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ABSTRACT

In this paper, we prove the generalized Hyers-Ulam stability of proper JCQ*-derivations on properJCQ*-triples associated
to the general (m,n)-Cauchy-Jensen additive functional equation:
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INTRODUCTION AND PRELIMINARIES

Ternary algebraic operations were considered in the 19" century by several mathematicians such as Cayley [2] who
introduced the notion of cubic matrix which in turn was generaliaed by Kapranov, Gelfand and Zelevinskil et al. [14].
Ternary structures and their generalization, the so-called n-ary structures, raise certain hopes in view of their possible
applications in physics. Some significant physical applications are described in [15, 16].

The study of stability problems of functional equations which had been proposed by Ulam [29], concerned the stability of
group homomorphisms. The famous Ulam stability problem was partially solved by Hyers [8] for a linear functional
equation in Banach spaces. Later, the results of Hyers was generalized by Rassias [26] generalized the theorem of Hyers
by considering the stability problem with unbounded Cauchy differences. This phenomenon of stability that was introduced
by Rassias [26] is called the generalized Hyers-Ulam stability. Since then, the stability problems of many algebraic,
differential, integral, operatorial equations have been extensively investigated [9, 12, 13]. Several mathematician have
contributed works of approximate homomorphisms and their stability theory in the field of functional equations on C*-
algebras, JB* -algebras, CQ*-algebras, JCQ*-algebras [4, 6, 10, 11, 18, 19, 21 - 24, 27, 28].

In the sequel, we use the definitions and notations of a proper CQ*-algebra as in [3].

Let A be a linear space and A, is a *-algebra contained in A as a subspace. Ais called a quasi *algebra over A4, if the
following three conditions hold:

()the right and left multiplications of an element of A and an element of A, are defined and bilinear;
(ii) x1 (@) = (x1x5)aandx; (ax,) = (xa)x, forall x;,x; € Ay, a € 4;

(iii) an involution *, which extends the involution of 4, is defined in a linear space A with the property that (ax)* = x*a*
for all x € 4y, a € 4, whenever the multiplication is defined.

Many authors ([3], [4], [28]) have considered a special class of quasi *-algebras, called properCQ*-algebra,which arise as
completions of C*--algebras.

Definition 1.1. Let A be a Banach module over the C* -algebra A, with involution = and C*-norm || - || 4, such that 4, c A.
Then (4, 4y) is called a proper CQ*-algebra if the following three conditions hold:

(i) Ag is dense in A with respect to its norm || - ||;

(i) (ab)* = b*a*for all a,b € A,, whenever the multiplication is defined;
(ii)) 117114, = SUPaes [jafj< llavlifor all y € Ap.

Definition 1.2. A proper CQ* -algebra (4, 4,), endowed with the triple product Ay x A X Ag 2 (wo,w, wy) = [wg,w*, w;] €
A which is C-linear in the outer variables, conjugate C-linerar in the middle variable and satisfies that [w,, w,w;] € 4, for all
wy,w; € Ag and allw € A, is called a proper CQ* -ternary algebra and denoted by (4, Ay, [-,-:]).

Note that if (4,4,) is a proper CQ*-algebra and [z, x,w] = zx*w for allx € A and all z,w € A, then (4, Ay, [-,-;-]) is a proper
CQ* -ternary algebra.

Definition 1.3. A proper CQ*-algebra (4, 4,), endowed with Jordan triple product

zx*w +wx*z

—2

forallx € Aand all z,w € A, is called a proper JCQ*-triple and denoted by (4, Ay, {,-,'D-

{z,x,w} =

xy +yx

Let A be a proper CQ*-algebra with respect to the Jordan product x o y = -

. Then we get the Jordan triple product
{z,x,w}=(zox)ow+ (wWox*)oz—(zow)ox"
forallx € Aand all z,w € A,.

Deflnition 1.4. Let (4,4,{-,-}) be a proper JCQ*-triple. A C-linear mapping §:4, = A is called a proper JCQ*-triple
derivation if

8 (fwo, w1, w2}) = {§(wo), wy,w} + {wo, 8(wr),wy} + {wo,wy,6(w;)}
for all Wo, Wi, Wy € Ao.
We recall that a mapping p: A = B having a domain A and a codomain (B, <) that are both closed under addition. A

mapping p: A - Bis conlractivelysubadditive if ther exists a constant L with 0 < L < 1 such that p(x + y) < L(p(x) + p(¥))
for all x,y € A. A mapping p is expansively superadditiveif there exists a constant L with 0 < L < 1 such that p(x +y) >
%(p(x) + p(y)) for all x,y € A. Therefore, if a mapping p is contractively subadditive (I = 1) and expansively superadditive
(I = —1), then p satisfies the properties p(A" x) < (A L)™ p(x), respectively.

Let k € Z* be fixed. A mapping p is a k-contractiuelysubhomogeneous if there exists a constant L with 0 < L < 1 such
that a mapping p(1x) < A* L p(x), and p is an k-expansively superhomogeneous if there exists a constant L with 0 < L <
1 such that a mapping p(Ax) < AL—k p(x) forallx e Aand A € Z*.
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Now, we consider a mapping f: X — Y satisfying the following functional equation:

n—-m

1x 1
Al + Y x| =0 Zf(x) (L)

1<i)<<iyp<n, 1k<n j=1 1=1
ky#ij, vje{l,-m}

for all xq,x,,-:+,x, € X, where n,m are fixed integers withn = 2 and n >m > 1. In case m = 1, the functional equation
(1.1) yields the Cauchy additive functional equation

f(z xkl) =n Zf(xi)-

Also, in case m = n, the functional equation (1.1) yields the Jensen additive functional equation

23 ) =13 s
= =1

Therefore, the functional equation (1,1) is a generalized form of the Cauchy-Jensen additive equation and every solution
of the functional equation (1.1) may be analogously called the general (m, n)-Cauchy-Jensen additive functional equation.
Recently, the generalized Hyers-Ulam stability of homomorphisms and derivations in several Banachalgebras associated
to the functional equation (1.1) have investigated by[1],[7],[17],[25].

Let X,Y be linear spaces. For each m € Z*with 1 <m <n, a mapping f: X - Y satisfies the functional equation (1.1) for
alln > 2if and only if f(x) — f(0) = A(x) is Canuchy additive, where f(0) = 0if m <n. In particular, f(n —m + 1)x) =
(n—m+1)f(x) and f(mx) = m f(x) for all x € X.

Throughout this paper, let A be a unital proper JCQ*-triple, A = n —m + 1 be a fixed positive integer withn >2, n>m >
land T' = {u € C: | u| = 1}. For any mapping f: A — A, we define

W, X1 B N %iﬂxij+7§nuxkl | Zf(ux) (1.2)
i=1 =1

1<iy<-<im<n, 1<k;<n
ki, Vi€{1m)

forall p € T* and all x4, ,x,, € A.
STABILITY OF PROPER JCQ*-TRIPLES DERIVATIONS

In this section, we investigate the generalized Hyers-Ulam stability results for proper JCQ*-triple derivations associated to
the functional equation (1.2) in proper JCQ*-triples.

Theorem 2.1. Assume that there exist a contractively subadditive mapping ¢:A} — [0,0) and a 3-contractively
subhomogeneous mapping ¥: A3 - [0, ©)with a constant L < 1 such that a mapping f: 4, — A satisfies

”Ayf(xl!""xn)”A < (p(xl""'xn)r (21)
lf ({wo, w1, w2}) — {f (Wo), wy, wa} — {wo, f (W), wa} — {wo,wr, f(W2)}la < P(wo, wy, wy) (2.2)
for allpe Tt and all xq,---,x,,w,, wy, W, € 4y. Then there exists a unique proper JCQ*-triples derivation &: A, — A such
that
1
IfC) =6lla < 7 ox,,x) (2.3)
( )(n—m+1)(1—L)
m
forall x € A4,.
Proof.Lettingu=1and x; = - =x, =xin (2.1) we get
lre - 5700 < o @24
m)

for all x € Ay, where A =n —m + 1. Using the induction method, we get

i If(l‘x) f(2*x)

Ait+l
p(Ax, -, A

‘ fA f (/1’ X)
yL

—1 .
T @ (x, %) (2.5)
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for allx € Ay and all integers j, k with j > k > 0. Then, the sequence {’%jx)} is a Cauchy sequence in A for all x € A,.

Since A is complete, it converges in A. So, we can define a mapping 6: 4, — A by

fWVx)

(x) =1 - 2.6
(x) = lim = (2.6)
for all x € Ay. Passing the limit j - oo in (2.5) with k = 0, we get
ORI p— : (6, )
X)=6)a € o0k, %) = 75 ox, -, x
(m),l(1—L) (m) (n—-m+1)(1-1L)
for all x € Ay. Now, we show that & is C-linear mapping. It follows from (2.1) and (2.6) that
1 . . )
18,6Ges, - )|, < lim |8 f (Vg M )|, < Jim 1 9Ce, oo, ,) = 0 (2.7)
forallxy, x,, -+, x, € Ag. Then, letting p = 1, the mapping § satisfies (1.1). So, §: 4, = A is Cauchy additive. Also, taking
x;=xandx, =--=x, =0in (2.1), we get §(ux) = ud(x) for all x € 4,. By the same reasoning as that the proof of
Theorem 2.1 of [20], the mapping §: 4, = A is C-linear. Since 3-contractively subhomogeneityof ¢, (2.2) and (2.6), we
obtain that

16 ({wo, wy, w3}) — {8(wp), wy, Wy} — {wo, 8(wy),wy} — {wo, wy, 6(w2)}l4

= lim = |[f (W wo, V wi, ¥ wy ) = (f(F wo), Vwi, Hwy } = (P wo, f(Vwi), Vwy } = {Fwo, Vw, f(Xwy) |,
j—ooo

1 ] ) ] 4
< llm AT] lp(A]WO,A]WDA]WZ) < llm L lp(Wo,Wl,Wz) =0
Jj—ooo Jj—oo
for all wy, wy,w; € 4y. So, we have
8 (fwo, w1, w2}) = {(wp), wy,w} + {wo, 8(w1),wa} + {wo,wy, 6(w,)}
for all wy, wy,w, € Ay. Thus, the mapping § is a proper JCQ*-triples derivation on A4,.

Finally, lets": A, — A be another proper JCQ*-triples derivation satisfying (2.3). Then, we have
! 1 . .
18G) = 8'lla = 771162 x) = 8'G/ 0],

1 f o ) ;

< L (lowx) = sl + 8@ - rll,)
20(x, -+, x)L/

B (:Ill)(n—m+1)'

which tends to zero as j » o« for all x € 4y. Thus, we can conclude that §(x) = §'(x) for all x € 4,. This completes the
proof.

Theorem 2.2. Assume that there exists an expansively superadditive mapping ¢: A5 — [0,00) and a 3-expansively
superhomogenus mapping y: A3 - [0, ) with a constant L < 1 such that a mapping f: 4, — A satisfies (2.1) and (2.2).
Then there exists a unique perperJCQ*-triples derivation §: A, = A such that
L
() =6lla s 0%, %) (2.8)
(F)a-n
m

forall x € A4,.
Proof. By the same reasoning as in the proof of Theorem 2.1, there exists a unique C-linear mapping §: A, — A such that
(2.8). The mapping 6: A, — A is given by

5(x) = lim M f(2) (2.9)
j—oo A]
for all x € 4,. Since a 3-expansively superhomogeneity of s, (2.2) and (2.9), we get
16({wo, wy, w2}) — {8(Wp), wyi, wa} — {wq, 6(wy),wa} — {wo,wq,8(Wy)} 4

— i 3j @ﬂ&)_ Woy W Wa oy _ Mo o W1y Wa,  Wo W1 ﬂ”

j—oo

< lim L Yp(wo,wy,wp) =0
]—)00

for all wy, wy,w, € Ay. The rest of proof is the similar way to the proof of Theorem 2.1. This completes the proof. =

Corollary 2.3. Let s, 8 be nonnegative real numbers with s < 3. Suppose that a mapping f: A, — A satisfies
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”Alf(xlr”'an)”A < 9! (210)
16 ({wo, w1, w2}) = {6(wo), wy, Wy} — {wo, 8 (W), wy} — {wo, Wy, 6(W2)3l4
< 6(lwolly, + lwill, + llwall5,)(2.1D)

forall xq,-, x,, wy, wy,wy € Ay. Then there exists a unique proper proper JCQ*-triple derivation §: A, — A such that

0
If ) =8()lla < (n— (2.12)

m) (n—m)
forall x € 4.

Corollary 2.4. Letr,s € R and 6 be nonnegative real numbers with » # 1,s # 3. Suppose that a mapping f:4, —» A
satisfies

n
18, f Ger, s x|, < 6 lexillﬁo, (2.13)
i=1

16({wo, wi, w23) — {8(Wo), wi, W} — {wg, §(wy), Wy} — {wo,wy, 8(W,)} |4
< O(lwolls, + lwells, + liwzlls,)(2.14)

for all xq,-+, x,, wy, wy,w, € Ay. Then there exists a unique proper JCQ*-triple derivation §: A, — A such that

( nd||x},
T , r<1,s<3
If () =8l < J (m) (n— gt 1) - (ol 1) (2.15)
i | n6lixlla, r>1,5s>3 '
k(:})((n—m+1)r—(n—m+1))’ '

forall x € Ay.

Proof. Let @(xy,+,%,) = 0 Xyl I, and p(wo, wy,wy) = O(lwglls, + lwells, + lwall},) for all xp, -, x,, wo, wy, w, €
Ag. If we can choose L=(m-m+1)lifr<il,s<3andL=(m-m+1)'"ifr> 1,s> 3, respectively and by
applying Theorem 2.1 and 2.2, then we obtain the desired results. This completes the proof. m

Corollary 2.5. Letr;,s,0 be nonnegative real numbers with 0 <}, ; < 1and s < 1. Suppose that a mapping f: 4, = A
satisfies

n
laaf G w0l <0 | Jil,, (2.16)
i=1

16({wo, wy, w2}) — {(Wo), wi, Wy} — {wg, 6 (W), w,} — {wo,wy, 8 (W)} |4
< 6(lwollg, - lwallg, - lIw2ll5,)(217)

for all xq,-+, x,, wg,wy,w, € 4y. Then f is a proper JCQ*-triple derivation 4.

Proof. Putting x; =::- = x, = 0 in (2.16), we obtain f(0) = 0. Replacing u=1 andx; =%, x; == =x, = 0in (2.16), we
_ f(@=mtD)x) o -
get f(x) = T By induction, we get
f((n—m+1)x)
fOy=s=—————
n—m+1)
for allx € A4y and all j € Z*. It follows from Theorem 2.1 that f is a proper JCQ*-triple derivation 4,. This completes the

proof. m

Corollary 2.6. Letr,r;,s,0 be nonnegative real numbers withr <1,0<Y",r, <land s <1. If a mapping f:4, = 4
satisfies

(2.18)

n n
18 Ger, oo, )l < 0 [aniuzo [ [,

16({wo, w1, w2}) — Sl(Wo)‘ erwzl}=1 {wo, §(wy), w3 — {wo,wy, §(W2)}la

< O(llwoll3s + IwillE + w2l + Iwollg, - lwalls, - w13, )(219)
for all xq,-+, x,,, wo, w1, W, € 4, then there exists a unique a proper JCQ*-triple derivation §: A, - A such that
nb||x||s,

((n—m+1)—(n—m+1)r)

If(x) —8lla < 757 (2.20)
(m)

forall x € A4,.
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