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Abstract:

In this manuscript, the solutions of linear dynamical systems with fractional differential equations via the modified
Riemann-Liouville derivative is derived. By using Jumarie type of derivative (JRL), we stated and proved the Existence
and uniqueness theorems of the dynamical systems with fractional order equations. Also a novel stability analysis of
fractional dynamical systems by Jumarie type derivative is established and some important stability conditions are
determined. The achieved results have various applications in mathematics, plasma physics and almost all branches
of physics that have non-conservative forces. Finally, we investigated interesting application of nonlinear space-time
fractional Korteweg-de Vries (STFKdV) equation in Saturn F-ring’s region. Moreover, our investigation could be basic
interest to explain and interpret the effects of fractional and modification parameters on STFKdV equation. This is
novel study on this model by dynamical system (DS) to describe the behavior of nonlinear waves without solve this
system.
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1 Introduction

Recently, solution of fractional differential equations has received a great deal of the attention of researchers because
it has been used in various fields of sciences and engineering. It is one of the generalization of the classical calculus
and it is a great tool to model and many nature dynamical system that have long memory and long-range spatial
interactions. The fractional dynamical system (FDS) describes the system contain non-conservative forces in various
branches of physics [I]. It is very important to point out that the fractional integrals were studied before the fractional
derivatives. This is due to the fact that the derivatives of fractional order are defined by the fractional integrals.
The most popular definition of fractional integral was given by Riemann-Liouville [2] B} 4]. Regard the fractional
derivatives, there are several different definitions because there is no applicable fractional derivative definition in all
situations and each definition has its own advantages and disadvantages. Fractional dynamical systems have seen
excitable growth because its global property, i.e. the next state of the system depends not only on present state but
also on all of its historical states. Therefore, the differential equations in different fractional derivative definitions have
different type of solutions. Recently, many authors used methods to solve linear and non-linear differential equations
as Predictor-Corrector method and Adomian decomposition [5]. In 2006, G.Jumair developed Riemann-Liouville
derivative to avoid non-zero fractional derivative of constant functions this means that, it is possible to interpret
different physically phenomena [6]. Ghosh et al., developed analytical method to solve linear system of fractional
differential equations with Jumarie derivative [7]. In fact and without a great loss of generality, stability of dynamical
systems play a pivotal role in many applications, whether in nonlinear ordinary differential equation (ODE) or FDS.

This recently technique is tremendously important in plasma physics, so many researchers investigated numerous
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physical models. Up to the best of our knowledge, all studies of bifurication analysis in plasma physics was carried
out on Kadomtsev-Petviashvili (KP) Eq. [§], KdV [J], and recently on NSE [I0, 1I] but no research was done for
stability of STFKdV in plasma physics, so this is new investigation on this field. Motivated by above works, this paper
consists of six sections organized as following: In section 2, we have defined some most used definitions of fractional
derivative that is basic Riemann-Liouville fractional derivative (R-L), the version of the Italian mathematician Caputo
and the modified of Riemann-Liouville definition called Jumarie fractional derivative. In the begin of section 3, the
existence and uniqueness theorems and stability analysis of DS with fractional-order via Jumarie type of derivative
have been described. Also we used Jumarie type fractional derivative to find the solutions of FDS by using Mittag-
Leffler functions. In section 4, application of nonlinear FDS in dusty plasma by using the bifurcation theory of planar

dynamical system is investigated. Finally, some discussion of results and conclusion are given in Secs. 5 and 6.

2 Basic Definitions of Fractional Derivatives

Definition 1. [Z, [3] The Riemann-Liouville definitin (R-L) is proposed as

dn
D 7(6) = o

0

where f(0) : R — R is a continuous function and one time integrable and n — 1 < a < m, with n positive and I'(n — )

is the Gamma function.

This definition is applicable for continuous functions but non-differentiable and the fractional derivative of a constant
function is non zero. While the Caputo definition is given for n-times differentiable functions, it is assumed that the
nt" derivative exists. In addition, in Caputo definition the fractional derivative of a constant function is zero that is

a benefit for some physical phenomena.

Definition 2. [Z, [3] Caputo definition is introduced as

0 (9 . S)nfafl

0310) = [ T 1 as (22)
where f(0) € C™([a,b]), f™(0) € Li[a,b] and n —1 < a < n with positive n.

To overcome the non-zero fractional derivative of a constant function by Riemann-Liouville derivative, Jumarie modi-
fied the (R-L) formula of fractional derivative. Moreover, the differentiability condition required by Caputo definition
is not required by Jumarie derivative. Important remark to mention that if the functions are not continuous at the

origin, then Jumarie fractional derivative does not exist.

Definition 3. [/, [6, [12] The modified fractional derivative of (R-L) of f(0) is proposed as

s 10— s)7 o f(s)ds, a <0,
TDF0) =S e [0 =) [f(s) — fla))ds, D<a<l,
e @)™, n<a<n+1,n>1.

such that f(0): R — R be a continuous function.

For more details on the properties of fractional derivative, refereed to,[2, Bl @, 13]. It is important to give a brief

overview for the Mittag-Leffler function which has increased the attention of researchers because it mostly appears
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in the solution of fractional-order integral equations or fractional-order differential equations. It is a generalization
function of the exponential function and it was introduced by the Swedish mathematician Magnus Gustaf Mittag-
Leffler in (1903-1904). Due to its importance, it is given the call ”the Queen function of fractional calculus”.

The one parameter Mittag-Leffler function [3] is denoted by
> 0,0 € C). 2.3
kZ:O r ak +1) (o ) (23)

The two parameters function of the Mittag-Leffler [3] is introduced as

ok
E _ 2.4
sl ;}Mkw)wwowo» 24)

with the widely known properties:
E,1(0) = E,(0).

Bra(0) = =
2Tk +1)

Eow(0) = 0Eaatw(8) + (2.5)

I'(w)
The Mittag-Leffler function with matrix variable A is defined by

S D
k:OF ak—i—l

where A is an arbitrary n'* order matrix over complex field [T14]. A relationship between the Mittag-Leffler function

and fractional Sine and Cosine given by Jumarie [7, [12].

E,(i0%) = coso(0%) + i sin(0%), (2.6)
ay  Ea(i0%) —|— Eo(—if%) & 2k
c050(0%) = ZO m, (2.7)
o Ba(if?) — Bo(—i6*) & grF)a
sing (0%) = 5 = kzzo(_l)km’ (2.8)
E,((a£0)0%) = E,(ab®) + E,(b6%). (2.9)

3 Stability and Solutions of Fractional Dynamical Systems

In this section, we prove existence and uniqueness theorems of the following FDS with fractional-order « via the
modified Riemann-Liouville derivative:
TDgX = AX, X(0) = Xo, (3.1)

where A € L(R?), X(0) = (21(0),22(0))", 0 < a < 1 and 6 € [0,7]. One more objective is investigation the stability

of FDS because most of the mathematical models represented by fractional dynamical systems.
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3.1 Existence and Uniqueness Theorems

The existence and uniqueness of the solution of linear system with fractional order with Riemann-Liouville type of
derivative has been investigated in Ref. [I5]. Here, we state and prove existence and uniqueness theorem of the linear
system (3.1)) via Jumarie type of derivative and we solve (3.1)) in several cases.

Proposition 1. Let A € L(R?) is the Jordan form which have eigenvalues By, Bo. in the following forms:

R

where in the first matriz the eigenvalues are distinct or repeated when 31 equal B, the second matrixz has complex form

of eigenvalues 5 =~ + ip and the last non diognal matriz has repeated eigenvalues.

Theorem 1. Suppose that A € L(R?) has distinct real eigenvalues. Then, given xo € R?, 3t > 0, system has a
unique solution defined on [0,t]. Proof

TDgX(0) = AX(0), A=

B 0
) 3.2
! 52] (32)

Let {K1, K2} be the distinct eigenvectors corresponding to the distinct eigenvalues {f1, B2} so that A K; = 3K, j =
1,2. If all eigenvalues are real and distinct, then the eigenvectors {Ky, Ky} forms a basis of R?. Then, B =
diag[Bi, Be) = FAF~! where F = (K, K)T. Define Y=FX. Then,

IDY (9) = F 'D*X(0)
= FAX(0)
= FAF~'Y(0)
= BY ().
Here, Y (0) = (y1(6),32(0)”, X(0) = (21(0),22(0)T , ¥Y(0) = (5", si")T = Yo = FX(0) = F(2{”,2")" = FX,.
Since B is diagonal, we can write
T Dy (0) = Biyi(0), 4:(0) = (V{?), i =1,2.

Here, 8;y:(0) = gi(0,y:) : i = R, p; =[0,T] x [(ygo)) —4;, (ygo))—i-&-] for positive £;. g;(0,y;) is locally Lipschitz contin-
uous in the second variable [13]. Hence, there is a unique solution y; : [0,t;] — R solving 7 D%y;(0) = Biy:(0), yz(Oi =
3.1

1/«
(y§0)), where t; = min{T, (Zi‘fgﬁr)) }, i =1,2. Let t = min{ty,t2}, then X(0) = F~1Y(0) uniquely solves

1/a
with 0 € [0,t], for having (éilf;iol“il)) .

Theorem 2. Consider the system
TDgX(0) = AX(9), X(0) = Xo, (3.3)

where a € (0,1),0 € [0,T], X(0) = (1(0), 22(0))7, Xo = (', 2T and

o

is the Jordan matriz. Then, has a unique solution defined on [0,t]. Proof:
Substituting X (0) = (x1(0),22(0))T into and using the matriz A we obtain firstly,

'Dga1(0) = a1 (0),
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x1(0) = mgo).

Here, g1(0, 1) = Bz is defined on 1 = [0,T] x [x1(0) — €1, 21(0) + ¢1], for €1 positive , g1 is continuous and Lipschitz
elr(aﬂ))l/“}.

llg11leo

in the second variable. Hence, it has a unique solution x1(0),0 € [0,t1] where t; = min{T, (
Secondly,
I Dgx2(0) = 21(6) + Ba2(6),

now z1(0) is a known function.

Here, g2(0,x2) = x1(0) + Bxa is defined on oo = [0,T] x [22(0) — l3,22(0) + £3] for €3 > 0, g is continuous and

1/«
Lipschitz in the second variable. Hence, it has a unique solution x2(0), 0 € [0,t3] , ta = min{T, (EQHI;](QO“I:D) }. Hence,

z1(0) and z5(0) are known functions. Therefore, the system(3.3) has a unique solution on [0,t] where t = min{t,, t2}.

Theorem 3. (i) Consider the system

TDX(0) = l T ]X(G), (3.4)
TR
where v, u € R, X(0) = Xo,0 € [0,T] and 0 < o < 1.
Define z(0) = x1(0) + ixz2(0). Then,
ID2(0) = Bz, 2(0) =z = 21(0) + iz2(0), B = v + ip, (3.5)

is equivalent to (3.3), it can be shown that (3.4) has a unique solution.
(i3) Consider the system ' DX (0) = AX(0); X(0) = Xy and o € (0,1), A € L(R?) has eigenvalues 3 = v+ iu, where
v and i € R. Then, there is a matriz F such that A= FAF~'. i.e

ToTH
By

A=F FL

Define Y (0) = F~1X(0), then

TDoY (0) = [ TH
poy

Hence, from (i) equation (3.5) has a unique solution.

Theorem 4. If the matriz A in the system has any type of previous eigenvalues. Then, there is a unique solution

to defined on [0,1].
Proof:

Since there is a basis of R? as mentiend in Theorem in which the system of fractional differential equations becomes
TD*Y (0) = BY (0), Y(0) =Yj.

Where B is composed of diagonal blocks as defined in Theorem in this basis, the system decouples into simpler
subsystems. Then, from Theorem and@ 3t > 0 and a unique solution to defined on [0,t] which can be obtained
by simple formula X (0) = F~YY (), where F is defined in Theorem .

3.2 Stability of Dynamical System with Fractional-Order via Jumarie Type of Deriva-
tive

The first discussion for the stability of the FDS using Caputo and Riemann-Liouville form of derivative has been
established in [I6] and developed in [I7, [I8]. In the framework, the dynamical system (3.1) will be established and

some stability conditions will be determined by the use of Jumarie type of derivative.
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Theorem 5. the unique solution of the system
TDgX(0) = AX(0), X(0) = Xo, (3.7)
where A is an n*" order matriz over the complex field, X is a specified vector, 0 < a < 1 and 6 € [0,T)] is E,(0%A) Xo.
Proof: we use Laplace transform of Jumarie type of derivative [12]
L{IDf(0)} = s F(s) — s*71£(0), (0<a<]1) (3.8)
for a given initial condition X (6y) = Xo. Let

L{X(0)} = X(s) , L{X(0)} = Xo.
Then,
52X (s) — s Xy = AX(s),

(5T — A)X(s) = s“ 71 X, (3.9)

Since,
n

52T — Al =] (s™ = By,

=1

where 3; are the eigenvalues of A, (s*I — A) is an invertable matrix. Thus, we obtain

X(s) = s*71(sT — A7 X,. (3.10)
Inserting the formula
(SaI o A)71 _ z:sfockfozAk7
k=0

into (3.10) and taking the inverse Laplace transform term by term (3.10) becomes

. e gra Ak
X(0) = kg Mok + 1)

= E.(0°A) Xo. (3.11)

Definition 1. The autonomous system is said to be
(i) stable if and only if V 29,3 A such that || X(0)] < A,V >0.
(ii) asymptotically stable if and only if limg_, o || X (6)]] = 0.

Definition 2. The point Xeq = (T1,eq, T2,eqs ------ ) is an equilibrium point of a fractional differential system , if
and only if "D*X., = 0. Note, for the autonomous linear planar system the equilibrium point is the origin, that is
Xeq = (07 O)T

The analysis of stability of the FDS is more complicated than that of classical differential equations. This is because
that the fractional derivatives are non-local and have weakly singular kernels. Additionally, the behavior of the Mittag-
Leffler function plays an important role in the study of the stability of the FDS. The following propositions explain

the behavior of Mittag-Leffler function in different cases.
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Proposition 2. [/, [19] Let 0 < a < 2 and w be an arbitrary complex number, then for an arbitrary integer number
r > 1 the following hold

<

1 1 1
By, (0) = —p1-w)/e gL/ y — - - - g|—(r+1)
HOES: exp(6'/°) k_lr(w_ak)eﬁs(u ).
with |0] — oo, |arg(0)| < %%, and
- 1 1
Eou(0) = — — g~
0 =35 Har e,

with 0] — oo, |arg(0)| > 5.

Proposition 3. [16] The asymptotic for E,(80%) as 0 reaches infinity, is introduced as follows:
(i) for larg(B)| < am /2, Ea(80) ~ L7,
(i2) for |arg(B)| > an/2, E,(80) ~ maﬂ, which decays slowly to 0.

Now, the characteristic equation of system (3.1 will be established and some stability conditions will be determined
by using Jumarie type of derivative. Let As = (Is* — A), then equation (3.9) can be written as

AsX(s) = s> Xo. (3.12)
The character equation of (3.12)) is given by
det (As) = det(Is* — A) = 0. (3.13)

Since (3.13)) contains fractional order, it is difficult to be solved. However, we can determine the stability of system
by the eigenvalues of As when all the roots of the transcdental equation lie in the open left half complex
plane, i.e Re(s) < 0. Let 8 = s%, then
det(BI — A) =0, (3.14)

it follows that, s = 8Y/* and

jarg(s)] = larg(8/*)| > T
Thus,
am
-
All the characteristic roots of system have a negative real part, which described by the stable and unstable areas

larg(B)| = (3.15)

in the Fig. [[]and means that the eigenvalues of this system lie in the complex plane except the sector bordered by the

angles ==%7. The unstable area becomes larger as long as a increases and symmetric about the positive x-axis.
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w8

Stable frea Unstable &rea

Figure 1: Stable and unstable regions of system ([3.7)).

Theorem 6. If all the eigenvalues of the characteristic polynomials of As have a negative real part, then the equilibrium
solution of system is asymptotically stable.

Theorem 7. The autonomous system is said to be

(i) asymptotically stable if and only if
am

27
where arg(o(A)) is the argument of all eigenvalues of A, giving in the formula arg(y +ip) = tan_l(%). In this case,

larg(o(A))] > (3.16)

the stability is also called 0~ stability where the components of the state decay towards 0 like 0~1.

(i) stable if and only if either it is asymptotically stable or the critical roots which satisfy |arg(c(A))| = %, have

geometric multiplicity one.
Proof: The proof is straightforward by the proposition and .
Special cases:

(i) for the case of pure imaginary (2 = %iu, we have, |arg(f1,2)| = £5 > &F, and equilibrium point of (3.7)) is
asymptotically stable if & € (0,1) while it is stable if « € (0, 1].
(ii) the case of zero eigenvalues of A in (3.7) is not covered in theorems since the argument of zero in the complex

plane can be arbitrary.

Now, we apply the obtained results with the characteristic method which has received much attention in recent
years (see, for example, [7]). This method is employed to solve the fractional-order system (3.1). The analytical

solutions are expressed in terms of Mittag-Leffler function and the generalized cosine and sine functions.

3.3 Characteristic Method of Solutions of FDS

Consider the system of linear fractional differential equations

TD[z] = az + by,
(3.17)
TD[y) = ca + dy,

where a € (0,1), a, b, ¢ and d are constants, x and y are functions of 6.
Since ' D%[x(0)] = Bz(0) has a solution in the form z(d) = AE,(B0%), where A is arbitrary constant, we put

79



Journal of Advances in Mathematics Vol 22 (2023) ISSN: 2347-1921 https://rajpub.com/index.php/jam

x=AE,(80%) and y = BE,(86%) in (3.17)) and using
TDYE,(BOY) = BEL(BI%), we have
A(B—a)—bB =0,

(3.18)
—cA+ (f—d)B=0.
Eliminating A and B from (3.18) yields
— b
a—p o,
c d—p
which gives the characteristic equation
B? — (a+d)B + (ad — bc) =0, (3.19)

with roots 81 and (3, we consider three main cases:
Case I : Suppose that 81 and (2 are real and distinct roots for the characteristic equation . Then, the solution
of is given by
=11+ 22 = A1Eo(810%) + A2E0(820%), y = y1 +y2 = B1Ea(810%) + BoaEo(B20).
And the general solution of system can be represented by
T =Cc1A1Eq(10%) + c2AsEq(820%), y = c1 B1EL(510%) + caBaEo(820%),

where ¢y, co, A1, Ay, By and By are arbitrary constants.

This case arises in the following example.
Example 1. Use the method of linear algebra to find the solutions of the following system:

TD = —x — 2y,

(3.20)
TDYy =z — 4y,
subject to
0<a<l1, z(0) =2and y(0) =0.
Solution: Let
x = AE,(80%) and y = BE,(80%),
be the solutions of system ). Then, substituting x and y into the considered system gives
(-1-B8)A—-2B =0,

(3.21)

A+ (—4—B)B=0.

The corresponding characteristic equation is 32 4+ 58 4+ 6 = 0, from which we have 8 = —2, —3. Substituting B = —2
into (3.21), we get A = land B = L. Substituting B = —3 into (3.21) yields A = B = 1. Therefore, the solutions are

z = E,(—20%) + 0.5E,(—30%)
y = Eo(—20%) + Eo(—3607).
Using the initial conditions leads to ¢y = 1,co = 2. Therefore, the required solutions are
x = Ey(—0%) + Eo(—30%),

y = Eo(—0%) + 2B, (—30%).
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Figure 2: The solutions z(#) and y(6) for negative eigenvalues of the system (3.20]) for different values of «

In Fig. [2] it is found that the curves of the solutions z(#) and y(#), within 6 = [0, 3] at different values of a € (0, 1],
decline and tend to equilibrium point as 6 increases. It is worth to mention that as long as « increases the declines go

faster to equilibrium point. Therefore, the equilibrium point is asymptotically stable.

Case II : If the roots of the characteristic equation (3.19) are complex 1 2 = 7 = iu. Then, the solutions can be

written as following:
= [Eq(v0Y)] [(A1c080 (p0Y) — Agsing (u0<)) + i (Azcosy (ub*) + Arsing(nd®))].
y = [Eq(v0%)] [(B1cosq (10) — Basing (u8%)) + i (Bacos, (ud*) + Bising (n?))] .

We can write = as linear combination of z1 (Re[z]) and z2 (I'mx]), Similar is done for y. Therefore, the general
solution of (3.17) is represented as following:

x = [Eq(v0Y)] [M((A1c084 (%) — Agsing (u0%)) + N((Azcosq (ub*) + Ay sing (ud™))],

y = [Ea(y0%)] [M (B1cosq () — Basing (u8%)) + N((Bacosq (ub®) + By sing (ud™))] .
Where M and N can be determined from the initial conditions.

Example 2. Use the characteristic method to find the solutions of the following system:

‘D =y,
(3.22)
TDYy = —4z,
subject to
0<a<l, z(0)=1and y(0) = 2.
Solution: Let
x = AE,(86%) and y = BE,(56%),
be the solutions of system . Then substituting x, y into the given system leads to
B8A—B=0,
(3.23)
4A+p8 B=0.

From the corresponding characteristic equation, we have 8 = +2i. Substituting 8 = 2i into (3.23) to obtain A = 1,

B = 2i. Then, the solutions are

T = 084(207) + ising (20%), y = —2sin,(20%) + 2icos,(260%).
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Therefore, the solutions can be written in the form
T = Mcosa(20%) + Nsing(20%), y= —2Msin.(20%) + 2N cos,(26%).
The initial conditions give us that M =1 and N =1, so we get

T = €084(20%) + sino(20%), y = —25in,(20%) + 2 c08,(20%).

T — xs(@).0=08

10f *2(8).e=0.8
— x;(8la=10

00 0.5 1.0

Figure 3: The particular solutions () and y(6) of system (3.22)) for pure imaginary eigenvalues with 6 = [0, 3] for
different values of «, in 2-dimensional (a, b) and 3-dimensional (c).

From Fig. [3] it is clear that the wave is oscillating as a periodic type and its amplitude increases as « increases. graphs
(a,b) exhibit that as a increases up to one, the wave tends away from equilibrium point (0,0). This result successfully

agrees with the stability classification of the equilibrium point of special cases.

Case III : If the roots of the characteristic equation (3.19) are real and repeated 51 = 2 = 8. Then, the solutions
of system (3.17)) are given by
T =1+ 22 = AEL(B0%) + (A10% + A2)Ea(B0%), y = y1 +y2 = BEL(B0%) + (B10 + B2)Eo(B0%).
The general solutions are,
T = 1 AEL(BO%) + c2(A10% + A2) Eq(86%), y = c1BEL(B0%) + c2(B10 + B2) Eo(867),
where ¢; and ¢ can be determined from the initial conditions and A, Ay, Ay, B, B; and By are arbitrary constants.
Example 3. Use the characteristic method to find the solutions of the following system:
TD =2z — v,
(3.24)
D =z + 4y,
subject to
0<a<l, z(0)=2andy(0) =1.
Solution: Let x = AE,(80%) and y = BE,(86%), be the solutions of (5.24), then substituting x and y into (3.24)
gives
(B—2)A+B=0,
(3.25)
-A+(B8—-4) B=0.
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From the corresponding characteristic equation, we have 8 = 3,3. Substituting § = 3 into (3.25) yields A = —B.
Taking A = —1 leads to B =1 so, the first solution is in the form

11 = —E4(30%) , y1 = Ea(30%).
The second solution will be
9 = (A10% 4+ As) [Ea(30%)], y2 = (B16“ + B3) [E,(360%)].
Differentiating xo and yo o' order and applying the product rule for Jumarie type of derivative yield
TD% = 3(A10% + A2)E,(30%) + T(1 + ) A1 B4 (30%).
TD% = 3(B10% + By)E4(30%) + T'(1 4+ o) By E,(36%).
Substituting ? D%z and ' Dy into (3.24) and Comparing the coefficients of 0, simplifying gives
Ay = —By,
As + AiT(1 4+ o) = —Ba.

For simple non-zero values, we choose Ay = —1,B1 = 1 and By =0 then, Ay =T'(1+ «). Using the initial conditions,

we find c; =1 and ¢ = ﬁ Hence, the solutions are

30«

[y 8 30°
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Figure 4: The solutions of system (3.24)) for « = 0.8 and 1.0 .
In the Fig. 4 we noticed that as « increases, the amplitude of x(6) tends to —oo and the amplitude of y() tends to
0o. Then, the equilibrium point X.q = (0,0) is unstable.
For the special cases we have the following example:
Example 4. Use the characteristic method to find the solutions of the following system:

TD% = —3y,
(3.26)
Dy = 3y,

subject to
0<a<1,2(0)=1and y(0) = —1.

Solution: The solutions of the given system are
x(0) = Eo(30%), y(0) = —E,(36%).

Here 3 =0,3. From the Fig. [5, we can conclude that the equilibrium point is unstable.

83



Journal of Advances in Mathematics Vol 22 (2023) ISSN: 2347-1921 https://rajpub.com/index.php/jam

J /
y
— 8
” \'\J
os
0o
os
10

Figure 5: The solutions of system (3.26)) for various values of «.

4 Applications of Nonlinear Fractional Dynamical System in Dusty Plasma

Consider an unmagnetized dusty plasma consists of isothermal electrons and ions, hot dust, cold dust grain. In
equilibruim, the condition of charge neutrality is N;o = NeoZe + NpoZn + Neo , where Neg, Npo, Neo and N;g are the
unperturbated number density of species. The charge number for negatively charged hot (cold) dust is Z, (Z.) . The
nonlinear fluid model is described by the following one dimensional system of continuity, motion for cold (hot) dust

and Poisson [20].
ON. | O(NcVe)

ot " ow (41)
oV, ove Oy
ot Ve dx 0z (42)

when (T,,T; > T},) for adiabatic hot grains, similar equations are
8Nh i 8(]\7th)

ot ox
oV, v oV 1 0P, Oy

=0, (4.3)

Zh —n —n 4.4
ot " ox TN, 0r - "on (44)
where N
h
Py = Ppo(—), 45
h = Pho( ) (4.5)
D?p
g2 = Ame(ZeNe+ ZuNy + Ne = Ny), (4.6)
where V. (V4,) represents the velocity of cold (hot) dust grain, M) (M) is the mass of hot (cold) grain, ¢ is the

electrostatic potential of plasma medium, Pyg = Ny and 7. = GWZ”, Y = 61\2 and p = 3 in one dimensional fluid.

The temperature of electron (ions) is T (T;), T (Te) is the temperature of hot (cold)grains. The density N. and N;

of electrons and ions obey the Maxwell Boltzmann distribution as,

Ne = NeO GXP(%), (47)
T.
For formulation of KdV equation, the reductive perturbation method consider,
&= 2 (x = Vppt), 7= e3¢, (4.9)
where the strength of nonlinearity is ¢ and V), for wave speed propagation. Eqs.(4.1)-(4.6) are expanded as:
NC NcO Ncl Nc2
ch 0 Vcl VCQ
Ny | = NhO +e Np1 +52 Npo + - (410)
Vi 0 Vi1 Vha
@ 0 ©1 P2
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The boundary conditions for this system are |£| — 0o, N. = Neo, Np = Npo, Ve = N, = ¢ = 0. Put Eqgs.(4.7)-(4.10) in
Eqgs.(4.1)-(4.6) and equating the coefficients of like power of ¢ .
The KdV equation is obtained as Ref. [20].

3
8<P1+C 3@1+D3¢1

o 5 5er =0 (4.11)

where the dispersion equation is,

3N ProTeTi Zeorye + 1V, hthNhO (NeoTe + NeoT; + NeoTeZe) + NuoTeZn

Vth —3ePno(Neo(Te + 1) + Te(NeoZe + NnoZn)) — MpNpoTeTi(NeoZeye + NnoZnyn) | = 0,

and the coefficients of terms in KdV equation are,

1
2T62Ti2vph71(NCOZC’Y]2_/YC M2N3 V Zh’yh)

lSM,fN,fOZh'yﬁTszVp‘lh(Phg + MpNnoVii) = 37 Neo T2 T Zer? +

V3 (e2Vph (NeoT? — NeoT? + NeoT2 Ze + NuoT?2 Z1))

Vi
D= ph - , M = MyNpoVy, — 3Pao

8em (NCO ZC’V%’)’C M}%Ngo ‘/;14h Zh’)/h)

4.1 Planar Dynamical System for Space-Time Fractional KdV Equation

The KdV Eq.(4.11) is converted to the space-time fractional KdV equation (STFKdV) by using the Agrawal technique[21]-
23]
JDagol (fa ) +C ¥1 (fa T)JDg\@l(fa T) +D JDE\AAQOl(gv T) =0. (412)

The STFKdV equation is transformed to ODE by introduce a new variable[20]

& (r0)*
T“TOor1) Ta+t1) (4.13)

where § defined as a modification parameter in the transformation law, and we use some properties of JRL fractional

derivative. I+ "
Ty, _ + yO=a) J pa J pa
D - 7 D ) Y
(1+570&) ) yf(u(y>) yu(y)(du)
Let p1(&,7) = (1), so we get the ODE
do(n) dy(n) d*p(n)

- ——= 4+ C D =0. 4.14
R A i (4.14)

By integrate Eq.(4.14) with zero constant due to satisfy the boundary conditions, we get

d2

—6%p(n) + C ©*(n) + D df]g”) =0. (4.15)

The Eq.(4.15) is equal to autonomous planar dynamical system (DS):

do _ 7

dn . (4.16)
iz _be _ C 2

a1y — D DY
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We investigate the bifurcations of phase portraits of system (4.16) in the (¢, Z) with o and d are changed. Bifurcation
analysis of dynamic system having important role in our research. This importance is the fact that we can essentially
draw the phase portrait which describe the behavior of different solutions without solving the system.

[a} a= |:| E (b) a=0.2

: 2N
‘ l'+'l *.. . f”;'"-'- TS
ol 11“'11',1'11';:*???!@[;]'.'r_ v ol ||fTlfr[",'u’}‘.’-%";ﬁ}lm'ulilll
Hhl Ilflﬁ _;:_f:gﬁ._&._‘t ITIR it il [T.N*l,*.,i't,g«%«fi:{ -ﬁ'ﬂlrjjl I

1l .Ih'IJII.I' r};f% '1||| L'.I ] -1} 1.1-'|1.5'.%k'-t“}:‘%§f*' ”H}'
b W= \\ W WS
=2 —1 :I 1 2 -2 —I1I - :II 1 .E:

[re

Figure: 6 Phase portrait for dynamical system (4.16) with different values of aw at 6 = 0.6,8=1; .

4.2 Bifurcations

We had the Jacobian matrix to linearizated the system (4.16) as

0 1
M=\ _20e () -
D D

The system (4.16) has two equilibrium points at ¢;(0,0) and qz(%,O). The eigenvalues of Jacobian matric m at
q1(0,0) is Ay = 4/ %a are distinct real, where % be insure positive, so we classify the equilibrium point ¢; as unstable

saddle point, see Fig.(6-a). Eigenvalues of m at qz(‘sc ,0)is Ag = £ 4 \/» so we classify the equilibrium point g2 as
stable center, so that ¢(n) becomes periodic as exhibited in Fig. (6-b). Trajectories are closed curves that are known
as homoclinic orbits as shown in Figs.(7). in Fig.(7-a,b), there are two points in the phase portrait correspond to, a
saddle point at ¢1(0,0) and other to a center point at qg(%, 0). We concluded that, we have two types of solutions
for system (4.16), periodic and solitary solutions due to the phase portrait of a dynamical system. A solitary wave
solution analogous to the homoclinic orbit at an equilibrium point, also the phase portrait has a family of periodic
orbits about an equilibrium point of the system, then the system has a family of periodic wave solutions corresponding

to the family of periodic orbits about that point [24].
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5 Results and Discussion

The nonlinear STFKdV equation is converted to nonlinear D.S. in plasma physics that containing electrons, ions, cold
and hot dust grains have been examined. We investigated the influence of two parameters; space-time fractional «
and the modification parameter § on the behavior of solutions. Our numerical studies and all phase portraits of our
system have been carried using the parameters of Saturn F-ring’s i.e., the mass of dust grains are M, = M;, = 10'?M;
, dust charges are Zj, = 1000, Z. = 10, the equilibrium densities are Nog = 8 cm ™3, Njpg = 6 cm ™3, Nog = 10 em ™3,
and the temperature of hot grains, electrons and ions are Tj, = 0.05 eV, T, = T; = 1 eV, respectively, as given in
(Salim et al., 2015 [25]; Akhtar et al., 2007 [26]; El-Shewy et al., 2011 [27]). We achieved a solitary and periodic waves
by the bifurcation analysis. The parameters 6 = 0.6, « = 0.2 give the saddle phase portrait in Fig. (6-a) and center
in Fig.(6-b). Furthermore there is one homoclinic orbit to ¢; enclosing one center g2 at a@ = 0.2 as Fig.(7-a) and at
a = 0.6 as Fig.(7-b). It is observed that from these graphs that as « increases the amplitude of solitary wave decrease.
In Fig.(7-a,b) as the parameter of fractional « increases, the number of periodic solutions around second equilibrium
point decrease in same interval. So that the waves become rarefaction and this observation is in a good agrement with
results in Ref.[20] where the amplitude of soliton wave decreases and width increases as « increases . In Figs.(8) at
a = 0.6, it is observed that from these figures as ¢ increases, the envelope solitary wave reverses its behavior from
rarefactive to compressive wave. This effect of modification parameter is congruent with the observation in Ref.[20]

where the width of wave decreases and the amplitude increases as ¢ increases .

6 Conclusions

The stability, the existence and uniqueness of fractional linear systems are an active research area nowadays. Here we
presented the conditions under which the solutions of the proposed systems exist and unique. The solutions of some
FDS are obtained by linear algebra method. The general solutions are obtained in terms of Mittag-Leffler function
which helps us to understand the long behaviour of the solutions. The behaviour of solutions of the given systems are
studied in the neighbourhood of the equilibrium point (original) JRL. Moreover it seems to be the best among others
because this operator can be used to model some natural phenomena and it does not require differentiable functions.
Finally we introduced a very important application of the effect of fractional parameters in astrophysical plasmas.
The results from this work are expected to contribute to in-depth understanding of nonlinear waves that may appear

in the interstellar regions of Saturn.
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