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ABSTRACT

The induced electromotive force and Faraday’s law of induction, due to a time-dependant magnetic field, are more
conveniently written on the covering space. In this paper, we consider the induced electromotive force in the nth loop on a

covering space which is generated by the (n + 1)“"‘ time derivative the external magnetic field enclosed that loop. The

total induced electromotive force is derived by summing over all the contributions coming from the infinite winding
numbers on the covering space. lllustrative examples of different time-dependent magnetic field are examined and
analytical closed form expressions for the total induced electromotive force are derived. Our results, for all these
examples, show the explicit dependence of the electromotive force on the ratio between the self-inductance and the
resistance of the loop and they reduce to the well-known result when the limit of this ratio gpoes to zero.
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INTRODUCTION

Faraday’s of induction has been an important topic in electrodynamics and discussed in introductory physics textbooks [1-
3]. Over the last decade, it has been discussed for better understanding for undergraduate students [4-8] and examined in
different experimental measurements: Electrical conductivity in metallic tubes [9], quantitative measurement that involves
damping [10], measurements for high frequency pulses [11], in measurements systems’ design [12-14]. Some workers
investigated the connection of Faraday’s law of induction with energy conservation [15] and magnetic loss in dielectric
material [16]. Other workers discussed the formulation of Faraday’s law of induction via the magnetic vector potential [17,
18] and its manifestation in the Aharonov-Bohm ring [19]. Recently, one of us [20] had shown that higher order time —
derivatives of the magnetic field contribute to the induced electromotive force generated in a loop that encloses a time-
dependent magnetic field. The contribution of the nth loop (so called winding number) is related to the (n + 1]“ time
derivative of the magnetic field and therefore the total induced electromotive force is the infinite sum over all these
contributions. In the present paper, we present illustrative examples for different time-varying magnetic fields and derive
analytic close form expressions for the total induced electromotive force. In all of these examples, it is demonstrated that
the induced electromotive force depends on the ratio between the self-inductance and the electrical resistance of the loop.
Furthermore, our result reduces to the well-known electromotive force when that ratio goes to zero.

MATHEMATICAL FORMULATION

We consider an external time-varying magnetic field Bythat passes through a loop of resistance R. Due to Faraday’s law of

induction, each time the loop is traversed the magnetic field is updated. Using successive method and following the
derivation given in ref. [20], the total induced electromotive force is the sum over all contributions coming from all the
infinite loops (the so called winding numbers). It must be emphasized that this method utilizes the use of a covering space
that was proposed long ago by Schulman [21] and was used by several authors [22-24]. The general formula for the total
induced electromotive force is found to be

——nn —ul —
e=-T.o(5fé.ak) [B" dd )
which, in terms of the self-inductance, is written as

s= —Sno(L) JEM9.EA @

A
Eq. (2) shows that the induced electromotive force is a power series of the product of the ™" power of ratio between the

self-inductance and resistance of the loop and the surface integral of the {1 + ljnt'"‘ time-derivative of the external
magnetic field. It is clear to note that the first term (n = 07 gives the well-known induced electromotive force, namely

LY 3)
Furthermore, the result in Eq. (2) immediately gives the closed line integral of Faraday’s law on the covering space;
§E,.a5=— () JE™0.q4 @
which by Stoke’s theorem, yields the differential form of Faraday’s law on the covering space, namely
VxE, = - (&) B2, (5)

The sum of all contributions from all winding numbers on the covering space, as shown in [20], gives the integral and
differential forms of Faraday’s law on the physical space;

o .. EA® ¢ .
$E.35 =5, $E, .35 = -%,,(5) [B"". 42 ®)
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VrE = _Eﬂ (;) Bﬁi"+i'_'l. (7)

For later purposes, it is instructive to define a dimensionless quantity
R d L d
F=—-t &% —=——
L ds R dt (8)

Physically, s gives number of time constants. This immediately gives the induced electromotive force &, from the n®*
winding number on the covering space and the total induced electromotive force in the physical space;

e =(2) & (©)

4 n
E= fm=p _) Ep (10)
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DEMONSTRATIVE EXAMPLES

In this section, we provide some demonstrative examples, each with a specified time dependent function of the external
magnetic field.

Example 1
We consider here an external time-varying magnetic field given by E = By sin (t]), which in terms of s, is written as
B = B,sin (w2) (11)

This gives the first term for the induced electromotive force, namely

Ls
£y = —AwB,cos (w —)

R (12)

L
Defining " = ? and using Eq. (9), one gets £,;, = —

drl.

o [ABo 08 (1) ], which immediately gives
_a n 2Zn

€2n = —(C1)"ABywr™icos () 5 =0,1,2,.... (13

= _(_1)nﬂgom2n—1sin (TS), 1mn= 1, 2’ i (14)

Thus, the total induced electromotive force is

€= Yn=082n + Xn=182n-1
which, after some algebra, yields the result
ABj

- [cos(rs) — rsin(rs)]

E=——
14+7r

(15)
I
The expression in Eq. (15) shows that when — — 0 meansr — 0, itreducesto —ABywcos(rs) = &,.

Example 2

—i

In this example we consider a time-varying magnetic field given by B = BDE: , Which can be written as

B =B e ™. Thisyield £, = ABjwe™"" and by using Eq.(9), one gets the 1" term of the induced
electromotive force, namely

£, = ABgw(—1)"rme™™

(16)
Therefore the total induced electromotive force is given by
£ = Z £p = AEDme'”Z{—i}”T”
T T (17)
which we write as
£ = ABDME_H (Z T.Zn _ Z T2n+1)
n=0 n=0 (18)
After some algebra, the above expression yields
1 1
e=AByw el rE = =50 (19)

which, in the limit 7 = 0 | it reduces to £g.
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Example 3
In our last example, we consider a magnetic field that is step function in time: & = E‘Du{ﬂ, where u(t} is the step
function. This gives &y = —ByA&(£) which, in terms of s, is written as & = —BDAE{E 5}. It is constructive to model the

step function as

ult) = 11o% (20)

where k is a karge quantity. Definning x = gk (thus x < 1), enables us to write the step function as
1
ule) = 2= =Fp (1) 2" (21)

Using i = —2.&:;:& , gives% = —2k ¥,._p(—1)™mx™ and therefore

gy = 2KAE, Z mi—1)™ x™
="’ (22)

Using Eq. (9), the n™*term of the induced electromotive force is written as

£, = (%J” (_gmijn Ep i

which, by using Eqg. (22), can be written in the form
L (]
en = (—)"Bod () @)™ Y (—1) s
m=0 (24)

Therefore, the total induced electromotive force is expressed as

£= ) = 2kBoA mZ:Dm(_i}mme (=)

n=0 n=0 (25)
2Lkmy " 1
Using En:ﬂ(_ Rm:] = 13 20 one immediately gets
R
m
£ = ZMBD Z{—i}mmxm
m=0 1 + T
(26)

In order to investigate the behavior of the indiced electromotive force in Eq. (26), we conside the following three cases:

Case 1. t = 0: In this case X —* 0 and each term in the sum of Eq. (26) vanishes and therefore £ = 0. This result is

expected since there is no change in the magnetic flux for & = 0 and thus there is no induced electromotive force.

. i . . .
Csae 2. t << 0: In this case x — = which makes the step function written as 1t = ¥, ,,=g( —1)™ x™%1, Therefore;
=4

g = ABgEm:u(—‘l}mﬁ%x':m“} (27)
zk R

It is clear to see that when & —* 0 | the induced electromotive force vanishes since each term in Eq.(27) vanishes.
Case 3.t = 0:in this case ¥ = 1 and neglecting the factor 1/2k in the denominator of Eq. (27), we get
1 -1)™
£ = ABE. + Z ( }

L/R L/R
m=1 (28)

Obviously, the sum inside the bracket vanishes and thus £ = ABj , which goes to < as L/R = 0.

L{R

1985 | Page February 25, 2015



J ISSN 2347-3487

From the results of the previous three cases, we conclude that £ = ABQS(t} .

RESULTS AND DISCUSSION

In the present work we have showed the advantage of using a covering space for the induced electromotive force due to a
time varying magnetic field. This reflects the contribution of different winding numbers to the total induced electromotive
force. The sum of all these contributions yields the induced electromotive force on the physical space. To illustrate the
usefulness of the covering space, we have presented three examples with different time varying magnetic fields. In all
these examples, the contributions from different winding numbers depend on different powers of the ratio between the
inductance and resistance and on higher order time derivatives of the magnetic field. Furthermore, we derived closed form
expressions for the induced electromotive force for the given examples. In addition, our results reduce to the well-known
values of the induced eleoctromotive force in the limit when the ratio between the inductance and resistance goes to zero.

CONCLUSION

Three illustrative examples were presented to demonstrate the usefulness of a covering space in writing the induced
electromotive force due to a time-varying magnetic field. Our results show the dependence of the induced electromotive
force on higher order time derivatives of the magnetic field and on the ratio between the inductance and the resistance of
the loop. Our general formulas for the induced electromotive force yield the well-known results when the ratio between the
inductance and resistance goes to zero.
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