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ABSTRACT 

The efficiency of virtual cross sections method and MELS (Magneto Elastic Layered Systems) hypotheses application is 
shown on model problem about distribution of wave field in thin surface layers of waveguide when plane wave signal is 
propagating in it. The impact of surface non-smoothness on characteristics of propagation of high-frequency horizontally 
polarized wave signal in isotropic elastic half-space is studied. It is shown that the non-smoothness leads to strong 
distortion of the wave signal over the waveguide thickness and along wave signal propagation direction as well.  

Numerical comparative analysis of change in amplitude and phase characteristics of obtained wave fields against 
roughness of weakly inhomogeneous surface of homogeneous elastic half-space surface is done by classical method and 
by proposed approach for different kind of non-smoothness.  
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1 INTRODUCTION  

It is known that unlike Rayleigh wave it is impossible the localization of horizontally polarized (SH) waves near perfectly 
smooth mechanically free surface of isotropic elastic half-space [1,2]. From the other hand side, there exist localized high-
frequency (short) waves near the contact line between elastic half-space and thin mechanically soft layer made from 
different material (see for example [2]). The localization of high frequency wave signals at smooth free from mechanical 
loads surface of waveguide also occurs in the presence of certain physical properties of material of the half-space (see for 
example [3,8, 9]). The case of smooth surfaces, unlike non-smooth ones, being idealized models can almost always be 
completely investigated. It is especially important for investigation of high-frequency wave signals (short waves) 
propagation in layered waveguides considering the actual heterogeneity (non-smoothness) of the surface layers, 
especially when the length of the wave signal is proportional to average surface roughness step. Accounting 
inhomogeneous surface layers of the layered waveguide significantly complicates the study of mathematical model of the 
problem, but makes it possible to reveal new near-surface wave effects and more accurately calculate the quantitative 
characteristics of the wave field. Most theoretical investigations of acoustic problems for not-smooth surfaces are done 
either by appropriate integral transformation [5,6] or by a perturbation method [7], deriving asymptotic estimates of wave 
characteristics. In [19,20] SH acoustic waves propagation in plate with rough surface is studied by method of integral 
transformations assuming that the average roughness height everywhere is a small part of the thickness of the 
waveguides (plates). In [8] the influence of dispersion due to roughness on surface acoustic waves and wave packets (in 
the frequency range of 30-200 MHz) for different degrees of nano-meter roughness on the surface of silicon (section-001) 
and (section- 111) is investigated. It is shown that the effect of the frequency dispersion induced by surface roughness will 
be significant for some relative characteristics of non-smooth surfaces. Previously unknown dispersion effects caused by 
crystalline anisotropy of surface layers is revealed. In [9] the problem of Love waves propagation in corrugated isotropic 
layer of homogeneous isotropic halfspace studied. The dispersion relation for the corrugated layer is derived as a function 
of wave amplitude, frequency and parameters of the corrugated section. In particular cases, the dispersion relation has 
been studied for corrugated layers bounded by periodic surfaces d1 · cos(px) and d2 · cos(px). It should be noted also that 
in problems with complex statement about distribution of directed waves in waveguides, along with roughness of surfaces 
of the waveguide the reasons for arising new wave phenomena can be others (optical, electromagnetic, adhesive 
properties of bonded interfaces, etc.) [15, 16,21–24]. In some studies the boundary value problems are solved numerically 
often relying on algorithms involving finite element method on the basis of existing packages [25,26]. Such an approach of 
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course allows modeling of quite complicated boundary value problems, but it can suppress the general solution and 
conclusions. 

 For identifying interaction effects of propagating wave signal with 
surface inhomogeneities it is natural to look for them in near-
surface area of coupling to non-smooth surfaces. On this basis in 
[10,11] a model combination approach is proposed: by picking 
virtually out a homogeneous layer of variable thickness (or 
inhomogeneous thin layer with constant thickness) from coupling 
zone of piezoelectric half-spaces, and by introducing hypotheses 
about distribution of physical and mechanical fields and material 
characteristics over the layer thickness, the problem is reduced to 
investigation of wave phenomena occurring with more visual form 
of the dispersion equation and analytical solutions. 

To identify wave effects (possible localization, distortion of the 
amplitude or phase function, possibility of internal resonance or 
interruption of frequency zones) emanating only from the 
heterogeneity of the surface of the waveguide, in this article is 

being investigated the propagation of horizontally polarized (SH) shear wave signal in an isotropic elastic half-space, using 
the method of virtual sections and inputting hypothesis MELS [10,11].  

2 THE PROBLEM STATEMENT 

The propagation of high-frequency monochromatic horizontally polarized shear wave signal in isotropic elastic half-space 

occupying in Cartesian coordinate plane the domain  ;  ( );  x y h x z      with non-smooth, load free 

surface ( )y h x  is investigated. The coordinate axis 0y   is directed along maximal tangential ledge of the non-

smooth surface (Fig. 1). Another characteristic line of the surface heterogeneity (non-smooth) will be the tangent line of 

maximal trough max minmax ( ) ( )y h x h x R     , of irregularities of the half-space surface.  

    The problem for horizontally polarized displacement in the half-space is separated from that for plain deformation, and 

the displacement ( , , )w x y t  of shear wave (SH) satisfies to the equation 

   

2 2 2
2

2 2 2

( , , ) ( , , ) ( , , )
t

w x y t w x y t w x y t
c

x y t

  
 

  
,      (1) 

in which 
2

tc G  is the speed of shear bulk wave in the medium.  

    The normal to the geometrically inhomogeneous surface ( )y h x  which is free from mechanical loads reads as 

follows   

      2 2
( ) ( ) 1 ( ) ;  1 1 ( ) ;0n h x h x h x h x    


,     (2) 

the boundary condition    ( , , ) ( ) ( , , ) ( ) 0zx x xy yx y t n h x x y t n h x      takes the form 

 

( ) ( )

( , , ) ( , , )
( ) 0

y h x y h x

w x y t w x y t
h x

x y 

 
   

 
.      (3) 

    Naturally, it is merely a model problem about propagation of high-frequency horizontally polarized monochromatic shear 

wave signal in isotropic elastic layer-waveguide  ;  ( ) ;  x y h x z    the surfaces ( )y h x   of which is 

non-smoth and free from mechanical loads, considered in short-wave approximation 0 0H  , where 0  is the wave 

length, and 0H  is the basic depth of the elastic waveguide.  

    In the case of short-wave approximation along with condition (3) we have to indicate also a condition on the wave field 
at infinity, i.e. when y  . 

    Moreover, if the attenuation condition is satisfied at infinity y   

 

Fig. 1:  Virtual allocation of roughness as a 

heterogeneous layer of variable thickness 
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( , , ) 0
y

w x y t


 ,         (4) 

then localized wave exists on the surface ( )y h x  of the half-space due to presence of surface geometric 

heterogeneities. If the wave field is not attenuated at infinity, then presence of surface geometric heterogeneity does not 
lead to localization of wave signal. 

    Equation (1) with boundary condition (3) and the condition of attenuation at infinity (4) form a mathematical boundary 
value problem. 

3 SOLUTION OF THE PROBLEM  

To reveal the effects of heterogeneity of the half-space surface on the amplitudefrequency characteristic of the 

propagating plane wave signal   0 0 0( , , ) ( ) expw x y t W A y i k x t   , and then assess the accuracy of the 

method of sections and the virtual hypotheses MELS [10,11], the solution of the formulated boundary value problem will 
be implemented in two ways. The first way is the direct solution. 

 3.1 Representation Of the Solution As Complex Waves  

Physical heterogeneity of the environment or geometrical heterogeneity of the waveguide surface naturally lead to 

interaction of amplitude-phase of the plane monochromatic wave signal   0( , , ) ( ) expw x y t W A y i kx t   . Due 

to geometric heterogeneity of the waveguide surface the propagating wave is presented as follows 

  0( , , ) exp ( , ) exp ( , )w x y t W U x y i x y t    ,     (5) 

where  ( , ) ln ( , )wU x y A x y   is the logarithm of the amplitude function, ( , )wA x y  is the amplitude function, and 

 ( , )x y t   is the phase function of the propagating wave. Then from the linear boundary value problem (1), (3) and 

(4) we come to the nonlinear interaction of the logarithm of the amplitude function ( , )U x y  and phase function 

 ( , )x y t   [13,14].  

    Since the presence of the half-space non-smoothness (see (3)) leads to amplitude-phase interaction, the solutions of 
obtained boundary value problem are presented with complex characteristics, namely wave attenuation coefficient 

2 2

1 21 k i       and wave number 1 2k k ik . Here   1 2 1 2tk ik c i       is the complex 

relative phase velocity. Satisfying to the complex representation of the wave 

      0 1 1 2 2 2 1 1 2 2 1( , , ) exp exp expw x y t W k k y k x i k x k k y t              , (6) 

from conditions (3) and (4) we obtain complex dispersion equation 

   1 1 2 2 1 1 1 2 2 2( ) ( ) 0ik h x i k k k k k h x          ,     (7) 

from which we obtain conditions for existence of non-trivial solution 

1 0  ;  2 ( )h x   ;       1 2 0 ( )i ih x       ;  

2 0k  ;     2 0  ;                
1 2

2

1 0( ) 1 ( )tk k x c h x


      (8) 

Thus, for propagation of plane shear wave signal   0 0 0 0w ( , , ) expx y t W i k x t   in elastic half-space with non-

smooth surface ( )y h x , from the propagating plane body waves are being formed not attenuated wave field as along 

the depth of the elastic half-space, as along the direction of the propagation 

w( , , ) w ( , , ) w ( , , )x y t x y t x y t   ,                                     (9) 

or in expanded form

  
 

1 2
2

0 0

1 2
2

0 0

w ( , , ) exp ( ) 1 ( )

                      exp 1 ( )

x y t W ik h x h x y

i k h x x t







      
 

            



,     (10) 
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Unlike half-space with smooth boundary, the propagation of plane shear wave signal in half-space with non-smooth 
surface brings to distortion of permanent amplitude on plane fronts of propagating and reflecting waves, i.e. 

0 0 0k x t  . Thus, 

      
1 2

2

0 0 0w ( , , ) exp ( ) 1 ( ) expx y t W ik x h x y h x i t



          
 

. 

The distorted wave field in the half-space  ;  ( );  x y h x z      will take the following form 

    
    

 

1 2
2

0

0 0
1 2

2

0

exp ( ) 1 ( ) +

w( , , ) exp

exp ( ) 1 ( )

ik x h x y h x

x y t W i t

ik x h x y h x







         
    

        
   

.   (11) 

From relations (9)-(11) it becomes obvious that the distortion of propagating and reflecting waves occurs along the unit 

tangent vector of the non-smooth surface:       2 2
( ) 1 1 ( ) ;  ( ) 1 ( ) ;  0h x h x h x h x     


 .  (12) 

Moreover, the presence of non-smoothness ( ) 0h x   on the half-space surface generates vibrations in the direction of 

“ y ” of the form 

   
1 2 1 2

2 2

0 0cos ( ) 1 ( ) sin ( ) 1 ( )k h x h x y i k h x h x y
             

         
,   (13) 

and the presence of non-smooth surface ( ) 0h x   leads to the distortion of the flat front of propagation in the direction 

“ x ”, i.e. 0 0 0k x t  of the form 

 
1 2

2

0cos 1 ( )k x h x
   

   
.        (14) 

    Let 0 const   is the eigen-frequency of the wave signal source for the established dynamics, and the speed of bulk 

shear wave 0 0tc G const   in the half-space material. Then, dispersion will occur either in wavelength or wave 

number 

 
2

0( ) 1 ( )x h x      ,            
1 2

2

0( ) 1 ( )k x k h x


  
 

.                               (15) 

It follows from (15) that 0( )x  , i.e. the surface heterogeneity increases the wavelength with respect to the length of 

the wave signal. Then the corresponding frequency of oscillation will be  
1 2

2

0 0( ) 1 ( )x h x  


   
 

. 

    The nature of the change in the wavelength, or self-induced oscillation frequency (dispersion) for the propagation of the 
wave signal is definitely determined by the nature of the surface heterogeneity and depends on the relative linear 

characteristics of non smoothness: *  is the average pitch and R  is the maximal height of the ledge of surface 

roughness. 

    The analytical solution and discussion of the results were convincingly possible due to maximal prostate of the selected 
model boundary value problem. In the case of complicated mathematical boundary value problem corresponding to 
geometric heterogeneity (docking of two rough surfaces with or without adhesive) or when it is necessary to take into 
account arising physical inhomogeneity of the material of the waveguide, the method of direct solutions will not always be 
of help. 

3.2 Solution By the Method Of Vertical Sections And Applying Hypotheses MELS 

For a more complete detection of surface wave phenomena near the non-smooth surface of the half-space let us resolve 
the problem by the method of virtual sections and introducing the hypotheses MELS [10,11]. Since surface 
nonsmoothness as a geometric heterogeneity is localized in the near-surface area of the half-space, along the line 

y R  , where R  is the maximal valley of non smoothness, let us virtually cut the homogeneous near-surface layer of 
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variable thickness  ;  ( );  x R y h x z     . Then we also will have the homogeneous half-space 

 ;  ;  x y R z      , which is in full contact with the virtually cut layer (Fig. 1). 

    It is obvious that in the resulting layered waveguide along with equation (1) in two separated areas, boundary condition 

(3) on the mechanically free, nonsmooth surface ( )y h x  and conditions of the wave amplitude attenuation at infinity, 

on the plane of the virtual section y R  , the conditions of conjugation of the elastic field  

   1 2, , , ,
y R y R

w x y t w x y t
 

 ; 
   1 2, , , ,

y R y R

w x y t w x y t

y y
 

 


 
,  (16) 

must be satisfied. 

    The solution in half-space attenuating at infinity has the known form 
 

1 01( , , ) exp( )
i kx t

w x y t W ky e





  . Taking 

into account the thinness of introduced layer of variable thickness, let us represent the solution in it by means of shear 
displacements on the surfaces of introduced layer:  

         2 1 2 1, , , , , , ( ), , ,ww x y t w x R t g x y w x h x t w x R t        .   (17) 

Here, the shear wave field distribution function along the variable thickness of the layer is taken to be  

     , ( )wg x y sh k y R sh k h x R          ,     (18) 

in order to satisfy conditions of conjugation (16) on the plane of virtual sections. For this it is necessary that on the surface 

of the layer  , ( ) 1wg x h x   and  , 0wg x R  . Moreover, taking into account that in homogeneous halfspace have 

the known form 
 

1 01( , , ) exp( )
i kx t

w x y t W ky e





  , in homogeneous layer  ;  ( );  x R y h x z      

it must be expressed by wave harmonics exp( )ky . 

    Then, the elastic shear in the layer will take the form 

       2 01, , 1 exp( ) expw x y t W sh k y R kR i kx t          , when  ,y R h x      (19) 

    For investigation of existence of nontrivial solutions, from the boundary conditions (3) we obtain the dispersion equation 

    ( ) 1 ( ) ( ) 0ikh x sh k h x R k ch k h x R               .   (20) 

Obviously, in the case of waveguide smooth surface, i.e. when ( ) 0h x  , equations (20) and (7) has only the trivial 

solution 0k   corresponding to non dispersion and non attenuation along the depth of the shear waves. 

    Simplifying (20) we will arrive at 

 

 

1 ( )
( )

( )

sh k h x R
k ikh x

ch k h x R






    
  

.       (21) 

For ultrasonic wavelengths, i.e. when  0 max max2 1 ( )R h x R    , from (21) it follows that the wave interaction 

argument  ( ) 0k h x R   . For wave signals ”longer” than the height of maximal ledge maxR , i.e. when 

 2 1 ( )R h x R    , from (21) it follows that the wave interaction argument  ( ) 1k h x R   . It is easy to 

see that in both cases the factor on the right hand side of (21) tends to unity without changing the sign and the equation 
itself acquires the form (7), naturally with bounded solutions (8): 

1 2 0 ( )i ih x       ;     
1 2

2

0 0( ) 1 ( )k x k h x


  ;   

 
1 2

2

0 0 0( ) 1 ( )x h x  


   
 

;  
2

0 0( ) 1 ( )x h x     .   (22) 
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Therefore, introducing unknown function ( )i x    the solution of (21) will take the form 

( )ih x   ;    
1 2

*( ) ( ) ( )nk x n h x R h x
 

      ;   n    (23) 

In fact, the heterogeneity of the half-space surface when signal (19) with parameters (22) is propagating generates 
similarity oscillations due to the ratio of the wave signal length and variable thickness of the virtually selected layer 

 
 

   

 

   
 

* 0

0

0 02

1
w , , 1 exp

1 ( ) ( ) 1 ( ) ( )

                    exp
2 1 ( ) ( )

n n

n y R n
x y t W sh i i

h x R h x h x R h x

n R
i k x t

h x R h x

       
                 

  
   

   

. (24) 

The length and frequency of the generated oscillations are represent by relations 

   
2

*( ) 2 ( ) ( )n x h x R n h x      ;       
1 2

*( ) ( ) ( )n tx n c h x R h x 
 

       , (25) 

respectively. It becomes obvious from (25) that these in-layered oscillations do not exist if ( ) 0h x  , or simply vanish 

when ( )h x R  or in the case of large numbers of forms 1n  . 

    Thus, considering the characteristics of the dispersions (23) in the nearsurface selected layer of thickness 

 ;  ( )y R h x  , for elastic shear we obtain 

     * * *

1

w , , = w , , w , ,n n

n

x y t x y t x y t





   .      (26) 

Thus, using the method of virtual sections and introducing hypothesis MELS, from (17) and (18) new, commensurable with 

linear dimensions of the nonsmoothness oscillations of length  ( )k h x R    are revealed. At that naturally all 

possible modes of length *( )n x  from (24) occur. Note that in the weakly inhomogeneous surface of the half-space when 

the variable thickness of near-surface layer is much smaller than the wavelength of the signal, i.e.   0( )h x R   , 

and in the case of strictly inhomogeneous surface of the half-space when the variable thickness of near-surface layer is 

much bigger than the wavelength of the signal, i.e.   0( )h x R   , we get the same wave fields with characteristics 

(22). 

4 Equivalent Dynamic Bearing Load On Surface 

The presence of inhomogeneous surface leads to interaction of plain wave with non-smoothness. Introducing the equation 

of motion (1) in the virtually cut layer ( )R y h x    in the form  

2 2

2 2

yzw w
G

x y t

 
  

  
 ,        (27)  

and integrating it over the variable thickness of layer we derive the difference between mechanical tension on the virtual 

surface y R   which is equivalent to presence of the cut layer of variable thickness in the near-surface layer  

( ) ( )
2 2 2

( )
* * *

2 2 2

w w w
h x h x

h x

yz R

R R

G dy G dy
x t y

 

   
       

     .    (28) 

Taking into account surface conditions (3) and (16) and expression (26), (24) for shear in the cut layer ( )R y h x    

and (9), as well as (11) for shear in the homogeneous half-space y R    , for equivalent load we will obtain 
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( )
*

( )

w w
( )

h x

yz R
y h x y R

G h x
x y

 

   
       

   

.     (29) 

Consequently, the problem of propagation of shear wave signal in the halfspace with non-smooth surface is equivalent to 
the problem of propagation of monochromatic shear signal in the half-space loaded with dynamic force 

( ) ( )h x h x

yz yzR R 
     and smooth surface y R  . 

5 Internal Resonance 

It was shown above that when shear wave signal is propagating in waveguide with non-smooth surface, established 
oscillations with characteristics (8) and (15) occur. On the other hand, due to the presence of non-smoothness 

commensurable with wavelength of propagating signal, 

oscillations in the near-surface area ( )R y h x    are 

generated characterized by relations (23) and (25). Since in the 
first version of solution (11) the induced frequency has the form 

 
1 2

2

0 0( ) 1 ( )x h x  


   
 

, then it will be resonant at  

 
1 2

2

0 0( ) 1 ( )r x h x  


   
 

  (30) 

or at the critical points, where ( ) 0h x  .  

        In the case of corrugated (sinusoidal) surface of the half-

space when    *( ) 2 sin 2 1h x R x       will have 

   * *( ) cos 2h x R x      , consequently induced 

frequency will be resonant when 

   * *( ) cos 2 0h x R x       . Therefore in the case 

of macro non-smoothness of the half-space surface when the 
average pitch of the irregularities is not bigger than the 

maximum height of the ledges, i.e. 
4

* max 10R  , we have 

 
2 7max ( ) 10h x    for all wavelengths of the signal.   

    Thus, in this case the surface of the half space behaves as an 
ideally smooth, and internal resonance occurs in the excitations 

of eigen-frequencies 0( )r x  . 

    From the other hand side, for this heterogeneity and in cases 
when the linear parameters of corrugated (sinusoidal) surface 
correspond to other classifications of non-smooth surface, for 

instance, surface waviness * max 50 100R   or surface 

roughness * max 10R  , then the internal resonance can 

occur in separate segments of the configurations of the surface. 

  Local internal resonances may occur in surrounding areas of 
the critical points of the surface roughness, near the tops of the 
ledges or near pits troughs where the derivative of then non-

smoothness tends to zero: ( ) 0h x  . In the case of 

corrugated surface of half-space these zones 

  *1 4 ( )mx m o      , m . 

  For virtually cut near-surface layer ( )R y h x    in the case when the non-smoothness is commensurable with the 

wavelength of the propagating signal, oscillations generated in the near-surface zone characterized by multiple 

 

Fig. 2.a: shortwave signal 0 0.25 R    for 

macro inhomogeneous surface 
4

* 10 R   . 

 

Fig. 2.b: shortwave signal 0 0.25 R   for 

waviness surface 
2

* 10 R   . 

                

Fig. 2.c: shortwave signal  0 0.25 R    for 

rough (sawtooth) surface * R  .  
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frequencies    
1 2

*( ) ( ) ( )n tx n c h x R h x 
 

        are revealed. Equating value 
*( )n x  to the value of 

frequency of established waves  
1 2

2

0 0( ) 1 ( )x h x  


   
 

, we will obtain a condition of internal resonance 

with respect to the ratio of the wavelength and geometric characteristics of non-smoothness: 

   

 

2

0
2

( ) ( )2

1 ( )

h x R h x

n h x


 

 


.        (31) 

In the case of corrugated (sinusoidal) surface when    *( ) 2 sin 2 1h x R x       the internal resonance will 

occur at 

       

    
      

2

*

* 0
2

0
*

sin 1 cos
; ;

1 cos

x R xR
n F R R x

R x

   
  


  

            
   

 , (32) 

where    *2 0;2x x     is the scaling argument 

along the surface. 

6 NUMERICAL COMPARATIVE ANALYSIS 

From solution of (11) it follows that in the near-surface layer 

( )R y h x   , as well as throughout the depth of the half-

space a single dispersive, not attenuated form of oscillations is 
propagating. If the presence of surface heterogeneity generates 
oscillations along the variable thickness of the layer of the form 

 

 

1 2
2

0

1 2
2

0

cos ( ) 1 ( )

sin ( ) 1 ( )

k h x h x y

i k h x h x y





    
   

     
   

  

then these heterogeneities distort the plane fronts of wave 

signal  
2

0 0 1 1 ( )ik x ik h x x     
  

 along 

directions of propagation and reflection.  

    For different characteristic inhomogeneities of the surface of 

the half-space; macro inhomogeneity 
4

* max 10R  , 

waviness 
2

* max 10R  , roughness * max 10R  , or 

sawtoothness * max 1.0R  , forms of the wave surface 

corresponding to solution of (11) are shown in Fig. 2.a; b; c. For 
similar parameters, forms of the wave surfaces corresponding 
to solution of (26) taking into account (24) are shown in Fig. 3.a; 
b; c. 

    From Fig. 2 and Fig. 3 it is visable that in the case of the 
surface sawtooth inhomogeneity, the wave surface is distorted 
more quickly and dramatically compared with weakly 
inhomogeneous surface. 

    From solution (26) with (24) it is obvious that the new 
approach reveals the effect of surface inhomogeneities 
analytically, and the wave field is represented as a package of 
waveforms. It can be seen as well that in the case of weakly 
inhomogeneous surfaces when the wavelength of the signal is 
much bigger than the height of the surface roughness 

 

Fig. 3.a: shortwave signal 0 0.25 R    for 

macro inhomogeneous surface 
4

* 10 R   . 

 

Fig. 3.b: shortwave signal 0 0.25 R   for 

waviness surface 
2

* 10 R   . 

 

Fig. 3.c: shortwave signal  0 0.25 R    for 

rough (sawtooth) surface * R  . 
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 2 1 ( )R h x R    , solutions of the distortion of phase function in directions of propagation and reflection of 

wave are the same ±  
2

1 1 1 1 ( )ik x ik h x x     
  

 

in both approaches, while the distortions of the amplitude along 
the thickness of the virtually cut thin layer in the near-surface 
area are different: 

    1 1cos ( ) 1 exp ( )W k h x y R ik h x R        . 

In the particular case of corrugated (sinusoidal) surface of the 

half-space    0( ) 2 sin 2 1h x R x       where *  is 

the average pitch, and R  is the maximum height of the ledge 
(or the maximum depth) of the non-smooth surface, distortions 
of the amplitude functions from non-smooth surface along the 
depth of the half-space for different types of weakly 

inhomogeneous surfaces  0max ;R  are plotted in Fig. 

2. 

    Note, that for macro roughness * 1000R   or surface 

waviness * 50 1000R  , the weak inhomogeneity of the 

surface is governed by the ratio of the wavelength of the signal 

and the average pitch of the irregularities is 0 *p   , while 

in cases of roughness * 50R   or even greater and 

sawtoothness * 1R  , the weak heterogeneity is governed 

by the ratio of the signal wavelength and the maximal height of 

non-smoothness is 0q R . It turns out that in cases of 

weakly inhomogeneous macro roughness or waviness of the 
surface (thick waveguide) in the near-surface zone the elastic 
shear does not differ qualitatively, and the quantitative relative 

difference is of order 
12 810 10   (Fig. 2a). 

    In the case of rough irregularity of the surface (Fig. 2b), the 
elastic shear is strongly distorted along the depth of the half-

space when 0 0,5 2R  , and especially in the near-

surface area ( )R y h x    significant quantitative 

differences between solutions (11) and (26) arise. 

    Distortions of the phase functions from non-smooth surface 

along of the signal wavelength 0 *0,5    is plotted in Fig. 

4 for different types of surface inhomogeneities. 

    In the case of macro inhomogeneous surface, the phase 
distortion can be neglected and is established along the 
propagation of the wave signal quite slowly (Fig. 4.a). From comparison of the distortion graphs (Fig. 4a, 4b, 4c) it is seen 
that the waviness and the roughness are more sensitive for high frequency wave signals. It is also seen that in all cases 
the distortion of the phase functions starts immediately after the signal passage of the first ledge of the non-smooth 
surface. 

    The analysis of possible internal resonance is also carried out numerically in particular case of corrugated (sinusoidal) 

surface of the half-space    0( ) 2 sin 2 1h x R x      . From condition of coincidence of minimal frequency of 

multiple induced harmonics    
1 2

*( ) ( ) ( )n tx n c h x R h x 
 

        with the main frequency distortion of the 

amplitude  
1 2

2

0 0( ) 1 ( )x h x  


   
 

, we get the resonant wavelength of the signal. 

1 2 3 4 5 6
x

1

1

1

1

1

y

 
4.a:  shortwave - comparable in length signal 

*0 0.5    for macro inhomogeneous surface 

4

*
10 R    

1 2 3 4 5 6
x

0.9996

0.9997

0.9998

0.9999

1.0000

y

 
4.b:  shortwave - comparable in length signal 

*0 0.5    for waviness surface 
2

*
10 R    

1 2 3 4 5 6
x

1.0

0.5

0.5

1.0

y

 
4.c: shortwave - comparable in length signal 

*0 0.5    for strong rough surface 
*

0, 8 R    

 
Fig. 4:  The distortion of phase function at the 
propagation of wave signal in the case of 

different types of irregularities of surface                
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For macro inhomogeneity when 
4

* max 10R   and for waviness 

when 
2

* max 10R  , in half-space internal resonance can arise 

when ultrashort wave signals propagate correspondingly for 
11

0 *10   and 
5

0 *10  . If the surface is rough 

* max 10R   or sawtooth * max 1.0R  , then the internal 

resonance occurs for wavelengths 
2

0 *10   and 
0 *3,6   

(Fig. 5.a–5.d), correspondingly, commensurable with the sizes of the 
non-smoothness. 

7 CONCLUSION 

The use of virtual sections and the introduction of hypothesis MELS 

unlike direct solution allows to identify near-surface wave effects of 

surface inhomogeneities and obtain analytical solution in the near-

surface areas. Surface heterogeneities of homogeneous elastic 

waveguide convert flat wave signal to a non-attenuated oscillatory 

motion into the waveguide and distort the flat front of the signal. The 

localization of horizontally polarized shear (SH) shortwave (high 

frequency) signals occurs in the near-surface areas of variable 

thickness virtually cut layer.  

Analytical and numerical comparative analysis show that independent 

from heterogeneity types in the case of weakly inhomogeneity of the 

waveguide surface, solutions fully coincide. At comparable lengths of 

the wave signal with the characteristic dimensions of the non-smooth 

surface of the waveguide due to the presence of surface 

heterogeneities in the near-surface layer occur oscillations which in 

cases of certain wave signal lengths can cause internal resonance. 
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