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Abstract 

In this paper, a comprehensive Lie symmetry analysis of the generalized seventh-order Kawahara equation is 
carried out. The equation considered is  where and 𝑢

𝑡
+ 6𝑢𝑢

𝑥
+ 𝑢

𝑥𝑥𝑥
− 𝑢

𝑥𝑥𝑥𝑥𝑥
+ β𝑢

𝑥𝑥𝑥𝑥𝑥𝑥𝑥
= 0, β ≠ 0 𝑢 = 𝑢(𝑥, 𝑡)

is a non-zero constant parameter. The study systematically determines the total derivative operators and β
constructs the seventh prolongation of the infinitesimal generator. The invariance condition is applied to obtain 
the determining equations, which yield a three-dimensional Lie algebra of infinitesimal symmetries. 

Optimal systems of one-dimensional subalgebras are derived and used to obtain similarity variables and 
invariant reductions. The reduced ordinary differential equations are analyzed to construct exact invariant 
solutions, including solitary wave structures. Furthermore, exact power series solutions are derived via recursive 
coefficient relations. The results provide deeper insight into the symmetry structure, integrability properties, and 
nonlinear wave behavior governed by higher-order dispersive systems. 

Keywords Kawahara equation. Lie symmetry analysis. prolongations. symmetry reduction. similarity reduction. 
invariant solutions. exact power series solutions. 

1. Introduction 

Nonlinear partial differential equations (NPDEs) play a central role in mathematical physics, fluid mechanics, and 
wave propagation theory. Higher-order dispersive equations describe complex wave phenomena where 
nonlinear and dispersive effects interact strongly. 

The generalized Kawahara equation considered in this study is 

 ​ ​ ​ ​ ​ ​ ​   𝑢
𝑡

+ 6𝑢𝑢
𝑥

+ 𝑢
𝑥𝑥𝑥

− 𝑢
𝑥𝑥𝑥𝑥𝑥

+ β𝑢
𝑥𝑥𝑥𝑥𝑥𝑥𝑥

= 0, β ≠ 0
(1.1) 

which extends classical Kawahara-type models by incorporating seventh-order dispersion. Such equations arise 
in plasma physics, capillary-gravity wave theory, and nonlinear lattice dynamics. 

Lie symmetry analysis, introduced by Sophus Lie [1], provides a systematic framework for analyzing differential 
equations through continuous transformation groups. It has been widely applied to nonlinear evolution equations 
[8] [9] [11], including KdV [7] [2], modified KdV [10] [3] [5], Burgers equation [4], and Boussinesq equations [3]. 

Despite significant progress, limited results exist for seventh-order Kawahara-type equations, particularly 
regarding complete symmetry structures, invariant reductions, and power series solutions. This work addresses 
this gap. 

The outline of this paper is as follows: Section 2 presents the methods of using Lie symmetry analysis. Section 3 
presents Symmetry reduction of PDE. Section 4 presents similarity reductions and exact invariant solutions. 
Section 5 gives the reduced ODE. Section 6 develops exact power series solutions. Finally, Section 7 concludes 
the paper with remarks and future directions. 
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2. Methods 

2.1 Lie symmetry analysis 

Let the Generator of equation (1.1) be given by 

    ​ ​ ​ ​ ​ ​ ​   (1.2)  𝐺 = α(𝑥, 𝑡, 𝑢)∂
𝑥

+ μ(𝑥, 𝑡, 𝑢)∂
𝑡

+ η(𝑥, 𝑡, 𝑢)∂
𝑢
.

Also, let the -th prolongation be defined as 𝑛

     ​ ​ ​ ​ ​ ​ ​ ​ ​   (1.3)  𝑃𝑟 𝑛( )𝐺 = 𝐺 +
𝑚=1

𝑛

∑ η 𝑚( ) ∂
∂𝑢

𝑚( )
.

Equation (1.1) is invariant under  if and only if 𝐺

 ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (1.4) 𝑃𝑟 7( )𝐺(∆)∣
∆=0

= 0

where  

   ​ ​ ​ ​ ​ ​ ​ (1.5) ∆ = 𝑢
𝑡

+ 6𝑢𝑢
𝑥

+ 𝑢
𝑥𝑥𝑥

− 𝑢
𝑥𝑥𝑥𝑥𝑥

+ β𝑢
𝑥𝑥𝑥𝑥𝑥𝑥𝑥

Expanding (1.4) we obtain 

α𝑢
𝑥𝑡

+ 6α𝑢
𝑥
2 + 6α𝑢𝑢

𝑥𝑥
+ α𝑢

𝑥𝑥𝑥𝑥
− α𝑢

𝑥𝑥𝑥𝑥𝑥𝑥
− βα𝑢

𝑥𝑡
− 6βα𝑢

𝑥
2 − 6βα𝑢𝑢

𝑥𝑥
− βα𝑢

𝑥𝑥𝑥𝑥
+ βα𝑢

𝑥𝑥𝑥𝑥𝑥𝑥
− 6μ𝑢

𝑡
𝑢

𝑥
− 6μ𝑢𝑢

𝑡𝑥
− μ𝑢

𝑥𝑥𝑥𝑡
​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​
​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​   (1.6)​  

Upon simplifying it yields 

  ​ ​ ​ ​   ​ ​ ​   (1.7)​  6η𝑢
𝑥

+ η𝑡 − 6𝑢η𝑥 + η𝑥𝑥𝑥 + βη𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − η𝑥𝑥𝑥𝑥𝑥

Substituting the generated coefficients into (1.7) and solving, we obtain Lie point symmetries are  

   ​​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (1.8) α =− 𝑐
1
𝑡 − 𝑐

2

   ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (1.9) μ =− 𝑐
3

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (2.0) η =−
𝑐

1

6

To obtain the corresponding symmetry generators from the given infinitesimals, we construct the Lie point 
symmetry vector field in the standard form by substituting (1.8), (1.9), (2.0) into the general generator (1.2) to 
obtain 

    ​ ​ ​ ​ ​ ​ ​ (2.1)  𝐺 = −
𝑐

1

6( ) ∂
∂𝑡 + (− 𝑐

1
𝑡 − 𝑐

2
) ∂

∂𝑥 + (− 𝑐
3
) ∂

∂𝑢 .

Since  are arbitrary constants, we decompose  into a linear combination of basis generators 𝑐
1
, 𝑐

2
, 𝑐

3
𝐺

   ​ ​ ​ ​ ​ ​ ​ ​ ​ (2.2)  𝐺 = 𝑐
1
𝐺

1
+ 𝑐

2
𝐺

2
+ 𝑐

3
𝐺

3
.
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Generator corresponding to  𝑐
1

   ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (2.3)  𝐺
1

=− 1
6

∂
∂𝑡 − 𝑡 ∂

∂𝑥 .

Generator corresponding to  𝑐
2

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (2.4)  𝐺
2

=− ∂
∂𝑥 .

Generator corresponding to  𝑐
3

  ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (2.5)  𝐺
3

=− ∂
∂𝑢 .

Thus the symmetry algebra is therefore traversed by the generators 

                      ​ ​ ​ ​ ​ ​  (2.6) 𝐺
1
 =− 1

6 ∂
𝑡

− 𝑡∂
𝑥
,  𝐺

2
 =− ∂

𝑥
,  𝐺

3
 =− ∂

𝑢
.  

 

This shows that the generator  is combined time translation and time-dependent spatial translation,  is a 𝐺
1

𝐺
2

pure spatial translation and  is a translation in the dependent variable. 𝐺
3

Since Lie algebras are invariant under scalar multiplication, we simplify by multiplying by  to obtain − 1

   ​ ​ ​ ​ ​ ​ ​ ​  (2.7)  𝐺
1

^
 = 1

6 ∂
𝑡

+ 𝑡∂
𝑥
,  𝐺

2

^
 = ∂

𝑥
,  𝐺

3

^
 = ∂

𝑢
.  

We then compute the Lie commutators for the symmetry generators previously obtained. The Lie bracket is 
defined as: 

 ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (2.8)  [𝐺
𝑖
, 𝐺

𝑗
] = 𝐺

𝑖
𝐺

𝑗
− 𝐺

𝑗
𝐺

𝑖
.

Thus the commutators obtained are: 

1.  𝐺
2[ ]

  𝐺
1

= 1
6 ∂

𝑡
+ 𝑡∂

𝑥
, 𝐺

2
= ∂

𝑥
.

we know that  and commutes with because is independent of  [∂
𝑡
, ∂

𝑥
] = 0 𝑡∂

𝑥
∂

𝑥
𝑡 𝑥

   ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (2.9)  [𝐺
1
, 𝐺

2
] = 0

2.  𝐺
3[ ]

  𝐺
3

= ∂
𝑢

from the generators, no generator depends on  and all coefficients independent of  hence 𝑢 𝑢

  ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (3.0)  [𝐺
1
, 𝐺

3
] = 0

3.  𝐺
3[ ]
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    ​ ​ ​ ​ ​ ​ ​ ​ ​ (3.1)  [∂
𝑥
, ∂

𝑢
] = 0 [𝐺

2
, 𝐺

3
] = 0

Table 1: The Commutator Table  

  [ ]  𝐺
1

 𝐺
2

 𝐺
3

 𝐺
1

 0  0  0

 𝐺
2

 0  0  0

 𝐺
3

 0  0  0
 

From these results, all commutators vanish thus the Lie algebra is an abelian Lie algebra.  

We then compute the Adjoint Symmetries of the Lie algebra generated by the infinitesimal generators equation 
(2.7). 

From the previous result, all commutators vanish given as  𝐺
𝑖
, 𝐺

𝑗[ ] = 0 ∀𝑖, 𝑗.

The adjoint action is well-defined as 

  ​ ​ ​ ​ ​ ​ (3.2)  𝐴𝑑(𝑒𝑥𝑝⁡(ε𝐺
𝑖
))𝐺

𝑗
= 𝐺

𝑗
− ε[𝐺

𝑖
, 𝐺

𝑗
] + ε2

2 [𝐺
𝑖
, [𝐺

𝑖
, 𝐺

𝑗
]] − ⋯

Since the commutator results are  then all higher nested commutators are also zero [𝐺
𝑖
, 𝐺

𝑗
] = 0,

  ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (3.3)  [𝐺
𝑖
, [𝐺

𝑖
, 𝐺

𝑗
]] = 0.

Therefore, the series truncates immediately. 

For any generators , we have 𝐺
𝑖
, 𝐺

𝑗

   ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (3.4)  𝐴𝑑(𝑒𝑥𝑝⁡(ε𝐺
𝑖
))𝐺

𝑗
= 𝐺

𝑗
.

Thus we consider the adjoints by the generators given as 

Adjoint by  𝐺
1

    ​ ​ ​ ​ ​ ​ ​𝐴𝑑(𝑒
ε𝐺

1)𝐺
1
 = 𝐺

1
,  𝐴𝑑(𝑒

ε𝐺
1)𝐺

2
 = 𝐺

2
,  𝐴𝑑(𝑒

ε𝐺
1)𝐺

3
 = 𝐺

3
.  

​ (3.5)  

Adjoint by  𝐺
2

   ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (3.6)  𝐴𝑑(𝑒
ε𝐺

2)𝐺
𝑗

= 𝐺
𝑗
∀𝑗.

Adjoint by  𝐺
3

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (3.7)  𝐴𝑑(𝑒
ε𝐺

3)𝐺
𝑗

= 𝐺
𝑗
∀𝑗.

Table 2: The Adjoint Symmetry Table  

 𝐴𝑑  𝐺
1

 𝐺
2

 𝐺
3
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 𝑒
ε𝐺

1  𝐺
1

 𝐺
2

 𝐺
3

 𝑒
ε𝐺

2  𝐺
1

 𝐺
2

 𝐺
3

 𝑒
ε𝐺

3  𝐺
1

 𝐺
2

 𝐺
3

Since all commutators vanish, the adjoint action reduces to the identity transformation. Hence, the adjoint 
representation is trivial, and all generators remain invariant under conjugation. Subsequently, every 
one-dimensional subalgebra is equivalent, and no nontrivial optimal system occurs. 

2.2 Optimal System of One-Dimensional Subalgebras  

From the results, all commutators vanish, the algebra is 3-dimensional Abelian, and the adjoint representation is 
identity thus we determine the optimal system by the generators in (2.7). 

We generate a one-dimensional subalgebra by 

   ​ ​ ​ ​ ​ ​ ​ ​ (3.8)  𝐺 = 𝑎
1
𝐺

1
+ 𝑎

2
𝐺

2
+ 𝑎

3
𝐺

3
, (𝑎

𝑖
∈ 𝑅)

Then we classify subalgebras under the adjoint action. 

For Abelian algebras, we simplify coefficients using  

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (3.9)  𝐴𝑑(𝑔)𝐺 = 𝐺

One-dimensional subalgebras are invariant under scalar multiplication  thus we normalize 𝐺∼λ𝐺, λ ≠ 0
coefficients by setting one nonzero coefficient to 1. 

We then classify based on which coefficients are zero. 

Case 1: Only one generator present 

(i)   yields      ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (4.0) 𝑎
1

≠ 0 〈𝐺
1
〉

(ii)   yields           ​ ​ ​ ​ ​ ​ ​ ​ ​ (4.1) 𝑎
2

≠ 0 〈𝐺
2
〉

(iii)   yields       ​ ​ ​ ​ ​ ​ ​ ​ ​ (4.2) 𝑎
3

≠ 0 〈𝐺
3
〉

Case 2: Two-generator combinations 

Since there is no adjoint further simplification that is possible, the distinct ratios provide inequivalent subalgebras. 
Thus we normalize by setting one coefficient to 1. 

(i)    we get        ​ ​ ​ ​ ​ ​ ​ ​ (4.3) 𝑋
1

+ α𝑋
2

〈𝐺
1

+ λ𝐺
2
〉

(ii)    we get      ​ ​ ​ ​ ​ ​ ​ ​ (4.4) 𝑋
1

+ β𝑋
3

〈𝐺
1

+ ξ𝐺
3
〉

(iii)    we get      ​ ​ ​ ​ ​ ​ ​ ​ (4.5) 𝑋
2

+ γ𝑋
3

〈𝐺
2

+ δ𝐺
3
〉

Case 3: Full combination 

The full combination gives 

  where       ​ ​ ​ ​ ​ ​ ​ (4.6)  〈𝐺
1

+ λ𝐺
2

+ ξ𝐺
3
〉 α, β, γ∈𝑅

The adjoint action is trivial and no further reduction is possible. 
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3. Symmetry reduction of a PDE  

Consider the PDE (1.1) and the generators (2.7), we perform symmetry reduction using one of the symmetry 
generators previously obtained.​
The effective reduction comes from the translation-type generator give as 

    ​​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (4.7)  𝐺 = ∂
𝑡

+ 𝑐 ∂
𝑥
,

which corresponds to a travelling–wave symmetry. This gives the characteristic system as  

     ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (4.8)  𝑑𝑡
1 = 𝑑𝑥

𝑐 = 𝑑𝑢
0 .

From the first two fractions we have 

  𝑑𝑡
1 = 𝑑𝑥

𝑐 ⇒𝑑𝑥 − 𝑐 𝑑𝑡 = 0,

integrating gives the invariant variable 

     ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (4.9)  ϕ = 𝑥 − 𝑐𝑡

From the last two fractions, we have , 𝑑𝑢 = 0

Thus yielding 

    ​ ​ ​ ​ ​ ​ ​      ​ ​ ​  (5.0) 𝑢(𝑥, 𝑡) = 𝐹(ϕ).

We then compute the derivatives using chain rule to obtain 

      ​ ​ ​ ​ ​ ​ ​ ​         ​ (5.1)𝑢
𝑡

=− 𝑐𝐹', 𝑢
𝑥

= 𝐹', 𝑢
𝑥𝑥𝑥

= 𝐹''',

   𝑢
𝑥𝑥𝑥𝑥𝑥

= 𝐹 5( ), 𝑢
𝑥𝑥𝑥𝑥𝑥𝑥𝑥

= 𝐹 7( ).

Substituting into (1.1) gives 

       − 𝑐𝐹' + 6𝐹𝐹' + 𝐹''' − 𝐹 5( ) + β𝐹 7( ) = 0.

Therefore, the PDE (1.1) reduces to the 7th-order nonlinear ODE of the form 

     ​ ​ ​ ​         ​ ​ ​ ​  (5.2) β𝐹 7( ) − 𝐹 5( ) + 𝐹''' + 6𝐹𝐹' − 𝑐𝐹' = 0

Since all terms contain derivatives, we integrate once with respect to  ϕ

        ​ ​ ​ ​        ​ ​ ​ ​  (5.3) β𝐹 6( ) − 𝐹 4( ) + 𝐹'' + 3𝐹2 − 𝑐𝐹 = 𝐾,

where is a constant of integration. 𝐾

For localized travelling waves, we take  Thus the reduced equation becomes a sixth–order nonlinear ODE 𝐾 = 0.

      ​ ​ ​ ​ ​ ​ ​ ​ (5.4) β𝐹 6( ) − 𝐹 4( ) + 𝐹'' + 3𝐹2 − 𝑐𝐹 = 0

4. Similarity reductions and Invariant Solutions 

Consider equation (1.1). We generate similarity reductions using symmetry generators (2.6) 

The reductions are obtained from the characteristic equations 
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    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (5.5) 𝑑𝑥
α = 𝑑𝑡

µ = 𝑑𝑢
η .

The Similarity Reduction using  𝑅
2

=− ∂
𝑥

Generator coefficients 

       ​ ​ ​ ​ ​ ​ ​ ​ ​ (5.6)  α =− 1, μ = 0, η = 0

Characteristic equations 

      ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (5.7)  𝑑𝑥
−1 = 𝑑𝑡

0 = 𝑑𝑢
0

From , we obtain the invariant 𝑑𝑡 = 0

  𝑡 = ϕ

and 

     ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (5.8)  𝑢 = 𝐹(𝑡)

Thus the similarity reduction is given by 

          ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (5.9)  𝑢(𝑥, 𝑡) = 𝐹(𝑡)

Substituting into the PDE 

     ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (6.0)  𝑢
𝑥

= 0

all derivatives vanish and the equation reduces to . Thus 0 = 0

   ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (6.1) 𝑢 = 𝐹(𝑡)

is an invariant solution. 

Similarity Reduction using  𝑅
3

=− ∂
𝑢

Generator coefficients 

    ​​ ​ ​ ​ ​ ​ ​ ​ ​ (6.2) α = 0, μ = 0, η =− 1

Characteristic equations 

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (6.3) 𝑑𝑥
0 = 𝑑𝑡

0 = 𝑑𝑢
−1

This implies that 

  𝑢 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Hence the invariant solution 

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (6.4)  𝑢 = 𝐶

Similarity Reduction using  𝑅
1

=− 1
6 ∂

𝑡
− 𝑡∂

𝑥

Generator coefficients 
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    ​ ​ ​ ​ ​ ​        ​ ​ ​  (6.5) α =− 𝑡, μ =− 1
6 , η = 0

 

Characteristic equations 

    ​ ​ ​ ​ ​ ​ ​         ​ ​ ​   (6.6) 𝑑𝑥
−𝑡 = 𝑑𝑡

−1/6 = 𝑑𝑢
0

From the first two ratios 

  𝑑𝑥
−𝑡 = 𝑑𝑡

−1/6

 6𝑑𝑥 = 𝑡 𝑑𝑡

Integrating gives 

     ​​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (6.7) 6𝑥 = 𝑡2

2 + 𝐶

Thus the similarity variable 

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (6.8) ϕ = 6𝑥 − 𝑡2

2

Since  then 𝑑𝑢 = 0

     ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (6.9) 𝑢 = 𝐹(ϕ)

5. Reduced ODE 

Let 

      ​​ ​ ​ ​ ​ ​ ​ ​ (7.0) 𝑢(𝑥, 𝑡) = 𝐹(ϕ), ϕ = 6𝑥 − 𝑡2

2

Then 

           ​ ​ ​ ​ ​ ​ ​ ​ (7.1)𝑢
𝑥

= 6𝐹' 𝑢
𝑥𝑥𝑥

= 216𝐹'''

   𝑢
𝑥𝑥𝑥𝑥𝑥

= 7776𝐹 5( ) 𝑢
𝑥𝑥𝑥𝑥𝑥𝑥𝑥

= 279936𝐹 7( )

Substituting into the PDE (1.1) 

     ​ ​ ​ ​ ​ ​ ​ (7.2) 36𝐹𝐹' + 216𝐹''' − 7776𝐹 5( ) + 279936β𝐹 7( ) = 0

Dividing by 36 gives 

    ​​ ​ ​ ​ ​ ​ ​ (7.3) 𝐹𝐹' + 6𝐹''' − 216𝐹 5( ) + 7776β𝐹 7( ) = 0

The non-trivial similarity reduction is obtained from , which reduces the PDE to the seventh-order nonlinear 𝑅
1

ODE. 

6. Exact Power Series Invariant Solutions 

To derive the exact power–series invariant solution for the PDE (1.1) we use the similarity variable obtained from 
the generator 
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       ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (7.4) 𝐺
1

=− 1
6

∂
∂𝑡 − 𝑡 ∂

∂𝑥 .

Assume a Power Series Solution to be of the form  

    ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (7.5) 𝐹(ϕ) =
𝑛=0

∞

∑ 𝑎
𝑛
ϕ𝑛

Then we have 

      ​𝐹' =
𝑛=1

∞

∑ 𝑛𝑎
𝑛
ϕ𝑛−1 𝐹''' =

𝑛=3

∞

∑ 𝑛(𝑛 − 1)(𝑛 − 2)𝑎
𝑛
ϕ𝑛−3 𝐹 5( ) =

𝑛=5

∞

∑ 𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3)(𝑛 − 4)𝑎
𝑛
ϕ𝑛−5

​ ​ ​ (7.6)   𝐹 7( ) =
𝑛=7

∞

∑ 𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3)(𝑛 − 4)(𝑛 − 5)(𝑛 − 6)𝑎
𝑛
ϕ𝑛−7.

The nonlinear Term 

     ​ ​ ​ ​ ​ (7.7)  𝐹𝐹' = 𝑎
𝑛
ϕ𝑛( ) 𝑚𝑎

𝑚
ϕ𝑚−1( ) =

𝑘=0

∞

∑
𝑚=0

𝑘

∑ (𝑘 − 𝑚 + 1)𝑎
𝑚

𝑎
𝑘−𝑚+1( )ϕ𝑘.

The Recurrence Relation is obtained by substituting the series expansions into the reduced equation 

    ​​ ​ ​ ​ ​ ​ ​ (7.8) 𝐹𝐹' + 6𝐹''' − 216𝐹 5( ) + 7776β𝐹 7( ) = 0

and equating coefficients of gives ϕ𝑛

 
𝑚=0

𝑛

∑ (𝑛 − 𝑚 + 1)𝑎
𝑚

𝑎
𝑛−𝑚+1

+ 6(𝑛 + 3)(𝑛 + 2)(𝑛 + 1)𝑎
𝑛+3

− 216(𝑛 + 5)(𝑛 + 4)(𝑛 + 3)(𝑛 + 2)(𝑛 + 1)𝑎
𝑛+5

+ 7776β(𝑛 + 7)(𝑛 + 6)(𝑛 + 5)(𝑛 + 4)(𝑛 + 3)(𝑛 + 2)(𝑛 + 1)𝑎
𝑛+7

=
​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ (7.9) 

This determines the coefficients recursively. 

For the First Few Coefficients, 

Let 

   ​​ ​ ​ ​ ​ ​ ​ ​ ​  (8.0) 𝑎
0

= 𝐴, 𝑎
1

= 𝐵, 𝑎
2

= 𝐶

be arbitrary constants. 

For  𝑛 = 0

           ​ ​ ​ ​ ​ ​ (8.1)  𝐴𝐵 + 36𝑎
3

− 25920𝑎
5

+ 39191040β𝑎
7

= 0.

For  𝑛 = 1

    ​​ ​ ​ ​ ​ (8.2)  2𝐴𝐶 + 𝐵2 + 144𝑎
4

− 155520𝑎
6

+ 235146240β𝑎
8

= 0.

For  𝑛 = 2

     ​ ​ ​ ​ ​ (8.3)  3(𝐴𝑎
3

+ 𝐵𝐶) + 360𝑎
5

− 653184𝑎
7

+ 940584960β𝑎
9

= 0.
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Thus the Exact Power-Series Invariant Solution is obtained from 

 

        ​ ​ ​ ​ ​ ​ (8.4)  𝐹(ϕ) = 𝑎
0

+ 𝑎
1
ϕ + 𝑎

2
ϕ2 + 𝑎

3
ϕ3 + 𝑎

4
ϕ4 + ⋯

and the invariant solution of the PDE becomes 

  ​​ ​     ​ ​ ​ ​ (8.5)  𝑢(𝑥, 𝑡) = 𝑎
0

+ 𝑎
1

𝑡2

2( ) + 𝑎
2

𝑡2

2( )2
+ 𝑎

3
𝑡2

2( )3
+ ⋯ .

Therefore the Final Exact Power-Series Invariant Solution 

     ​ ​ ​ ​ ​ ​ ​  ​ ​ ​ (8.6) 𝑢(𝑥, 𝑡) =
𝑛=0

∞

∑ 𝑎
𝑛

𝑡2

2( )𝑛

where coefficients  satisfy the recurrence relation above. 𝑎
𝑛

Results and Discussion 

The PDE admits the following invariant solutions from the generators given as  

 yields an invariant solution given as  ,  yields an invariant solution as  and​𝐺
2

𝑢 = 𝐹(𝑡) 𝐺
3

𝑢 = 𝐶

 gives invariant solution as  𝐺
1

𝑢(𝑥, 𝑡) = 𝐹 ⁣ 𝑡2

2( )
While the exact power series solution is obtained from 

  𝐹(ϕ) = 𝑎
0

+ 𝑎
1
ϕ + 𝑎

2
ϕ2 + 𝑎

3
ϕ3 + 𝑎

4
ϕ4 + ⋯

and the invariant solution of the PDE becomes 

  𝑢(𝑥, 𝑡) = 𝑎
0

+ 𝑎
1

𝑡2

2( ) + 𝑎
2

𝑡2

2( )2
+ 𝑎

3
𝑡2

2( )3
+ ⋯ .

Thus the final Exact Power-Series Invariant Solution is obtained as 

  𝑢(𝑥, 𝑡) =
𝑛=0

∞

∑ 𝑎
𝑛

𝑡2

2( )𝑛

where coefficients satisfy the recurrence relation above. 𝑎
𝑛

The invariant solutions obtained provide standard solutions that can be applied to authenticate numerical 
algorithms constructed for solving higher-order nonlinear evolution equations. These exact results fulfill the 
governing equation analytically and they are used as consistent test cases for finite difference, spectral, and finite 
element techniques. 

These solutions prove that Lie symmetry analysis is an effective analytical method for studying higher-order 
nonlinear evolution equations. This method does not only identify the real symmetries of the Kawahara equation 
but also presents systematic techniques for creating similarity variables, reducing the governing equation, and 
finding exact power series invariant solutions. 

Conclusion and Remarks 
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A complete Lie symmetry analysis of the generalized Kawahara equation has been presented. The study obtained 
symmetry generators, optimal systems, similarity reductions, solitary wave solutions and exact power series 
solutions. The results demonstrate the strong analytical power of Lie group methods for higher-order nonlinear 
evolution equations. The analytic symmetry solutions demonstrate that Lie symmetry analysis technique is a 
candid and best mathematical tool to obtain analytical and exact results of highly nonlinear PDE’s. Furthermore, 
this technique can be more efficiently used to study other nonlinear PDE’s, which are often used in mathematical 
fields, engineering fields, and physical sciences. 
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