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Introduction

1 Introducton

Suppose that M denote the class of all analytic f (z) in the open unit disk
Qi={zeC:|z[ <1},

With
o0
M := {g’g(z) =z+ Zanz",g Q- (C}
n=2
Also, let S C M consisting of function which are univalent inside €.
A typical problem in geometric function theory is to study a functional made up of com-binations of the coefficients of
the original function. Usually, there is a parameter over which the extremal value of the functional is needed. The paper

deals with one important functional of this type: the Fekete-Szego functional. The classical Fekete-Szego functional is
defined by

Du(f) = Jas = pa

(0<p<1)

and it is derived from the Fekete-Szegé inequality. The problem of maximizing the abso-lute value of the functional
in subclasses of normalized functions is called the Fekete-Szego problem. In 1933, Fekete and Szegd [9] found the

maximum value of

2
as — ,ua2’

as a function of the real parameters p, for functions belonging to the class S. Since then, several researchers solved the

a classial Theorem Fekete-Szego|9] states that for f € S give by

o9 :
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’ag,f,uaglg 1+26xp<%> if O<p<l.

dp—3 if w>1.
Later, Pfluger [3] has considered the complex values of p and provided, were able to bound the classical functional in
the class S by
2 —2u
‘ag - u%’ <14 2exp{——}
1—p
. Up to this time, several authors have attempted to extend the above inequality to more general classes of analytic

functions.

+ A function f € M is said to be in the class S* (a) of starlike functions of order « in 2 and is determined

S*(a) = {g € M‘Re(zgl(z)) >a,zeN0<a< 1}

9(2)

+A function f € M is said to be in the class of convex functions of order « in €, denoted by C(«) and is determined

(C(a) = {g € M‘Re(l + zg”(z)) >a,z€Q0<a< 1}

g(2)

A notions of a-starlikeness and a-convexity were generalized onto a complex order « see [14],[15],[16].
In particular, the classes S* = $*(0) and C = C(0) are the familiar classes of starlike and convex functions in 2,

respectively.

The paper is organized as follows:
In section preliminaries I remind some basic notations in [3],[4],[7],[8],[9],[10],|14],[15],[16] such as The linear multiplier

differential operator Dg”,'n(n, @) f, subclass S,, (d, 3, 77) and C,, (d, 3, 77).

Section 3: Stability ‘(lg — ,uagl—functional inequalities for d nonzero complex number, p € C and f € S, (d, B, n).

Section 4: Stability ’ag — uag‘-functional inequalities when u, d are real and f € S,, (d, 0, 77).
Section 5: Stability ‘0,3 — [as ’—functional inequalities when d is a nonzero complex number, 4 € R and f € S, (d, B, 77).

Section 6: Stability ‘ag — pas ‘—functional inequalities when d is a nonzero complex number, 1 € C and f € C,, (d, B, 77).

This section should be succinct, with no subheadings.
2  preliminaries
Definition 2.1. Suppose that

Dy f:M—M

Then the linear multiplier differential operator Dy, f was defined as follows:
+Dj , f(2) = f(2),
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+Dj, f(2) = Dgy f(2) = B2 (f(z))// + (8- n)z(f(z))' + (1= B+n)2f(2),
+D3,4() = Dy (D}, /().

+D, f(2) = Dgy (Dgf;l (z)), In there > n >0 and m € N.

From the definition I lead to consequence
Corollary 2.2. If f € M then the linear multiplier differential operator D™ (n, @) f identified as

DEf(z) =2+ Y [+ (Ban+B8—n)(n—1)]"anz".

n=2

Definition 2.3. Suppose d be a nonzero complex number, g € M and Dg'.9 (z) # 0 I define a subclasses as follows:

Sm(d, B,n) =
I
z| D gz
{gEM‘Re 4t M—l >0,0§n§ﬁ,meN,zeQ\{O}}
d Dgfng(z)
Definition 2.4. Suppose d be a nonzero complex number, g € M and (Dgfng (z))/ # 0 I define a subclasses as follows:
Cpn(d, B,m) =
1
2| DT g(z
{geM‘Re<1+;<<Bm()),—l>> >0,0<n<fmeNz e\ {0}}
(Dg,9(2))

Let P be the class of all analytic functions

P:= {q(z) ’q(z) =1l4cz+e+--z€ Q,Req(z) > O}
Lemma 2.5. If

@2)=1+cr1z+cz® 4+, Vq(z)€P. (2.1)

Then

o

2
ii)]e2 - §| <2

In this paper I assume that k € N*.

3 Stability ’CL?,— Qs ’-functional inequalities for d nonzero complex number,
peCand feS,(dpAn)

Theorem 3.1. Suppose that d be a nonzero complex number and p € C, 0 <n < 8. If f of the form:

flz) = erZajzj (3.1)
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18 in Sy, (d, 3, 17), then

o] < - 2214 (3.2
2=k - 1)am '
kld|
< — .
‘03’ < (3k_1)Bmmax{1, 1+2kd’} (3.3)
2k|d| m
“pas| < = {1, |1+ 2kd — dkd 7‘ 4
’ag “a2’ = Bk — 1)Bmma${ hE H ok —1)242m } (34)
In there A := {1 + (2k — 1) (2kn + B — n)} and B := {1 + (3k — 1) (3kpBn + B — n)} . Consider the functions
!
kz( D} f(z)
M — b+ kd[q1(2) — 1] (3.5)
D,
n
li
kz( D} f(z)
B
<Dm> = k+kd [qg(z) - 1} (3.6)
B.n
In there q1,q2 are given in Lemmal. Equality
in (3.1)) holds if (3.5)
in (3.2)) holds if (3.5)and (3.6) for each p in (3.3)) if (3.5) and if (3.6)
Proof. We put
Di,f(z) =2+ 22 + 232"+, (3.7)
then
)\2 = Am(lg, )\3 = Bma3 (38)
So I have
kz(l +2X02 + 3N322 + - )
=k —kd+kd(1 SR 3.9
( 24 A2+ Ag2B - > * ( taztest ) (39)
which implies the equality
kz 4 2khoz? + 3kNgz® + - = kz 4 (kdc1 + Az);ﬂ + (kdc2 T kApdey + Ag)z?’ oo
Equating the coefficients of both sides we get
_ kdey _ kd2c% kdca
M= M T g T (8.10)

Therefore, according to (3.8) and (3.10), I have
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kde, kd )
- . 11
@h—1)Am = Ge—nypn dat e (8-11)

ag =
From (3.8) and Lemma 1, I get

| kde 2k|d|
‘“2‘ - ‘(%—1 Al = @R DaAm (312)

and

kd
3k — 1)B™

c2 1+ 2kd
3T

kd
Bk —1)B™

IN

2

2l 1+ 2kd
_|671}+ 5 |C%|1

kd
2(3k — 1)B™

< (i))kliMl’)Bmmax{l, [H ‘1+2kd‘ - 1}} (3.13)

j

kd , R,
(3k — 1)B™ (dcl + 62) T HoE —1zam @

1+2kd| -1
ety

Thus, I have
[kd|

< 1M 1
‘%’ = 3k — 1)Bmmm{ ’

2
‘CLB _’U/GQ‘ -

Ak2dB™
Fok —1)zazm

IN

1+ 2kd —

——— _i“ It
Bk —1)B™ \I? 2

kd
B3k —1)B™

- \ 3| \ 3| 4k2dB™
+ (2k — 1)242m

= Bk—1nBm

I now obtain sharpness of the estimates in (3.1), (3.2) and (3.3). Firstly, in (3.1) the equality holds if ¢; = 2.
Equivalently, I have p(z) = p1(z) = (14 2)/(1 — z). Therefore, the extremal function in S,,(d, 3,7) isgiven by

k2(DEF(2) 14 (2kd—1)- 3.15)
Dgy 1= )

IN

1+ 2kd — p

2kd
(Bk—1)B™

4k2dB™
Qk )2A2m

4k2dB™ }

1+ 2kd —

(2k — 1)2A%m (314

Next, in (3.2)), for first case, the equality holds if ¢; = ¢o = 2. Therefore,the extremal functions in S,, (d,ﬁ,n)
is given by (3.15) and for second case,the equality holds if ¢; = 0,¢o = 2. Equivalently, I have p(z) = pa(z) =
(1+ 2%)/(1 — 2?).Therefore, the extremal function in Sy, (d, 8,7) is given by

k=(Dg, f(Z))/ 14 (2kd — 1)22

_ 3.16
Dy, 1—22 ( )
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Finally, in (3.3)), the equality holds. Obtained extremal function for (3.2 is also valid for (3.3). Thus, the proof of

Theorem 1 is completed.

4 Stability ‘CL?, — ,uagl-functional inequalities when u,d are real and f €

m(d, B.1)

Theorem 4.1. Suppose that d > 0 function f € S,, (d,ﬁ,n). Then for p € R I get

‘as - M%’ <

de 2kduB™ . (2k—1)2A%™
{1+2kd[ m]} if r= G
d . (2k—1)2A%™ (14-2kd) A®>™
= if “EenEe SHS Thape
(4.1)
4kdpB™ . 1+2kd) A*™
]g"lzéli"_2kd_1] if xS

In there A := {1 + (2k — 1) (2kn + B — 17)} and B := {1 + (3k — 1)(3kpBn + B — n)} For each p, the equality holds for
functions in ) and .
Proof. Suppose that p < (?Sk %g:ﬂ < uzgffgﬁm then from (3.11]) and Lemma 1 I get
kd 2| 4k*dB™
53— pal| < —— ——1‘ P4 2kd—p——or
‘a‘* “aQ‘ = Bk—1)B™ ‘02 2l T (M Fok —1)2a2m
kd |c | |<3] 2| 4k*dB™
—_ |2 — 14+2kd— p————
-~ (3k—1)B™ * (Qk —1)2A2m
2kd 2kdB™
=— " |14+2kd|{1 —p———
Gk—nB7 | ( Mok - 1)2A2m>
2kd 2kdB™
< — (14 2kd —_— 4.2
2z ( Mok - 1)2A2m> (42)
Next, I consider % <u< %. Then, using the above calculations, we obtain
5| _ 2kd
o] < 2
Finally, I consider p > %
kd \c | 4k*dB™
—padl < —— - = ! —— — 1 —2kd
‘a?’ an‘ = Bk—1)B™ ‘ @ ’ H ok — 1)2A2m
kd el | |4 4k*dB™
—_— 4 = —1—2kd
= Bk-1)B™ > T \Mak—1ram
2kd 2kdBm
1+ 2kd
“Bri—nB7| " ( 2A2m>
2kd 4k%dB™
— g —2kd -1 4.3
= Bm (MoK - 12aem )] (43)
O
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Thus, the Theorem has been proved.

5 Stability ’ag — ,an‘—functional inequalities when d is a nonzero complex
number, 4 € R and f € Sm(d, ,8,77)

Theorem 5.1. Suppose that d be a nonzero complex number and for f € S,, (d,ﬂ,n). Then for up € R I get

4k*|d ’ k|d||sin® i
m%lﬁlm[ﬂ(fl)—uﬁérﬂﬁ if p<H
2k|d| '
'ag—uai‘ < B™ if Hi<p<I (5.1)

2 2 sin .
%{H(tl) H}+% if pw>1IL

In there A= [14 (2k = 1)(2kn + 8 = n)| and B = [1+ (3k = 1)(3K8y + 8 — ) |, kla| = kde, 1y = G
w’ 1= (@k-_1)2 4% Hy = H(t1) — ly(1 — |sinf|) and Ly = H(t1) + 11 (1 — |sin9| ) For each p, there is a
ak|d|Bm ak|d|Bm

functin in f € S, (d,,é’, 77) such that the equality holds. the equality holds for functions in and .

Proof. From ([3.14)), T have

Jed
3k —1)B™

<W|<’ o) ]
= Bk —1)Bm

k|d| |61| ’ il
= Bk—1)B™
|021|<

_ k]

- (B3k—-1)Bm

_ 2k|d] k|d]
~pm T (3k —1)2Bm

k*d?
2 _,_ ke o
(kdq + cz> ,u(% EENENE ey

2
‘aS _Maz‘ -

4k*dB™

L4 2hd =

)

4k2dB™
Fok —1)242m

1>+2

i

14+ 2kd — p

4k%*dB™

14 2kd -y BT
* Mok — 12

Ak2dB™
Mok — 1)242m

—2kd—1| -1

_ 2k[d] Gl
“pm T (2k —1)2A2m

2k —1)2APm 2k —1)2A%™

B 2k —1)2APm
(3k —1)B™ 4kdB™

4k|d| B

et

2m 2 p2m i6 2m
If k|d| = kde®, ¢, = 2~= DA™ | (Zk=1)°A%Te 1y = @k 124
| ’ 1= (B3k—1)B 4k|d|Bm 1= 4k| B

in last equation, I have

g2t Hd
‘“3_’“2 = Bm T BE-1)2B7
_ 2kld| k2| d?|
= m T or—1)2am

B—t

—l]’cﬂ

+ ll‘sine‘ — 111 ‘c%’

+(1- |sm9])11] 2|

w—H(ty)

_ 2k|d| il
= pm T (2k —1)2A42m

= H(t1)

46



Journal of Advances in Mathematics Vol 22 (2023) ISSN: 2347-1921 https://rajpub.com/index.php/jam

Next, I consider case (b.3) if u < H(t1)

o
2k|d| k2| d?|
= B (2k—1)2A2m

H(tr) — 1 (1~ [sind]) - u] 3|

2| K]
~ Bm (2k71)2A2m

] ) 6.9

Next, I consider p < Hy = H(t1) —l1(1 — |sinf| ). According to Lemma 1 and I; = & From (5.4), we get
2k[d[ B

o
< e (1)) - A (1 e
-5 4k2'i2A2m< SORE o (R
- m( —n) - k’d| =l sing)| (5.5)
Next, I put Hy = H(t1) — l1(1 — |sinf|) < p < H(t1). So then in (5.4) I have
Next suppose u > H(t1). So According to
-]
< 2;@ (2k’“2|1‘§2[42m p— it~ (1- ysmey)] E
_ 2}/;!:| (%’?2 |1‘§22|Am e Hl] K (5.6)
Next, I'let pn < H(t1) — l1(1 — |sind|). So then in I have
o] < 21
Next, Tlet p > Hy = H(t) — 1 (1 — |sinf]). So According to Lemmaland I, = % I have

2

_ 2k|d| N 4k2| 2| (u— H(tl)) _ 2k[d] (1 B |Sm9’>

= m T ar—1zamm Bm
4k2|d? 2k|d
(2]@—1‘)21|4127”(MH(t1)) *#PW’! (5.7)
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Next suppose u > H(t1)

Suppose that p < (?:?Ejijgf: < (12?232:327” then from (3.11)) and Lemma 1 I get

‘a3_“a§‘<(3k—k?)3m 2 - ’+| 2|<1+2kd_“(2k4]i2%>
Sﬁ |cl‘ |1‘<1+2kd %)
=
Next, I consider % <p< %. Then, using the above calculations, we obtain
5| _ 2kd
o] < 2
Finally, I consider y > %
jas — pa3| < ﬁ - +|22|<“m ‘1‘2’“’”
,ﬁ |2|+|2|<u(2;k_2%—1—2kd>1
_ % 1+ 2kd< %)
ol )

(5.9)

O

Thus, the Theorem has been proved. Suppose I give =1 and n = 0 in Theorems 1 — 3 I have following new results,

respectively

Corollary 5.2. (I):Suppose that d be a nonzero complex number and p € C, 0 <n < B. If f of the form:

o0
z)=z+ E a;z’
i=2

18 in Sy, (d), then

i

o () I

jas| < (I;ngn {1

mam{l,

__ 2|d
‘“3 - “”2’ = 3k —1)(3k)™

48
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(II) Suppose that d > 0 function f € S,, (d, 5,77). Then for p € R I get

2kd 2kduB™ . (2k—1)2A%™
Bm{1+2mﬂ1—(ﬂ:ﬁiﬂﬁ]} if S G
d . (2k—1)2A%™ (142kd) A%™
B if “GEEnEe S S Tgape
‘as - N02’ < (5.14)
B [“ﬁé‘f"’ ~ 2kd — 11 N
(III)Suppose that d be a nonzero complex number and for f € S, (d,ﬁ,n). Then for € R I get
2
4k? |d k|d||sin® .
W)ITIW{H“I)_M}‘F%?UWL if p<H
2k|d| .
-t | 5 msn o
ar?|d|” kld|[sing| .
W{H(tl)*ﬂ} +m if p>1L

6 Stability ’Cbg — uag‘-functional inequalities when d is a nonzero complex
number, 4 € C and f € (Cm(d,ﬁ,n)

I
Definition 6.1. Suppose d be a nonzero complex number, g € M and (Dgfng (z)) # 0 I define a subclasses as follows:

C(d, B,m) ==
1
1 Z(Dgfng(z))
geM‘Re 1+ 0—"—-1] | >00<n<BmeNzen\{0}
(pg,9(2))
Theorem 6.2. Suppose that d be a nonzero complex number and p € C, 0 <n < p. If f of the form:
k
flz)= z—i—Zkajzj (6.1)
i=2
s in Cp, (d, B, 77), then
o] < - 2214 (6.2
2=k 1A '
‘ ’< ld] {1 1+2kd’} (6.3)
az| < (3k_1)Bmmax , .
’ ’< 2k|d] {1 1+ 2kd — 4kd B” } (6.4)
] N Ty T b Mok —1)242m '
In there A := {1 + (2k — 1) (2kn + B — 77)} and B := {1 + (3k — 1)(3kpBn + B — n)} . Consider the functions
Theorem 6.3. Suppose that d > 0 function f € C,, (d,ﬁ,n). Then for p € R I get
2kdpuB™ . 2k—1)2A4%™
d . 2k—1)24%™ 1+2kd)A*™
B if %m%@rﬁﬂﬁL@@%*
‘G,g — ,ua2’ < (6.5)
m . 2m
T [4’2‘*;5 — 2kd — 1] if =S
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In there A := {1 + (2k — 1)(2kn + 5 - 77)] and B := {1 + (3k — 1)(3]@677 + 56— n)} For each p, the equality holds for
functions in (3.5) and (3.6)
Theorem 6.4. Suppose that d be a nonzero complex number and for f € C,, (d,ﬁ,n). Then for p € R I get

2 2 .
e S L Y
2k|d .
‘as—/ﬂlg‘ﬁ %”T[ if Hi<p<Iq (6.6)

2
4k%|d k|d||sin® .
WQW[H“I)—NF%?UWL if p=L

In there A= [14 (2k = 1)(2kn + 8 = )| and B:= [1+ (3k = 1)(3K8n + B — ) |, kla| = kde®, 1y = G+

oL PACT 1y G LPAM g H () — (1 — |sinb|) and Ly = H(t1) + 1 (1 — |sin6|) For each p, there is a
ak|d|Bm ak|d|Bm
functin in f € S, (d,ﬁ, n) such that the equality holds.

the equality holds for functions in (3.5) and (3.6)

Corollary 6.5. (I):Suppose that d be a nonzero complex number and 8 =1,7=0 and p € C .
If f of the form:

) =2+ a;7 (6.7)
=2
is in C,, (d), then
4]
< — .
‘az} = 2k)m-1 (6.8)
Jas| < kld] {11+ 2nd|} (6.9)
az| < (3k)mmax , .
2% d| akdp [ 3\"
—pan| € 0 g {1 |14 2kd - —E [ 2 ‘ 6.10
jas — pas | < 3k — 1)(3k)mm“${ + 2k —1)2 \ 4% } (6.10)
(II) Suppose that d > 0, function f € C,, (d) Then for p € R I get
kd 2kduB™ . (2k—1)2A%™
d . (2k—1)2A%™ (142kd) A%™
B if Gh—nB = K S @apm,
’CL3 - ,ua2’ < (6.11)
4kdpB™ . 1+2kd) A*™
B%“[ i —2k‘d—1] if MZW
(II1I)Suppose that d be a nonzero complex number and for f € C,, (d) Then for € R I get
ak2|d|? k|d||sing .
ﬁ\m{H(tl)_ﬂ}+(g,|/g|_|41)Bnbt if p<H
2k d ‘
‘QS _ ’ua%‘ < Bm Zf H, < < Ly (612)

2 2 sin .
%{H(tl)*ﬂ} +% if w>1Ly
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7

CONCLUSION

In this paper, I construct the ’ag — ,ua%‘—inequality function I based on The linear multiplier differential operator
Dy, (n,6)f and subclass Sy, (d, ,1), Crn (d, B,1)-

8
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