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Introduction

1 Introducton

Suppose that M denote the class of all analytic f
(
z
)
in the open unit disk

Ω :=
{
z ∈ C :

∣∣z∣∣ < 1
}
.

With

M :=
{
g
∣∣∣g(z) := z +

∞∑
n=2

anz
n, g : Ω→ C

}
Also, let S ⊂M consisting of function which are univalent inside Ω.

A typical problem in geometric function theory is to study a functional made up of com-binations of the coefficients of
the original function. Usually, there is a parameter over which the extremal value of the functional is needed. The paper
deals with one important functional of this type: the Fekete-Szegö functional. The classical Fekete-Szegö functional is
defined by

4µ
(
f
)

=
∣∣∣a3 − µa22∣∣∣, (0 < µ < 1)

and it is derived from the Fekete-Szegö inequality. The problem of maximizing the abso-lute value of the functional
in subclasses of normalized functions is called the Fekete-Szegö problem. In 1933, Fekete and Szegö [9] found the
maximum value of

∣∣∣a3 − µa22∣∣∣
as a function of the real parameters µ, for functions belonging to the class S. Since then, several researchers solved the
a classial Theorem Fekete-Szegö[9] states that for f ∈ S give by
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∣∣∣a3 − µa22∣∣∣ ≤


3− 4µ if µ ≤ 0,

1 + 2exp
(
−2µ
1−µ

)
if 0 < µ < 1.

4µ− 3 if µ ≥ 1.

Later, Pfluger [3] has considered the complex values of µ and provided, were able to bound the classical functional in
the class S by ∣∣∣a3 − µa22∣∣∣ ≤ 1 + 2exp{ −2µ

1− µ
}

. Up to this time, several authors have attempted to extend the above inequality to more general classes of analytic
functions.

+ A function f ∈M is said to be in the class S∗
(
α
)
of starlike functions of order α in Ω and is determined

S∗
(
α
)

:=
{
g ∈M

∣∣∣Re(zg′(z)
g
(
z
) ) > α, z ∈ Ω, 0 ≤ α < 1

}
+A function f ∈M is said to be in the class of convex functions of order α in Ω, denoted by C(α) and is determined

C
(
α
)

:=
{
g ∈M

∣∣∣Re(1 +
zg′′
(
z
)

g′
(
z
) ) > α, z ∈ Ω, 0 ≤ α < 1

}
A notions of α-starlikeness and α-convexity were generalized onto a complex order α see [14],[15],[16].
In particular, the classes S∗ = S∗(0) and C = C(0) are the familiar classes of starlike and convex functions in Ω,
respectively.

The paper is organized as follows:
In section preliminaries I remind some basic notations in [3],[4],[7],[8],[9],[10],[14],[15],[16] such as The linear multiplier
differential operator Dm

β,η(η, φ)f , subclass Sm
(
d, β, η

)
and Cm

(
d, β, η

)
.

Section 3: Stability
∣∣∣a3 − µa2∣∣∣-functional inequalities for d nonzero complex number, µ ∈ C and f ∈ Sm

(
d, β, η

)
.

Section 4: Stability
∣∣∣a3 − µa2∣∣∣-functional inequalities when µ, d are real and f ∈ Sm

(
d, β, η

)
.

Section 5: Stability
∣∣∣a3−µa2∣∣∣-functional inequalities when d is a nonzero complex number, µ ∈ R and f ∈ Sm

(
d, β, η

)
.

Section 6: Stability
∣∣∣a3−µa2∣∣∣-functional inequalities when d is a nonzero complex number, µ ∈ C and f ∈ Cm

(
d, β, η

)
.

This section should be succinct, with no subheadings.

2 preliminaries

Definition 2.1. Suppose that
Dm
β,ηf : M→M

Then the linear multiplier differential operator Dm
β,ηf was defined as follows:

+D0
β,ηf(z) = f(z),
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+D1
β,ηf(z) = Dβ,ηf(z) = βηz2

(
f(z)

)′′
+
(
β − η

)
z
(
f(z)

)′
+
(
1− β + η

)
zf
(
z
)
,

+D2
β,ηf(z) = Dβ,η

(
D1
β,ηf(z)

)
,

·
·
·
+Dm

β,ηf(z) = Dβ,η

(
Dm−1
β,η f(z)

)
, In there β ≥ η ≥ 0 and m ∈ N.

From the definition I lead to consequence

Corollary 2.2. If f ∈M then the linear multiplier differential operator Dm(η, φ)f identified as

Dm
β,ηf

(
z
)

= z +

∞∑
n=2

[1 +
(
βηn+ β − η

)(
n− 1

)
]manz

n.

Definition 2.3. Suppose d be a nonzero complex number, g ∈M and Dm
β,ηg

(
z
)
6= 0 I define a subclasses as follows:

Sm
(
d, β, η

)
:=

{
g ∈M

∣∣∣Re(1 +
1

d

(
z
(
Dm
β,ηg

(
z
))′

Dm
β,ηg

(
z
) − 1

))
> 0, 0 ≤ η ≤ β,m ∈ N, z ∈ Ω \ {0}

}
Definition 2.4. Suppose d be a nonzero complex number, g ∈M and

(
Dm
β,ηg

(
z
))′
6= 0 I define a subclasses as follows:

Cm
(
d, β, η

)
:=

{
g ∈M

∣∣∣Re(1 +
1

d

(
z
(
Dm
β,ηg

(
z
))′′

(
Dm
β,ηg

(
z
))′ − 1

))
> 0, 0 ≤ η ≤ β,m ∈ N, z ∈ Ω \ {0}

}

Let P be the class of all analytic functions

P :=

{
q
(
z
)∣∣q(z) = 1 + c1z + c2z

2 + · · ·, z ∈ Ω, Req
(
z
)
> 0

}
Lemma 2.5. If

q(z) = 1 + c1z + c2z
2 + · · ·, ∀q(z) ∈ P. (2.1)

Then
i)
∣∣∣cj∣∣∣ ≤ 2, j ≥ 1,

ii)
∣∣∣c2 − c21

2

∣∣∣ ≤ 2−
∣∣c1∣∣2

2 .

In this paper I assume that k ∈ N∗.

3 Stability
∣∣∣a3−µa2

∣∣∣-functional inequalities for d nonzero complex number,

µ ∈ C and f ∈ Sm
(
d, β, η

)
Theorem 3.1. Suppose that d be a nonzero complex number and µ ∈ C, 0 ≤ η ≤ β. If f of the form:

f(z) = z +

∞∑
j=2

ajz
j (3.1)
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is in Sm
(
d, β, η

)
, then

∣∣∣a2∣∣∣ ≤ 2k
∣∣d∣∣

(2k − 1)Am
(3.2)

∣∣∣a3∣∣∣ ≤ k
∣∣d∣∣

(3k − 1)Bm
max

{
1,
∣∣∣1 + 2kd

∣∣∣} (3.3)

∣∣∣a3 − µa2∣∣∣ ≤ 2k
∣∣d∣∣

(3k − 1)Bm
max

{
1,
∣∣∣1 + 2kd− 4kdµ

Bm

(2k − 1)2A2m

∣∣∣} (3.4)

In there A :=
[
1 + (2k − 1)

(
2kη + β − η

)]
and B :=

[
1 + (3k − 1)

(
3kβη + β − η

)]
. Consider the functions

kz
(
Dm
β,ηf

(
z
))′

Dm
β,η

= k + kd
[
q1(z)− 1

]
(3.5)

kz
(
Dm
β,ηf

(
z
))′

Dm
β,η

= k + kd
[
q2(z)− 1

]
(3.6)

In there q1, q2 are given in Lemma1. Equality
in (3.1) holds if (3.5)
in (3.2) holds if (3.5)and (3.6) for each µ in (3.3) if (3.5) and if (3.6)

Proof. We put

Dm
β,ηf

(
z
)

= z + λ2z
2 + λ3z

3 + · · ·, (3.7)

then

λ2 = Ama2, λ3 = Bma3 (3.8)

So I have

(
kz
(

1 + 2λ2z + 3λ3z
2 + · · ·

)
z + λ2z2 + λ3z3 + · · ·

)
= k − kd+ kd

(
1 + c1z + c2z

2 + · · ·
)

(3.9)

which implies the equality

kz + 2kλ2z
2 + 3kλ3z

2 + · · · = kz +
(
kdc1 + λ2

)
z2 +

(
kdc2 + kλ2dc1 + λ3

)
z3 + · · ·

Equating the coefficients of both sides we get

λ2 =
kdc1

2k − 1
, λ3 =

kd2c21
3k − 1

+
kdc2

3k − 1
(3.10)

Therefore, according to (3.8) and (3.10), I have
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a2 =
kdc1

(2k − 1)Am
, a3 =

kd

(3k − 1)Bm
(dc21 + c2). (3.11)

From (3.8) and Lemma 1, I get ∣∣∣a2∣∣∣ =
∣∣∣ kdc1
(2k − 1)Am

∣∣∣ ≤ 2k
∣∣d∣∣

(2k − 1)Am
(3.12)

and

∣∣∣a3∣∣∣ =

∣∣∣∣∣ kd

(3k − 1)Bm

∣∣∣∣∣
[
c2 −

c21
2

+
1 + 2kd

2
c21

]∣∣∣∣∣
≤

∣∣∣∣∣ kd

(3k − 1)Bm

∣∣∣∣∣
[

2−
∣∣c21∣∣
2

+
1 + 2kd

2

∣∣c21∣∣
]

=

∣∣∣∣∣ kd

2(3k − 1)Bm

∣∣∣∣∣
[

1 +

∣∣1 + 2kd
∣∣− 1

4

∣∣c21∣∣
]

≤
k
∣∣d∣∣

(3k − 1)Bm
max

{
1,
[
1 +

∣∣∣1 + 2kd
∣∣∣− 1

]}
(3.13)

Thus, I have ∣∣∣a3∣∣∣ ≤ ∣∣kd∣∣
(3k − 1)Bm

max
{

1,
∣∣∣1 + 2kd

∣∣∣}
∣∣∣a3 − µa22∣∣∣ =

∣∣∣∣∣ kd

(3k − 1)Bm

(
dc21 + c2

)
− µ 4k2d2

(2k − 1)2A2m
c21

∣∣∣∣∣
≤

∣∣∣∣∣ kd

(3k − 1)Bm

(∣∣∣c2 − c21
2

∣∣∣+

∣∣c21∣∣
2

∣∣∣∣∣1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

∣∣∣∣∣
)

≤

∣∣∣∣∣ kd

(3k − 1)Bm

∣∣∣∣∣
[

2−
∣∣c21∣∣
2

+

∣∣c21∣∣
2

∣∣∣∣∣1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

∣∣∣∣∣
]

=

∣∣∣∣∣ 2kd

(3k − 1)Bm

∣∣∣∣∣
[

1 +

∣∣c21∣∣
4

(∣∣∣∣∣1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

∣∣∣∣∣− 1

)]

≤
2k
∣∣d∣∣

(3k − 1)Bm
max

{
1,
∣∣∣1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

∣∣∣} (3.14)

I now obtain sharpness of the estimates in (3.1), (3.2) and (3.3). Firstly, in (3.1) the equality holds if c1 = 2.
Equivalently, I have p(z) = p1(z) =

(
1 + z

)
/
(
1− z

)
. Therefore, the extremal function in Sm

(
d, β, η

)
isgiven by

kz
(
Dm
β,ηf

(
z
))′

Dm
β,η

=
1 +

(
2kd− 1

)
z

1− z
(3.15)

Next, in (3.2), for first case, the equality holds if c1 = c2 = 2. Therefore,the extremal functions in Sm
(
d, β, η

)
is given by (3.15) and for second case,the equality holds if c1 = 0, c2 = 2. Equivalently, I have p(z) = p2(z) =(
1 + z2

)
/
(
1− z2

)
.Therefore, the extremal function in Sm

(
d, β, η

)
is given by

kz
(
Dm
β,ηf

(
z
))′

Dm
β,η

=
1 +

(
2kd− 1

)
z2

1− z2
(3.16)
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Finally, in (3.3), the equality holds. Obtained extremal function for (3.2) is also valid for (3.3). Thus, the proof of
Theorem 1 is completed.

4 Stability
∣∣∣a3 − µa2

∣∣∣-functional inequalities when µ, d are real and f ∈
Sm
(
d, β, η

)
Theorem 4.1. Suppose that d > 0 function f ∈ Sm

(
d, β, η

)
. Then for µ ∈ R I get

∣∣∣a3 − µa2∣∣∣ ≤


2kd
Bm

{
1 + 2kd

[
1− 2kdµBm

(2k−1)2A2m

]}
if µ ≤ (2k−1)2A2m

(3k−1)Bm

d
Bm if (2k−1)2A2m

(3k−1)Bm ≤ µ ≤ (1+2kd)A2m

4kdBm,

d
Bm

[
4kdµBm

A2m − 2kd− 1

]
if µ ≥ (1+2kd)A2m

4kdBm

(4.1)

In there A :=
[
1 + (2k − 1)

(
2kη + β − η

)]
and B :=

[
1 + (3k − 1)

(
3kβη + β − η

)]
. For each µ, the equality holds for

functions in (3.5) and (3.6)

Proof. Suppose that µ ≤ (2k−1)2A2m

(3k−1)Bm ≤ (1+2kd)A2m

4kdBm then from (3.11) and Lemma 1 I get∣∣∣a3 − µa22∣∣∣ ≤ kd

(3k − 1)Bm

[∣∣∣c2 − c21
2

∣∣∣+

∣∣c21∣∣
2

(
1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

)]

≤ kd

(3k − 1)Bm

[
2−

∣∣c21∣∣
2

+

∣∣c21∣∣
2

(
1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

)]

=
2kd

(3k − 1)Bm

[
1 + 2kd

(
1− µ 2kdBm

(2k − 1)2A2m

)]

≤ 2kd

Bm

[
1 + 2kd

(
1− µ 2kdBm

(2k − 1)2A2m

)]
(4.2)

Next, I consider (2k−1)2A2m

(3k−1)Bm ≤ µ ≤ (1+2kd)A2m

4kdBm . Then, using the above calculations, we obtain∣∣∣a3 − µa22∣∣∣ ≤ 2kd

Bm

Finally, I consider µ ≥ (1+2kd)A2m

4kdBm∣∣∣a3 − µa22∣∣∣ ≤ kd

(3k − 1)Bm

[∣∣∣c2 − c21
2

∣∣∣+

∣∣c21∣∣
2

(
µ

4k2dBm

(2k − 1)2A2m
− 1− 2kd

)]

≤ kd

(3k − 1)Bm

[
2−

∣∣c21∣∣
2

+

∣∣c21∣∣
2

(
µ

4k2dBm

(2k − 1)2A2m
− 1− 2kd

)]

=
2kd

(3k − 1)Bm

[
1 + 2kd

(
1− µ 2kdBm

(2k − 1)2A2m

)]

≤ 2kd

Bm

[
µ

4k2dBm

(2k − 1)2A2m
− 2kd− 1

)]
(4.3)
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Thus, the Theorem has been proved.

5 Stability
∣∣∣a3 − µa2

∣∣∣-functional inequalities when d is a nonzero complex

number, µ ∈ R and f ∈ Sm
(
d, β, η

)
Theorem 5.1. Suppose that d be a nonzero complex number and for f ∈ Sm

(
d, β, η

)
. Then for µ ∈ R I get

∣∣∣a3 − µa22∣∣∣ ≤


4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≤ H1

2k
∣∣d∣∣

Bm if H1 ≤ µ ≤ L1

4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≥ L1

(5.1)

In there A :=
[
1 + (2k − 1)

(
2kη + β − η

)]
and B :=

[
1 + (3k − 1)

(
3kβη + β − η

)]
, k
∣∣d∣∣ = kdeiθ, t1 = (2k−1)2A2m

(3k−1)Bm +

(2k−1)2A2meiθ

4k
∣∣d∣∣Bm , l1 = (2k−1)2A2m

4k
∣∣d∣∣Bm H1 = H(t1) − l1(1 −

∣∣sinθ∣∣) and L1 = H(t1) + l1(1 −
∣∣sinθ∣∣) For each µ, there is a

functin in f ∈ Sm
(
d, β, η

)
such that the equality holds. the equality holds for functions in (3.5) and (3.6)

Proof. From (3.14), I have∣∣∣a3 − µa22∣∣∣ =

∣∣∣∣∣ kd

(3k − 1)Bm

(
kdc21 + c2

)
− µ k2d2

(2k − 1)2A2m
c21

∣∣∣∣∣
≤

k
∣∣d∣∣

(3k − 1)Bm

(∣∣∣c2 − c21
2

∣∣∣+

∣∣c21∣∣
2

∣∣∣∣∣1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

∣∣∣∣∣
)

≤
k
∣∣d∣∣

(3k − 1)Bm

[
2−

∣∣c21∣∣
2

+

∣∣c21∣∣
2

∣∣∣∣∣1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

∣∣∣∣∣
]

=
k
∣∣d∣∣

(3k − 1)Bm

[∣∣c21∣∣
2

(∣∣∣∣∣1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

∣∣∣∣∣− 1

)
+ 2

]

=
2k
∣∣d∣∣

Bm
+

k
∣∣d∣∣

(3k − 1)2Bm

[∣∣∣∣∣µ 4k2dBm

(2k − 1)2A2m
− 2kd− 1

∣∣∣∣∣− 1

]∣∣c21∣∣
=

2k
∣∣d∣∣

Bm
+

k2
∣∣d2∣∣

(2k − 1)2A2m

[∣∣∣∣∣µ− (2k − 1)2A2m

(3k − 1)Bm
− (2k − 1)2A2m

4kdBm

∣∣∣∣∣− (2k − 1)2A2m

4k
∣∣d∣∣Bm

]∣∣c21∣∣
(5.2)

If k
∣∣d∣∣ = kdeiθ, t1 = (2k−1)2A2m

(3k−1)Bm + (2k−1)2A2meiθ

4k
∣∣d∣∣Bm , l1 = (2k−1)2A2m

4k
∣∣d∣∣Bm

in last equation, I have ∣∣∣a3 − µa22∣∣∣ ≤ 2k
∣∣d∣∣

Bm
+

k
∣∣d∣∣

(3k − 1)2Bm

[∣∣∣∣∣µ− t1
∣∣∣∣∣− l1

]∣∣c21∣∣
≤

2k
∣∣d∣∣

Bm
+

k2
∣∣d2∣∣

(2k − 1)2A2m

[∣∣∣∣∣µ−H(t1)

∣∣∣∣∣+ l1
∣∣sinθ∣∣− l1]∣∣c21∣∣

=
2k
∣∣d∣∣

Bm
+

k2
∣∣d2∣∣

(2k − 1)2A2m

[∣∣∣∣∣µ−H(t1)

∣∣∣∣∣+
(

1−
∣∣sinθ∣∣)l1]∣∣c21∣∣

(5.3)
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Next, I consider case (5.3) if µ ≤ H(t1)

∣∣∣a3 − µa22∣∣∣
≤

2k
∣∣d∣∣

Bm
+

k2
∣∣d2∣∣

(2k − 1)2A2m

[
H(t1)− l1

(
1−

∣∣sinθ∣∣)− µ]∣∣c21∣∣
=

2k
∣∣d∣∣

Bm
+

k2
∣∣d2∣∣

(2k − 1)2A2m

[
H1 − µ

]∣∣c21∣∣ (5.4)

Next, I consider µ ≤ H1 = H(t1)− l1
(

1−
∣∣sinθ∣∣). According to Lemma 1 and l1 = (2k−1)2A2k

2k
∣∣d∣∣Bm From (5.4), we get

∣∣∣a3 − µa22∣∣∣
≤

2k
∣∣d∣∣

Bm
+

4k2
∣∣d2∣∣

(2k − 1)2A2m

(
H(t1)− µ

)
−

4k2
∣∣d∣∣2

(2k − 1)2A2m
· (2k − 1)2A2m

2k
∣∣d∣∣Bm (

1−
∣∣sinθ∣∣)

=
2k
∣∣d∣∣

Bm
+

4k2
∣∣d2∣∣

(2k − 1)2A2m

(
H(t1)− µ

)
−

2k
∣∣d∣∣

Bm

(
1−

∣∣sinθ∣∣)
=

4k2
∣∣d2∣∣

(2k − 1)2A2m

(
H(t1)− µ

)
−

2k
∣∣d∣∣

Bm
∣∣sinθ∣∣ (5.5)

Next, I put H1 = H(t1)− l1(1−
∣∣sinθ∣∣) ≤ µ ≤ H(t1). So then in (5.4) I have

∣∣∣a3 − µa22∣∣∣ ≤ 2k
∣∣d∣∣

Bm

Next suppose µ ≥ H(t1). So According to (5.4)

∣∣∣a3 − µa22∣∣∣
≤

2k
∣∣d∣∣

Bm
+

k2
∣∣d2∣∣

(2k − 1)2A2m

[
µ−H(t1)− l1

(
1−

∣∣sinθ∣∣)]∣∣c21∣∣
=

2k
∣∣d∣∣

Bm
+

k2
∣∣d2∣∣

(2k − 1)2A2m

[
µ−H1

]∣∣c21∣∣ (5.6)

Next, I let µ ≤ H(t1)− l1(1−
∣∣sinθ∣∣). So then in (5.6) I have

∣∣∣a3 − µa22∣∣∣ ≤ 2k
∣∣d∣∣

Bm

Next, I let µ ≥ H1 = H(t1)− l1(1−
∣∣sinθ∣∣). So According to Lemma1and l1 = (2k−1)2A2m

2k
∣∣d∣∣Bm I have

∣∣∣a3 − µa22∣∣∣
≤

2k
∣∣d∣∣

Bm
+

4k2
∣∣d2∣∣

(2k − 1)2A2m

(
µ−H(t1)

)
−

2k
∣∣d∣∣

Bm

(
1−

∣∣sinθ∣∣)
=

4k2
∣∣d2∣∣

(2k − 1)2A2m

(
µ−H(t1)−

)
−

2k
∣∣d∣∣

Bm
∣∣sinθ∣∣ (5.7)
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Next suppose µ ≥ H(t1)

Suppose that µ ≤ (2k−1)2A2m

(3k−1)Bm ≤ (1+2kd)A2m

4kdBm then from (3.11) and Lemma 1 I get

∣∣∣a3 − µa22∣∣∣ ≤ kd

(3k − 1)Bm

[∣∣∣c2 − c21
2

∣∣∣+

∣∣c21∣∣
2

(
1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

)]

≤ kd

(3k − 1)Bm

[
2−

∣∣c21∣∣
2

+

∣∣c21∣∣
2

(
1 + 2kd− µ 4k2dBm

(2k − 1)2A2m

)]

=
2kd

(3k − 1)Bm

[
1 + 2kd

(
1− µ 2kdBm

(2k − 1)2A2m

)]

≤ 2kd

Bm

[
1 + 2kd

(
1− µ 2kdBm

(2k − 1)2A2m

)]
(5.8)

Next, I consider (2k−1)2A2m

(3k−1)Bm ≤ µ ≤ (1+2kd)A2m

4kdBm . Then, using the above calculations, we obtain∣∣∣a3 − µa22∣∣∣ ≤ 2kd

Bm

Finally, I consider µ ≥ (1+2kd)A2m

4kdBm∣∣∣a3 − µa22∣∣∣ ≤ kd

(3k − 1)Bm

[∣∣∣c2 − c21
2

∣∣∣+

∣∣c21∣∣
2

(
µ

4k2dBm

(2k − 1)2A2m
− 1− 2kd

)]

≤ kd

(3k − 1)Bm

[
2−

∣∣c21∣∣
2

+

∣∣c21∣∣
2

(
µ

4k2dBm

(2k − 1)2A2m
− 1− 2kd

)]

=
2kd

(3k − 1)Bm

[
1 + 2kd

(
1− µ 2kdBm

(2k − 1)2A2m

)]

≤ 2kd

Bm

[
µ

4k2dBm

(2k − 1)2A2m
− 2kd− 1

)]
(5.9)

Thus, the Theorem has been proved. Suppose I give β = 1 and η = 0 in Theorems 1− 3 I have following new results,
respectively

Corollary 5.2. (I):Suppose that d be a nonzero complex number and µ ∈ C, 0 ≤ η ≤ β. If f of the form:

f(z) = z +

∞∑
i=2

ajz
j (5.10)

is in Sm
(
d
)
, then ∣∣∣a2∣∣∣ ≤ ∣∣d∣∣

(2k)m−1
(5.11)

∣∣∣a3∣∣∣ ≤ k
∣∣d∣∣

(3k)m
max

{
1,
∣∣∣1 + 2kd

∣∣∣} (5.12)

∣∣∣a3 − µa2∣∣∣ ≤ 2k
∣∣d∣∣

(3k − 1)(3k)m
max

{
1,
∣∣∣1 + 2kd− 4kdµ

(2k − 1)2

(
3

4k

)m∣∣∣} (5.13)
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(II) Suppose that d > 0 function f ∈ Sm
(
d, β, η

)
. Then for µ ∈ R I get

∣∣∣a3 − µa2∣∣∣ ≤


2kd
Bm

{
1 + 2kd

[
1− 2kdµBm

(2k−1)2A2m

]}
if µ ≤ (2k−1)2A2m

(3k−1)Bm

d
Bm if (2k−1)2A2m

(3k−1)Bm ≤ µ ≤ (1+2kd)A2m

4kdBm,

d
Bm

[
4kdµBm

A2m − 2kd− 1

]
if µ ≥ (1+2kd)A2m

4kdBm

(5.14)

(III)Suppose that d be a nonzero complex number and for f ∈ Sm
(
d, β, η

)
. Then for µ ∈ R I get

∣∣∣a3 − µa22∣∣∣ ≤


4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≤ H1

2k
∣∣d∣∣

Bm if H1 ≤ µ ≤ L1

4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≥ L1

(5.15)

6 Stability
∣∣∣a3 − µa2

∣∣∣-functional inequalities when d is a nonzero complex

number, µ ∈ C and f ∈ Cm

(
d, β, η

)
Definition 6.1. Suppose d be a nonzero complex number, g ∈M and

(
Dm
β,ηg

(
z
))′
6= 0 I define a subclasses as follows:

Cm
(
d, β, η

)
:={

g ∈M
∣∣∣Re(1 +

1

d

(
z
(
Dm
β,ηg

(
z
))′′

(
Dm
β,ηg

(
z
))′ − 1

))
> 0, 0 ≤ η ≤ β,m ∈ N, z ∈ Ω \ {0}

}

Theorem 6.2. Suppose that d be a nonzero complex number and µ ∈ C, 0 ≤ η ≤ β. If f of the form:

f(z) = z +

k∑
i=2

kajz
j (6.1)

is in Cm
(
d, β, η

)
, then ∣∣∣a2∣∣∣ ≤ 2k

∣∣d∣∣
(2k − 1)Am

(6.2)

∣∣∣a3∣∣∣ ≤ k
∣∣d∣∣

(3k − 1)Bm
max

{
1,
∣∣∣1 + 2kd

∣∣∣} (6.3)

∣∣∣a3 − µa2∣∣∣ ≤ 2k
∣∣d∣∣

(3k − 1)Bm
max

{
1,
∣∣∣1 + 2kd− 4kdµ

Bm

(2k − 1)2A2m

∣∣∣} (6.4)

In there A :=
[
1 + (2k − 1)

(
2kη + β − η

)]
and B :=

[
1 + (3k − 1)

(
3kβη + β − η

)]
. Consider the functions

Theorem 6.3. Suppose that d > 0 function f ∈ Cm
(
d, β, η

)
. Then for µ ∈ R I get

∣∣∣a3 − µa2∣∣∣ ≤


2kd
Bm

{
1 + 2kd

[
1− 2kdµBm

(2k−1)2A2m

]}
if µ ≤ (2k−1)2A2m

(3k−1)Bm

d
Bm if (2k−1)2A2m

(3k−1)Bm ≤ µ ≤ (1+2kd)A2m

4kdBm,

d
Bm

[
4kdµBm

A2m − 2kd− 1

]
if µ ≥ (1+2kd)A2m

4kdBm

(6.5)
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In there A :=
[
1 + (2k − 1)

(
2kη + β − η

)]
and B :=

[
1 + (3k − 1)

(
3kβη + β − η

)]
. For each µ, the equality holds for

functions in (3.5) and (3.6)

Theorem 6.4. Suppose that d be a nonzero complex number and for f ∈ Cm
(
d, β, η

)
. Then for µ ∈ R I get

∣∣∣a3 − µa22∣∣∣ ≤


4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≤ H1

2k
∣∣d∣∣

Bm if H1 ≤ µ ≤ L1

4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≥ L1

(6.6)

In there A :=
[
1 + (2k − 1)

(
2kη + β − η

)]
and B :=

[
1 + (3k − 1)

(
3kβη + β − η

)]
, k
∣∣d∣∣ = kdeiθ, t1 = (2k−1)2A2m

(3k−1)Bm +

(2k−1)2A2meiθ

4k
∣∣d∣∣Bm , l1 = (2k−1)2A2m

4k
∣∣d∣∣Bm H1 = H(t1) − l1(1 −

∣∣sinθ∣∣) and L1 = H(t1) + l1(1 −
∣∣sinθ∣∣) For each µ, there is a

functin in f ∈ Sm
(
d, β, η

)
such that the equality holds.

the equality holds for functions in (3.5) and (3.6)

Corollary 6.5. (I):Suppose that d be a nonzero complex number and β = 1, η = 0 and µ ∈ C .
If f of the form:

f(z) = z +

∞∑
i=2

ajz
j (6.7)

is in Cm
(
d
)
, then ∣∣∣a2∣∣∣ ≤ ∣∣d∣∣

(2k)m−1
(6.8)

∣∣∣a3∣∣∣ ≤ k
∣∣d∣∣

(3k)m
max

{
1,
∣∣∣1 + 2kd

∣∣∣} (6.9)

∣∣∣a3 − µa2∣∣∣ ≤ 2k
∣∣d∣∣

(3k − 1)(3k)m
max

{
1,
∣∣∣1 + 2kd− 4kdµ

(2k − 1)2

(
3

4k

)m∣∣∣} (6.10)

(II) Suppose that d > 0, function f ∈ Cm
(
d
)
. Then for µ ∈ R I get

∣∣∣a3 − µa2∣∣∣ ≤


2kd
Bm

{
1 + 2kd

[
1− 2kdµBm

(2k−1)2A2m

]}
if µ ≤ (2k−1)2A2m

(3k−1)Bm

d
Bm if (2k−1)2A2m

(3k−1)Bm ≤ µ ≤ (1+2kd)A2m

4kdBm,

d
Bm

[
4kdµBm

A2m − 2kd− 1

]
if µ ≥ (1+2kd)A2m

4kdBm

(6.11)

(III)Suppose that d be a nonzero complex number and for f ∈ Cm
(
d
)
. Then for µ ∈ R I get

∣∣∣a3 − µa22∣∣∣ ≤


4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≤ H1

2k
∣∣d∣∣

Bm if H1 ≤ µ ≤ L1

4k2
∣∣d∣∣2

(2k−1)2A2m

[
H(t1)− µ

]
+

k
∣∣d∣∣∣∣sinθ∣∣

(3k−1)Bm if µ ≥ L1

(6.12)

)
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7 CONCLUSION

In this paper, I construct the
∣∣∣a3 − µa22∣∣∣-inequality function I based on The linear multiplier differential operator

Dm
β,η(η, φ)f and subclass Sm

(
d, β, η

)
,Cm

(
d, β, η

)
.
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