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ABSTRACT

In this paper a theoretical studies of the space separation of electron and hole wave functions in the quantum well
ZnO/Mg, ,,Zn, ,O are presented. For this aim the self-consistent solution of the Schrodinger equations for electrons and

holes and the Poisson equations at the presence of spatially varying quantum well potential due to the piezoelectric effect
and local exchange-correlation potential is found. The one-dimensional Poisson equation contains the Hartree potential
which includes the one-dimensional charge density for electrons and holes along the polarization field distribution. The
three-dimensional Poisson equation contains besides the one-dimensional charge density for electrons and holes the
exchange-correlation potential which is built on convolutions of a plane-wave part of wave functions in addition. The shifts
of the Hartree valence band spectrums and the conduction band spectrum with respect to the flat band spectrums as well
as the Hartree-Fock band spectrums with respect to the Hartree ones are found. An overlap integrals of the wave
functions of holes and electron with taking into account besides the piezoelectric effects the exchange-correlation effects
in addition is greater than an overlap integral of Hartree ones. The Hartree particles distribute greater on edges of
quantum well than Hartree-Fock particles. It is found that an effective mass of heavy hole of Mg, ,,Zn,, O under biaxial

strain is greater than an effective-mass of heavy hole of ZnO. It is calculated that an electron mass is less than a hole
mass. It is found that the Bohr radius is grater than the localization range particle-hole pair, and the excitons may be
spontaneously created.

Schrédinger equation for pair of two massless Dirac particles when magnetic field is applied in Landau gauge is solved

exactly. In this case the separation of center of mass and relative motion is obtained. Landau quantization & = iB\/T for

pair of two Majorana fermions coupled via a Coulomb potential from massless chiral Dirac equation in cylindric coordinate
is found. The root ambiguity in energy spectrum leads into Landau quantization for beelectron, when the states in which

the one simultaneously exists are allowed. The tachyon solution with imaginary energy in Cooper problem (82 <0)is
found.
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Introduction

There has been widely studied in the ultraviolet spectral range lasers based on direct wide-bandgap hexagonal
wirtzite crystal material systems such as ZnO [1-6]. Significant success has been obtained in growth ZnO quantum wells
with (ZnMg)O barriers by scrutinized methods of growth [7,8]. The carrier relaxation from (ZnMg)O barrier layers into a
ZnO quantum well through time-resolved photoluminescense spectroscopy is studied in the paper [9]. The time of filling of
particles for the single ZnO quantum well is found to be 3 ps [9].

In the paper we present a theoretical investigation of the intricate interaction of the electron-hole plasma with a
polarization-induced electric fields. The confinement of wave functions has a strong influence on the optical properties
which is observed with a dependence from the intrinsic electric field which is calculated to be 0.37 MV/cm [10], causing to
the quantum-confined Stark effect (QCSE). In this paper we present the results of theoretical studies of the space
separation of electron and hole wave functions by self-consistent solution of the Schrédinger equations for electrons and
holes and the Poisson equations at the presence of spatially varying quantum well potential due to the piezoelectric effect
and the local exchange-correlation potential.

In addition large electron and hole effective masses, large carrier densities in quantum well ZnO are of cause for
population inversions. These features are comparable to GaN based systems [11,12].

A variational simulation in effective-mass approximation is used for the conduction band dispersion and for
guantization of holes a Schrodinger equation is solved with wirtzite hexagonal effective Hamiltonian [13] including
deformation potentials [14]. Keeping in mind the above mentioned equations and the potential energies which have been
included in this problem from Poisson's equations we have obtained completely self-consistent band structures and wave
functions.

So in this paper we present a self-consistent calculation an above mentioned equations in wirtzite ZnO quantum well
taking into account the piezoelectric effect and the exchange-correlation potential for bandgap renormalization and
engineering of localized Hartree-Fock wave functions. The energy shifts as well as the localization range of exchange-
correlational wave functions with respect to Hartree energy shifts and Hartree localization range of wave functions require
a scrutiny study.

We consider the pairing between oppositely charged particles with complex dispersion. The Coulomb interaction leads
to the electron-hole bound states scrutiny study of which acquire significant attention in the explanations of
superconductivity. If the exciton binding energy is grater than the localization range particle-hole pair, the excitons may be
spontaneously created.

2 Theoretical study
A. Effective Hamiltonian

It is known [13,15] that the valence-band spectrum of hexagonal wiirtzite crystal at the I" point originates from the
sixfold degenerate F15 state. Under the action of the hexagonal crystal field in wirtzite crystals, F15 splits and leads to

the formation of two levels: Fl, F5. The wave functions of the valence band transform according to the representation
F1+F5 of the point group CGV, while the wave function of the conduction band transforms according to the

representation I’ .
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An irreducible presentations for orbital angular momentum j may be built from formula
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The direct production of two irreducible presentations of wave function and wave vector of difference x —1I"
expansion with taken into account time inversion can be expanded on

p* 1z, xz, = (I3 + ) x(I, +T5) =
= ®3)
=I5 xI5,
for the square of wave vector
[pp”1: 7 %7, = (0 + T+ Tg) x(21 + T+ 1) = @
=40 < + Iy x Ty + I x T,

In the low-energy limit the Hamiltonian of wirtzite
H, =1(A, +A,)+

(5)
+AJ2+ A0, +20,(0. 0+ o)),

I:Ik = A1kz2 +A2kt2 +(A3k22 +A4kt2)‘];- +

+ Ak, (2[3, 3,1k +2[J,3_]k,) + (6)
+A(I2K2 +I2%K2) +iA, (3 .k —J k),
H =D, +D,s? +(D,6, +D,s,)I? +

+D.(2[J,d.1e,+2[3,d Je.,)+ (7)
+ Dy (Jfg_ + J_25+).
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In the basis of spherical wave functions with the orbital angular momentum I =1 and the eigenvalue M, of its Z
component:
1 1 3i i i i
— ~3igl2 ,-3ind4 -1 3igl2  3in4
11,6,) = _\/E (Y, w(1/2)e ™" e 1Y, w(-1/2)e”" ™)

L vy (1) e 1Yy (1) e ™)

J2 , ®)
13,¢,) = iz(i\(fw(1/2)e-‘¢”2e-‘”’4 +Y w (—1/2)e'"?e"™)

NG

|12,6,) =

the Hamiltonian may be transformed to the diagonal form indicating two spin degeneracy [18]:

F K, FiH, (|1,¢,)

H, =| K, G AFIH || 2,5,), 9)
+iH, AZiH, A |36,
where F=A+A,+1+0, G=A-A,+1+0, A=A +4,, 0=6+40.,
— hz 2 2 P 9 hz 2 2
ﬂ’k __(Alkz +A2kt )’ /15 IT Dlgzz +D2(8xx +‘9yy)' ek 1 (ASkz +A4kt )v
2m, 2m,

&

2 2
0, = Dy, +D, (6 +5,). K, :%(ASkf), H, =2%(A6ktkz), A= 27, kZ =k +K2.
0 0

From Kane model one can define the band-edge parameters such as the crystal-field splitting energy Acr , the spin-
orbit splitting energy ASO and the momentum-matrix elements for the longitudinal (e”Z) z-polarization and the transverse
(e L 2) polarization : P, =(S|p,[Z), P, =(S|p,|X)=(S|P,|Y). Here we use the effective-mass
parameters, energy splitting parameters, deformation potential parameters as in papers [14,16,17].

We consider a quantum well of width W in ZnO under biaxial strain, which is oriented perpendicularly to the growth

direction (0001) and localized in the spatial region —W/2 < Z < W/2 . In the ZnO/MgZnO quantum well structure, there is
a strain-induced electric field. This piezoelectric field, which is perpendicular to the quantum well plane (i.e., in z direction)
may be appreciable because of the large piezoelectric constants in wurtzite structures.

The transverse components of the biaxial strain are proportional to the difference between the lattice constants of

s : aMgXan_XO — 370
materials of the well and the barrier and depend on the Mg content x: &y, = &y = ,
a
Zn0O

g zn,_,0 = 8zn0 + X(@mgo —80) 8mo =0.32496 nm, ay,0 =0.4216 nm [17]. The longitudinal

component of a deformation is expressed through elastic constants and the transverse component of a deformation:

C
_ 13
E,=2—2¢,.

33
The physical parameters for ZnO are as follows. We take the effective-mass parameters [16]: A = —2.743,
A, =-0.393, A, =2377, A, =-2.069, A, =-2.051, A, =-2.099, m>" =0.329m,, where M, is the
electron rest mass in the vacuum, the parameters for deformation potential [14]: D; =—-3800 mev, D, =-3800
meV, D; =—-800 mev, D, =1400 mev, D, := —6860 mev, D, := —6260 meV, and the energy parameters at
300 K [16,17): Ey =3400 mev, A; = A =36.3 mev, Ay/3=0.63 mev, Ay3=2.47 mev, A, =A;3=A,

the elastic constant [17]: C;3 =90 GPaand C33 =196 GPa, the permittivity of the host materials kK = 7.8.
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3 Zn0O/(Zn,Mg)O quantum well
We take the following wave functions written as vectors in the three-dimensional Bloch space:

m

> PO vy, (2)
i=1 11,6,)

[ve. k) =2 ¥ vIvi (D)) 2.6,)- (10)

oo 13,6,
SOy (2)

The Bloch vector of V-type hole with spin &, =+1/2 and momentum kt is specified by its three coordinates
[‘I’lftl)[m,v],‘l’lftz)[m, V],‘Pét?’)[m,v]] in the basis [|1,6,),| 2,6,):/ 3:6,)] [18], known as spherical harmonics with

the orbital angular momentum I =1 and the eigenvalue M, its Z component. The envelope Z -dependent part of the

quantum well eigenfunctions can be specified from the boundary conditions ¥,,(Z =0)=y,,(Z =1) =0 of the
infinite quantum well as

v (Z)= \/zsin(ﬂmZ), (11)
w

i 1
where Z = (—+ =), M is a natural number. Thus the hole wave function can be written as

ik £y

LIIvgvkt (r) T ﬁl Véy kt> (12)

The valence subband structure Eg" (kt) can be determined by solving equations system:

S (HE (K, = —i-0) 4V (2) + 5E (k) x
= 0z !

x ¢ (2,k,) =0, (13)

where g0 (z,k,) = 3™ O vly,(2).1=1.23.
The wave function of electron of first energy level with accounts QCSE [19]:
1 ikp
Y(r)=—e "Y¥W(Z,5)]|S , (14)
(r) a (Z2,9)1S)1se)

where

w,(Z,£) = Ce" 0" 7 ¢ (—o0.0)
—ew(z-2)

W(Z,8) = y(Z,8) = Csin(kw(Z _%) v M 7 cpo] "
w,(Z,E) = C,e "0 7 ¢ (1.00),

1SY=Y,, ¢, =+112.
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Figure 1: (Color online) For the quantum well ZNO/MQy, ,7ZN, 740 with a width 4 nm, at a carriers concentration

4"‘1012 cm 72, at a temperature 300 K: (a) conduction band energy; (b) valence band energy.
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Figure 2: (Color online) For the quantum well ZNO/MQj, ,7ZN, 740 with a width 4 nm, at a carriers concentration

4"‘1012 cm 2 , at a temperature 300 K: (a) Hartree screening potential; (b) Hartree-Fock screening potential.
From  bond  conditions [19.20] Y4 (Z,8) |z=0=W(Z, &) lz=0. W22, &) lz21= W(Z,E) Iz

viZz,9), _vZe), vz, vz
wi(Z,8) 70 w(Z,8) TV w(Z,8)°T w(Z,8)

1—cosk,w Kow Ko _
—) , 50 = ——4arctan —, where A is the area of the quantum
sinkyw 2 Ko

- kow &
|;=;, one can find C1:Csm(—07+50)e 2,

P A A

well in the Xy plane, p is the two-dimensional vector in the Xy plane, K; = (K,,K,) is in-plane wave vector. The

constant multiplier C is found from normalization condition:
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[Z1¥(Z,&) F wdz =1. (16)
One can find the functional, which is built in the form:
YIH|Y
J() = w, 7
(W [¥)
where
H=H,+V(2), (18)
where Hc is a conduction band kinetic energy including deformation potential:
2 2 2
H, =E, +A +A, + thf— h 82+
2m; 2m; 0z (19)
+ DCZgZZ + DCJ_ (gXX + gyy)
The potential energies V (Z) can look for as follows:
V(z) =ed" (z) + U, (2) + D, (2), (20)

where @ (2) is the solution of one-dimensional Poisson's equation with the strain-induced electric field in the quantum

well, 5UC,V(Z) are the conduction and valence bandedge discontinuities which can be represented in the form [21]:

U, —eEW(i +1),z € (—o0..— W/2)
W
oU_ (z) = eEz, z e [-w/2..w/2] (21)
U, —eEw(Z —1),2  (W/2..0).
w

q)XC(Z) is exchange-correlation potential energy which is found from the solution of three-dimensional Poisson's
equation, using both an expression by Gunnarsson and Lundquist [22], and following criterions. At carrier densities
4*10% cm 2 the criterion kg > \/H/4 at a temperature T=0 K as 1> 0.1 has been carried. K is Fermi wave
vector. The criterion does not depend from a width of well. The ratio of Coulomb potential energy to the Fermi energy is
I, = Ec/Er =0.63<1. The problem consists of the one-dimensional Poisson's equation solving of which may be
found Hartree potential energy and three-dimensional Poisson's equation which is separated on one-dimensional and two-
(kg ,z)sink -p] <<1, where ¢ =¢€,h.The

three-dimensional Poisson's equation includes local exchange-correlation potential:

dimensional equations by separated of variables using a criterion [ g

dZ(I)e 472' XC ]

= “HA,D,, = — (P2 (z,9) + Pl (r,T), (22)
dZCD!: 47[ H
——&h Z. 23
92 w(z,9), (23)
ADF = —peh(r r, (24)
where
Pz ) =Fe ) |V, k.2 T (k;9), (25)
V,n,k,[
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1
f.. (k;g)= : =
Crvi "3 2 T
e 7 +1 (26)
1

©rr +12+.)

—u)IKT :
En,v,kt ) +l
The solution of equations system (13), (17), (22) as well as (13), (17), (23) does not depend from a temperature.

Solving one-dimensional Poisson's equation (23) one can find screening polarization field and Hartree potential
energy by substituting her in the Schrédinger equations. From Schrodinger equations wave functions and bandstructure
are found. The conclusive determination of screening polarization field is determined by iterating Egs. (13), (17), (22) until
the solutions of conduction and valence band energies and wave functions are converged:

" (2) = @ (2) + @ (2), (27)

2e’ i i
e(D: (Z) . Z ng.ktdkt<Vi 16y | \Pkt [V!m]LPkt [V’I] | gv’vi> .I:v,p(kt)><

v,m,l,i

cos (2 + ) 1+m) cosz(E+Iym-1)
w2 | w

), m =l
2
(3 % (1 +m)? z?(m=1)? (28)
z M., z 1
(—+E) 1 €08 2zm(—+>)
W W
Wi += ,m=1,
( 2 4 z°m? )

2¢?
ey (2) = - =g, Jkdk,C* fy, (k) x
1-cos(—koW+25,) .z, g )
2 4(x, _Cf)z ’
e % 2c0s2(kyz +5,)e &% K2+ sin2(k,z + 5, )e *?
8¢? (457 +4k3)? ° 4(&% +k§)?

w
~20g+)2—3)

Z € (—o0..—W/2)

k,&,z e[-wi2.wi2]  (29)

1—cos(k,w+ 25,) oow ®

> X, + ff)z ,Z € (W/2..0),

z 1
where Z = —+ E , g, and g, correspond to the degeneration of the V hole band and the first quantized conduction
w

band, respectively, € is the value of electron charge, K is the permittivity of a host material, and fv p(kt) , fln (kt) are
the Fermi-Dirac distributions for holes and electrons.
Exchange-correlation charge density may be determined as:

Pen(r 1) =

> 1 ¥epk DI o9V (B0

- (30)
1=0 m=—1| | P

using the expansion of plane wave
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S Py
) lelm PNim() =

ik, p I=0r2>=_| " “Il k p (31)
=e U =473 Y0 ji(kp)Yim CH)Yim ()
1=0m=—| K; Ip|
At the condition [\¥,, , ,(Kg,Z)Sinkgp] <<1, the solution Eq. (24) may be found as follows
_ 1

@, (xC) = 52000 (P) ;dp- (32)

The solution the three-dimensional Poisson's equation may be presented in the form:
2h(2) = @ ()P (x0). (33

The complete potential which describes piezoelectric effects and local exchange-correlation potential in quantum well one
can find as follows

D(2) = Oy (2) + D¢’ (2) + Dy (2) Dy (x) + @' ()P (xC).

(34)
4 Uncertainty Heisenberg principle

The Heisenberg equation for a microscopic dipole f);evh = (b_pép) due to an electron-hole pair with the electron

(hole) momentum p (—p) and the subband number v, (V) is written in the form:

(35)

(a)
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-
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=
-
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]
3
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S
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Figure 3: (Color online) The transverse effective masses for Mg0.27Zn0.730 under biaxial strain: (a) for the heavy hole;
(b) for the light hole.

We assume a nondegenerate situation described by the Hamiltonian H = H, +V + H,,, which is composed

int’

V|
of the kinetic energy of an electron 8:ep and the kinetic energy of a hole ghr;) in the electron-hole representation:

TR Ve A+ A Yhihi+ A

Hy =D esdra, +&nb b, (36)
p

where p is the transversal quasimomentum of carriers in the plane of the quantum well, ép, é;, b_p , and b_+p are the

annihilation and creation operators of an electron and a hole. The Coulomb interaction Hamiltonian for particles in the
electron-hole representation takes the form:

o 1 VaVaV,aV,

— e’e’e’e AT At A A

V= i ;Vq a A A4 +
pk.g

W . oy
+V, BP0 b,

VVViVa A - PN
—2qu " ea;qblzr—qbkap’ 7
where
2 W2 w2
V_V VoV e 1 272-
v, = [dz [dz'y, @z, (@)~
K -w/2  —w/2 q
Xe_qlz_“}(vﬂ (Z/)Zva (2)1 (38)
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is the Coulomb potential of the quantum well, K is the dielectric permittivity of a host material of the quantum well, and
A is the area of the quantum well in the Xy plane.

The Hamiltonian of the interaction of a dipole with an electromagnetic field is described as follows:
_ 1 VeVh \* AYevh E* iot
= 2 () By E e
VeVp P
% A VLV —iwt
+ (1" " )P ") EeT), (39)

where f)gevh = (b_pép> is a microscopic dipole due to an electron-hole pair with the electron (hole) momentum p (-p)

and the subband number v, (V},), ,u,:evh = jd rU j,C,'ke[f)U jok + I the matrix element of the electric dipole moment,

which depends on the wave vector k and the numbers of subbands, between which the direct interband transitions occur,
€ is a unit vector of the vector potential of an electromagnetic wave, f) is the momentum operator. Subbands are
described by the wave functions U U jok where j' is the number of a subband from the conduction band, o' is
the electron spin, ] is the number of a subband from the valence band, and & is the hole spin. We consider one lowest

conduction subband J"=1 and one highest valence subband j =1. E and @ are the electric field amplitude and
frequency of an optical wave.
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Figure 4: (Color online) The transverse effective masses for AI0_3Ga0_7N under biaxial strain: (a) for the heavy hole; (b)
for the light hole.

The polarization equation for the wurtzite quantum well in the Hartree—Fock approximation with regard for the
wave functions for an electron and a hole written in the form [12,23], where the coefficients of the expansion of the wave
function of a hole in the basis of wave functions (known as spherical functions) with the orbital angular momentum 1=1
and the eigenvalue M, of its Z component, depend on the wave vector can look for as follows:

df)Vth
P ) _- Vth A Vth y - Vth f! AVe I\Vh
N lw,*" P, Q" (-1+A° +A").

(40)

The transition frequency a);evh and the Rabi frequency with regard for the wave function [12,23] are described as

a)Vth =

1( +e.8+en) 41
p A Eq0 T &ep T Enp)s (41)

% (ﬂ;e"h Ee '@t 4+ E/ VeYhVh'e ) A e’h

=Pl Poiq s (42)
a [I—p—ql}
where &,° 8,?“

ep1€hp " Hartree-Fock energies for electron and holes,

VeVh —
Qp

I-p—al

V VWVRLY, 1e2 1 2”
V[ el-'f)|h}e = £d¢;gajdq x
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x[dz, [dz. z, (2.) 2w, (22) 2, (22D 20, (2) X
—Olzg=zgl i i i
xe ¢ ¢ Cln, V] [m,,1]C}, [n, 1V [m, 1],
n=m=n,=m, =1,
Q. =q+p, (43)

. . i j -
where ;(nl(zg) is the envelope of the wave functions of the quantum well, V,[my,1] and C;[n;,1] are coefficients of
the expansion of the wave functions of a hole and electron at the envelope part, ¢ is the angle between the vectors P

and (, and g, is a degeneracy order of a level.

Numerically solving this integro-differential equation, we can obtain the absorption coefficient of a plane wave in the
medium from the Maxwell equations:

Q)

a\w) =
(@) xncE

ImP, (44)

where C the velocity of light in vacuum, N is a background refractive index of the quantum well material,
2 VeVh \* 1 VeVh aliot
P== > (1,") p,he'. (45)
AVE,Vh,p

The light absorption spectrum presented in the paper in Fig. 7, reflects only the strict TE (x or y) light polarization.
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Figure 5: (Color online) For the quantum well ZNO/MQ 5,2y 750 with a width 4 nm, at a carriers concentration

4*10 cm 2, ata temperature 300 K, at a transverse wave vector K, = 2 *10" cm (a) Square of Hartree wave
functions; (b) Square of Hartree-Fock wave functions.
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Figure 6: (Color online) For the quantum well ZNO/MQ 57,2y 750 with a width 4 nm, at a carriers concentration

4*10'? cm 2, ata temperature 300 K: (a) Hartree charge density; (b) Hartree-Fock charge density.

From Uncertainty Heisenberg principle:

AXAPp 2%, (46)

h
can be found the localization range particle-hole pair AX 24—.
mc

Table 1. The localization range particle-hole pair AX in cm, exciton binding energy Ry in meV, carriers

, —— -2 x :
concentration N = P incm ~, Bohr radius ag in cm.

AX Ry n=p i

5.58*10 1 38.53 4*10" 2.39*107

Hence the Bohr radius is grater than the localization range particle-hole pair, and the excitons may be spontaneously
created.

5 Results and discussions

We consider QCSE in strained wiirtzite' ZNO/MQg 572N 730 quantum well with width 4 nm, in which the barrier

height is a constant value for electrons and is equal to Uo =536.22 meV. The theoretical analysis of piezoelectric

effects and exchange-correlation effects is based on the self-consistent solution of the Schrédinger equations for electrons
and holes in quantum well of width W with including Stark effect and the Poisson equations. The one-dimensional
Poisson equation contains the Hartree potential which includes the one-dimensional charge density for electrons and
holes along the polarization field distribution. The three-dimensional Poisson equation contains besides the one-
dimensional charge density for electrons and holes along the polarization field distribution the exchange-correlation
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potential which is built on convolutions of a plane-wave part of wave functions in addition. All calculations are performed at
a temperature of 300 K.

We have calculated carriers population of the lowest conduction band and the both heavy hole and light hole valence
band. Solving (13) for holes in the infinitely deep quantum well and finding the minimum of functional (17) for electrons in a
quantum well with barriers of finite height, we can find the energy and wave functions of electrons and holes with respect
to Hartree potential and exchange-correlational potential in a piezoelectric field at a carriers concentration

n=p= 4""1012 cm 2. The screening field is determined by iterating Egs. (13), (17), (22) until the solution of energy
spectrum is converged.
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Figure 7: (Color online) Absorption coefficient for the quantum well ZnO/MgO.27ZnO.73O with a width 4 nm, at a

carriers concentration 4*10%cm 2, ata temperature 300 K.

The dispersion of the renormalization band gap is presented in Fig. 1. We have found
Eg' — Eglatband =20.72 mev, E;F — E; =4.40 meV, comparing the Hartree band gap with the flat band gap as

well as the Hartree band gap with the Hartree-Fock band gap. Comparing E;F and E; and a shape of bedplate of
quantum well for electrons which is presented in Fig. 2 as well as a same shape of bedplate of quantum well for holes one
can see that an electron mass is less than a hole mass. The effective masses MgO.27Zn0.73O under biaxial strain for the

heavy holes and light holes are presented in Fig. 3. Both the effective mass of MgO.27ZnO.730 under biaxial strain for
the heavy hole and the effective mass of Al ;G8,,N under biaxial strain for the heavy hole are presented in Fig. 4.
From these Figures one can see that a mass of heavy hole of Mg0.27Zn0.73O is greater than a mass of heavy hole of
Al sGa, ;N . Comparing the effective mass of M@, 272Ny 730 under biaxial strain for the heavy hole with an
effective-mass parameter A =—2.743 one can conclude that an effective mass of heavy hole of Mg ,7ZN, 750
under biaxial strain is greater than an effective-mass of heavy hole of ZnO .

The squares of Hartree and Hartree-Fock wave functions for electrons, heavy holes and light holes are presented in
Fig. 5. From Fig. 5 one can conclude that an overlap integrals of the wave functions of holes and electron taking into the
account besides the piezoelectric effects the exchange-correlation effects in addition are greater than an overlap integrals
of Hartree ones. Hartree charge density distribution and Hartree-Fock charge density distribution are presented in Fig. 6.
Comparing charge density distributions presented in Fig. 6 one can conclude that Hartree particles distribute greater on
edges of quantum well than Hartree-Fock particles.
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h -
It is found that the localization range particle-hole pair AX 24— '5.58*10™** cm. Exciton binding energy is equal
mc

Ry=38.53 meV at carriers concentration N = p = 4*10' cm 2. Bohr radius is equal ag = 2.39*%107" cm.

If the Bohr radius is grater than the localization range patrticle-hole pair, the excitons may be spontaneously created.

6 Creation of beelectron of Dirac cone: the tachyon solution in magnetic field.

The graphene [24-26] presents a new state of matter of layered materials. The energy bands for graphite was
found using "tight-binding" approximation by P.R. Wallace [27]. In the low-energy limit the single-particle spectrum is
Dirac cone similarly to the light cone in relativistic physics, where the light velocity is substituted by the Fermi velocity Vg
and describes by the massless Dirac equation.

The graphene is the single graphite layer, i. e. two-dimensional graphite plane of thickness of single atom. The
graphene lattice resembles a honeycomb lattice. The graphene lattice one can consider like into the composite of two

triangular sublattices. In 1947 Wallace in "tight-binding" approximation consider a graphite which consist off the graphene
blocks with taken into account the overlap only the nearest 77 -electrons.

The two-dimensional nature of graphene and the space and point symmetries of graphene acquire of the reason
for the massless electron motion since lead into massless Dirac equation (Majorana fermions) [27,28]. At low-energy limit
the single particle spectrum forms with 77 -electron carbon orbital and consist off completely occupation valence cone and
completely empty conduction cone, which have cone like shape with single Dirac point. In Dirac point the existing an
electron as well as a hole is proved. The state in Dirac cone is double degenerate with taken into account a spin.

The existing of the massless Dirac fermions in graphene was proved based on the unconventional quantum Hall
effect. The reason of creation the integer Hall conductivity [29-32] is derived from Berry phase [33,34].

When the magnetic field is applied perpendicularly into graphene plane the lowest (n=0) Landau level has the
energy = A in two nonequivalent cones K:’ correspondingly [35]. In the paper [35] the Dirac mass via a splitting value
is found when Zeeman coupling is absence. These properties of the lowest Landau level which distribute between
particles and antiparticles in equal parts are base of the integer quantum Hall effect in graphene [35]. For N >1 an all

Landau levels are fourfold degenerate. For N = 0 a states in both cones are twofold degenerate with energies = A with
taken into account a spin [35].

7 Solution of massless chiral Dirac equation for pair of two Majorana fermions
coupled via a Coulomb potential in magnetic field in Landau gauge.

Calculate the quantized Landau energy as well as the wave function of the Majorana particles in cylindrical
coordinate in magnetic field in Landau gauge. Enter the production and annihilation operators as following:

6 =VB(--2 +¢),

0g,
é=\/§(£+§2), (47)
1
_B _AB L Ee SNSRI |
where & = Té’ , & = TI] , = X+1y, n=X—1y, which satisfies the commutator relation:
[¢,¢6]=2B. (48)

Hence the Coulomb potential may be found in the form [36]:

a
V(p) =hvp —. (49)
Y2,
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(ASW)A3207

Figure 8: (Color online) Single-particle spectrum of graphene for massless Dirac fermions (Majorana fermions).

When magnetic field is applied perpendicularly into graphene plane in z axis along field distribution. The vector

1
potential in the gauge [20] A = E[HI’] has a components A, = Hol2, A, = A, =0 and Schrédinger equation:

°Y 40¥Y 4 %Y  4i 0¥

Y| - SRR S VIR -G Y )
op® pop p’op® p’op
2
_oig¥ B pPY —2BY = 22VY. (50)
op 4
The solution Eq. (50) can look for in the form:
1 .
Y . =——R(p)e"™’. (51)
nk \/Z ()
Substituting the solution in Eq. (50), one can find for the radial function the following equation
" 1 ' k2 2 2 -
R'+—=R'+(f-—5—-2ym-y"p°)R =0, (52)
p p

where S =(2+B)/2, y=B/4, k* =m?+m—a”. Entering the new independent variable & = yp?, the
equation (50) can be rewritten in the form:

" ’ 5 k2 —
ER"+R +(Z+1—E)R—O, (53)
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m _
where A = 4ﬁ——. At § —> 00 conduct of sought for function are shown to be found as following € 5/2, and at
v
£ 0 like £

The solution of the Eq. (53) can look for in the form:
R=e%m (%),
for w(ﬁ) we derive the equation for confluent hypergeometric function:

@ = F(—(/i—%),k+1,§).

From the condition of finite of the wave function one can find the energy spectrum in the form:

g=iB\/T,

(54)

(55)

(56)

where | =2n+m+k, n,m=0,1,2,3,.... The wave function expressed via the associated Laguerre polynomial:

_r_ Bn=K)!' .p
=B k] Ve
where
2

Wi =€ 28215(8),

(67)

(58)

Entering the production and annihilation operators as following (47) and solving Schrédinger equation one can

derive the known for quantum electrodynamics (QED) solution - the root ambiguity in energy spectrum & = iB\/T,

where | is a number of natural numbers set [37]. The root ambiguity in energy spectrum at the solution of the problem
about quantization with relativistic invariance lead in quantum field theory into the creation of a pairs of particles
(particles+antiparticles) [38]. When | is a number of complex numbers set the tachyon solutions are provided by arising
the complex energy in spectrum of quantization of Landau for pair of two Majorana fermions coupled via a Coulomb

potential.

For graphene with strong Coulomb interaction the Bethe-Salpeter equation for the electron-hole bound state was

solved and a tachyonic solution was found [39].

8 Appendix
Cs, E C, 2C, 2C; 3o, 3a
= 1 1 1 1 1 1
kZ,kZ,J32,1
T, 1 1 1 -1 -1 -1
‘]Z’O-Z
I, 1 1 -1 1 1 -1
T, 1 1 -1 -1 -1 1
T 2 -1 0 -2 1 0
k+,k_,6+,6_
T, 2 -1 0 2 -1 0
k?,k?,J2,32
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where k, =k, ik, k? =k2+KZ2, J, £3,), 2[3,3,1=3,3, +3.3,. o =%(0X t5,).

1
=—(@

E( X
9 Conclusions

In this paper a theoretical studies of the space separation of electron and hole wave functions in the quantum
well ZnO/MgO.27ZnOI730 by the self-consistent solution of the Schrddinger equations for electrons and holes and the

Poisson equations at the presence of spatially varying quantum well potential due to the piezoelectric effect and local
exchange-correlation potential are presented. The exchange-correlation potential energy is found from the solution of
three-dimensional Poisson's equation, using both an expression by Gunnarsson and Lundquist [22], and following

criterions. The criterion Kg > Jn/4 at carrier densities 4*10% ¢m 2 at a temperature T=0 K is carried as 1> 0.1.

The criterion does not depend from a width of well. The solution of equations system (13), (17), (23) as well as (13), (17),
(22) does not depend from a temperature. The ratio of Coulomb potential energy to the Fermi energy is

I, = Ec/Ex =0.63<1. The one-dimensional Poisson equation contains the Hartree potential which includes the one-

dimensional charge density for electrons and holes along the polarization field distribution. The three-dimensional Poisson
equation contains besides the one-dimensional charge density for electrons and holes along the polarization field
distribution the exchange-correlation potential which is built on convolutions of a plane-wave part of wave functions in
addition. The problem consists of the one-dimensional Poisson's equation solving of which may be found Hartree potential
energy and three-dimensional Poisson's equation which is separated on one-dimensional and two-dimensional equations
by separated of variables. At the condition that the ratio of wave function localization in the longitudinal z direction on
transversal in-plane wave function localization is less 1. We have compared the Hartree band gap with the flat band gap

as well as the Hartree band gap with the Hartree-Fock band gap and have found E; — EgFlatb"’mOI =20.72 mev,

E;F — E; =4.40 meV. An overlap integrals of the wave functions of holes and electron taking into account besides

the piezoelectric effects the exchange-correlation effects in addition is greater than an overlap integral of Hartree ones.
The Hartree particles distribute greater on edges of quantum well than Hartree-Fock particles. It is found that an effective

mass of heavy hole of M90.27Zn0.730 under biaxial strain is greater than an effective-mass of heavy hole of ZnO. It is

calculated that an electron mass is less than a hole mass. It is found that the Bohr radius is grater than the localization
range particle-hole pair, and the excitons may be spontaneously created.

Schrédinger equation for pair of two massless Dirac particles when magnetic field is applied in Landau gauge is

solved exactly. Landau quantization & = iB\/T for pair of two Majorana fermions coupled via a Coulomb potential from

massless chiral Dirac equation in cylindric coordinate is found. In this case the separation of center of mass and relative
motion is derived. The root ambiguity in energy spectrum leads into Landau quantization for beelectron, when the states in
which the one simultaneously exists are allowed. The tachyon solution with imaginary energy in Cooper problem

(82 < 0) is found. The wave function are shown to be expressed via the associated Laguerre polynomial. In the paper
the Cooper problem in superconductor theory is solved as quantum-mechanical problem for two electrons unlike from the
paper [39] where the Bethe-Salpeter equation was solved for electron-hole pair.
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