, while at 7kF , the exponent is 49/8. The

singularities at 5k. and 7kF appears to be weak and gradually degenerating into a smooth curve.
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Introduction

Despite one-dimensional (1D) Hubbard model (HM) is the simplest strongly correlated model used to describe the physics
of correlated electron systems, the understanding of this model is not complete. This is why calculation of asymptotic
correlation functions, momentum distribution (MD) and its critical exponents have not been properly resolved around odd

Fermi points. In particular, critical exponent at 3k_ obtained by Shaojin et al. [1, 2] disagrees with Ogata and Shiba [3, 4].

The ground state of the 1D HM is a Tomonaga-Luttinger (TL) liquid and the MD function does not show sharp jump, but
rather a power-law singularity near the Fermi surface [5]. Ogata and Shiba carried out numerical calculations for critical

exponents of MD near k. and 3k., and obtained 1/8 and 9/8. Soon after, these critical exponents were reproduced
analytically [6, 7]. Thereafter, Shaojin et al. [1, 2] carried out Density Matrix Renormalization Group numerical calculations
and found that a power-law singularity shows up at 3k_ with critical exponent 3/4, and 1 at 5k. . The result of Shaojin et

al. disagrees with Ogata and others [3 - 7] at 3Kk_ .

We have in this work extended the calculation of critical exponents which has only been done for k. and 3k_ with the

CFT technique [7 - 9], by obtaining MD and critical exponents at 5k_ and 7k_ . In this study, we used the methods of CFT
to establish power-law dependence of the MD and obtained critical exponents at these new Fermi points. The new critical
exponents varies monotonically with change in magnetic field, and as B — 0, they are obtained as 25/8 and 49/8 at 5k,
and 7k. respectively. However, singularities of MD at 5k. and 7k. Fermi points, appears weaker and gradually
degenerating into a smooth curve.

This paper is outlined as follows. Section 1, illustrates the motivation to this study. The mathematical theory is reviewed in
section 2. While in section 3, we present analytical calculations of the asymptotic correlation function, MD and critical

exponents. Discussion of results and conclusion are shown in section 4 and this is immediately followed by list of
references.

2.0 One-dimensional Hubbard Model and Conformal Field Theory approach for
Correlation Functions

The Hamiltonian [10] of the HM is given by the expression

H
H= —Z(chacw HC! .0 )+ uannlel —yZ(nm + nm)—?Z(nm -n,,) 2.1)
lo J J

]

Where C;a (ija) is the creation (annihilation) operator with electron spin ¢ at site j and the number operator is

n =C;UCJ.J. u is the on-site Coulomb repulsion, p is the chemical potential and H is the external magnetic field. The

j.o

hopping integral t =1. Lieb and Wu (1968) obtained the Bethe-Ansatz solution to Eqgn. (2.1) as

N sink. — A4
Nk =271, +22tan‘1[’—ﬁj
A=

u
Ne ci Ng Y, -]
ZZZtan‘1 (mj =27, +22tanl[ - ”j (2.3)
fE u = u

2.2)

The quantum numbers |j and J_ are integers or half-odd integer depending on the particles of the number of down and

up spins, respectively. The state corresponding to the Bethe-Ansatz solution Eqgns. (2.2) and (2.3) has energy and
momentum given by

E,(1,D)-E, =%VC(AZ+AC)+2WHVS (A;+A;)+O(N™) (2.4)
P(1,D)-R,=(27r -2k, —k,,)D, +(27—2k,_.)D, +2W”(A; —A;+A; -A)) (2.5)

Where the conformal dimensions A (A;) for the holon (spinon) excitations are given by

(2.6)

2! (AN, D) =[ZCCDC +Z.D, i%j 12N
€
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2A% (AN, D) =(ZCSDC +Z.D, + +2N? @.7)

The positive integers N__, for holon and spinon describes particle-hole excitations, with N_ (N_,) being the number of
occupancies that a particle at the right (left) Fermi level jumps to, AN_(AN,) represents the change in the number of
electrons (down-spin) with respect to the ground state, D, represents the number of particles which transfer from one
Fermi level of the holon to the other and D, represents the number of particles which transfer from one Fermi level of the

spinon to the other, and both D, and D, are either integer or half-odd integer values. Finally, Z is the dressed charge
2x2 matrix describing anomalous behaviour of critical exponents. The 2x2 matrix elements are given by

Z,(k)=1+["daa (k-2)& 1) 9
ko 0

z.W)=[ dka(A-K)Z (0~ dua(i-u)Z.() 2.9)
z,(0=["dra(k-2)2,®) (2.10)
z,)=1+[" dea(2-K)Z.00-[" dua (2-2)Z, () (2.11)
Where the kernel is defined as

a (x )——L (2.12)

7 (nu)’ +x°

The values of 4, and Kk, are usually fixed by

n, = j . (K)dk j 02 (k) (2.13)
n, _j ps(z)dz_j s (ﬂ)dﬂ j ° £} (k) (2.14)

For small magnetic field Eqns.(2.8) — (2.11) has been solved by Wiener-Hopf technique [8, 11] for terms up to order 1/u
in the strong coupling limit, and obtained the elements to be [see Eqns. (17) to (79) of Ref. 12]

Z (k)=1 (2.15)
Z.(4)=0 (2.16)
2 H
Z (k)=———— }
(k) — (2.17)

c

Z.(2)=\2 [1+;j (2.18)

2 8In(H,/H)
Therefore, the magnetic field dependence of the conformal dimensions Eqgns. (2.6) and (2.7) are given by

22DB

2A;(AN,D)=((D, +4D,)£+AN,) — ((D ++D,)£3AN, )D, + 2N (2.19)

c
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c
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Where B is the external magnetic field, Bc is the critical field and BO is the magnetic field at zero temperature and these
are related by

(2.20)

3

B, = ’2’—80

zes - (2.21)
B =N AN ) g

3u 4u°

with U as the strong coupling. However, the Hubbard model is critical at zero temperature [7 - 9] and remarkable progress
in the description of critical phenomena has been made by application of the concept of CFT [7, 13]. In the language of
conformal field theory, the two point correlation function [7, 10] is given by

St z a,(D,,D,) exp(—2iDk_,x)exp(—2i(D, + D,)k_,x)
! X) = + . 7 " + K — ‘
b (X =iV t)™ (X +iv.t)* (X =iV t)™ (X +iv.t)**

(2.22)

Where K. is the Fermi point with spin G(T,\L), A (VS) is the velocity for holon(spinon) excitations and A (A_,) is
right(left) conformal dimension for C = holon and S = spinon excitations.
3.0 Long-Distance Asymptotics for Correlation Functions

Now we use the predictions of conformal field theory outlined in section 2, to obtain the long-distance asymptotic
expression. In particular, we want to calculate the electron field correlation function with spin up

G ()~ z a,(D,,D,) exp(—2iDk_,x)exp(—2i(D, + D,)k_ )
" & (X =PV (X + V1) (X —iV.E)™ (X +iv)™

(3.1)

Here, both D, and D, take half-odd integer, AN, =1, AN, =0 and N_, =0. Our calculations are done for the quantum
AN, AN,, D,, D,)=(0, 1, 0,-1/2,3/2), (0, 1, 0,-/2,-1/2), (0, 1, 0, 3/2, —1/2) and (0, 1, 0, -3/2, -

1/2). Therefore, the corresponding conformal dimensions for (0, 1 0,—1/2,1,/2) are obtained as

numbers (Ni

cs’?

1 B BB

e SRR (3.2)
16 7°B, 16 7°B,
. —
20;=0, 28,=3 (3.3)

Egns. (3.2) and (3.3) are contributions from the holon and spinon excitations respectively. For (O, 1, 0,—1/2,—1/2), we
obtain conformal dimensions corresponding to the holon and spinon excitations as

16 27°B, 16 27°B,

(3.4)

2 7°B, 7°B,

For guantum number (O, 10, 3/2, —1/2), we obtain conformal dimensions corresponding to the holon and spinon
excitations as

2A;=4—9+ /B , A;=3+ 38
16 27°B, 16 27°B,

(3.6)
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ZA:ZE— 2B ) ZA;Z— 2B 3.7)
2 7°'B 7°B,

c

Finally, for the quantum number (0, 10, -3/2, —]/2), contributions from holon and spinon excitations are obtained as

op 25 5B, 8L 9B
© 16 27°B, ° 16 27°B,

(3.8)

on; =128 op o 2B 39
2 7°B, 7°B,

Using the results of conformal dimensions Eqns. (3.2) — (3.9) on Eqgn. (3.1), we obtain the long-distance asymptotic
expression for electron field correlation function with spin up as

a cosk,X) % cos((k, , + 2k, ,)X) L cos( (3K, , +2k,,)x) L cos((3k,, +4k,,)x)
Oca

G (t,x)~

~ : (3.10)
|x+ivt

1 Os1 Oc2 052 Oc3 053 Os4

|x+iv,t

[x+iv ™ [x +ivt

X+iv t

|x+ivt

X+ivt X+iv t

Note that the Fermi point 3k. manifests as K_. +2Kk_,, 5k. as 3k_, +2k_, and 7k. as 3k_, +4k_, respectively.

Fl’
Where the exponents are given by

001=2Az+2A;:§+ & , 6?51=2A:+2A;=l (3.11)
8 7B, 2

HCZ:E— A2 : eszzl— i (3.12)
8 7x'B, 2 7'B,

HC3=§+ 2H : 953=l— i (3.13)
8 7#°B, 2 7B,

HC4=5—3— . , 054=l— 45 (3.14)
8 7x°B 2 7n'B,

3.1 Momentum Distribution Function

The long-distance asymptotic expression Eqn. (3.10) has singularities near the Fermi points k., 3k., 5k. and 7k.

respectively. Therefore, the momentum distribution at k. is given by Eqn. (3.15) with critical exponent &,

o

G'(k=k,,)~sgn(k —k,_.)|k =k, (3.15)

7°B

c

We determine the exponent by plotting in Fig. 1(a) &, versus magnetic field B/B, and get 6, [11/8 as B — 0. This value
has been obtained earlier [1 - 4, 9, 14]. The MD, G (k) is plotted in Fig. 2(a), and its singularity at k ~ K. is obvious.
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Fig 1. Critical exponent of the momentum distribution at (a) k. and (b) 3k_. versus magnetic field B/Bc .
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Fig. 2. Momentum distribution functions G' of (@ k. and (b) 3k. singularities in the electron field
correlation function in the 1D Hubbard model.

The next singularity occurs at 3k_, with momentum distribution and critical exponent given Egns. (3.17) and (3.18)
respectively.

G'(k~k_, +2k ) ~sgn(k—k_, 2k )|k—k_, -2k_|[° (3.17)
93:9c2+052_1=g_ B
8 =n’'B

c

(3.18)

We plot in Fig. 1(b), the exponent &, versus magnetic field B/B_ and get 6, [19/8 as B — 0. The singularity at k ~ 3k
is shown in Fig. 2(b). The momentum distribution, GT(k) decreases continuously to a point k =0.757z, where

discontinuity occur. Thereafter, G' (k) begins to increase again. Near 5k. and 7k._, the momentum distribution and
critical exponents are obtained as

%

G'(k~3k,_, +2k_ ) ~sgn(k—3k_, —2k_ )|k ~3k_, —2k_, (3.19)
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25 B

0.=0,+6,-1=—+ (3.20)
8 7n°'B,

G'(k ~3k_, +4k_ ) =sgn(k —3k_. —4kw)|k =3k, . —4k_, 7 (3.21)

6,=0,+0, —1=4—9— 118 (2.22)
8 7x°B,

We get 6, [125/8 and 6, [1 49/8 by plotting critical exponent &, and 6, versus magnetic field B/B_ as shown in Fig. 3.

Weaker singularities at 5k. and 7k_ are noticed in the plots for G' (k) in Fig. 4. This may be due to increase in number
of particles which transfer from one Fermi level of the holon to the other.
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and 6, for the momentum distribution at (a) 5k, and (b) 7k. versus

magnetic field B/B, .

o=

Fig. 3. Critical exponents 6

5

s 8
<t
6
& 3 G
4 < 4
% 3 ‘ .
° v \_/ . or——— N ——
0 osx = 15% x 285x 0 0Sx = 152 = 15w
@ ®

Fig. 4. Momentum distribution functions G' of (@) 5k. and (b) 7k. singularities in
the electron field correlation function in the 1D Hubbard model.

3097 |Page November 20, 2015



ISSN 2347-3487

Discussion

It is clear from the critical exponent equations given by (3.16), (3.18), (3.20) and (3.22), that exponents of the momentum
distribution which characterizes the Tomonaga-Luttinger liquid in contrast to the usual Fermi liquid theory depends on the
magnetic field. When B — 0, the critical exponents are obtained as 1/8, 9/8, 25/8 and 49/8 at various Fermi points.

Power-law singularity occurs at the Fermi points k_, 3k_, 5k. and 7k_, respectively. This singularity behaviour appears
around k =0.257 and k =0.75z for k. and 3k_ as shown in Fig. 2. The calculated exponents for the MD singularities
at k. and 3k. agrees with the results from numerical study. The calculated exponent for the MD at 5k is significantly
25/8 and indicates there is weak singularity near this point. This result disagrees with the numerical prediction of 1. We
obtained an exponent of 49/8 at 7k. . However, singularities at 5k, and 7k_ appears weaker and gradually degenerating
into a smooth curve. This property at 5k. and 7k. may lead to better understanding of Tomonaga-Luttinger liquid. This
can be examined further to explore the physics involved.
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