
Journal of Advances in Mathematics Vol 22 (2023) ISSN: 2347-1921 https://rajpub.com/index.php/jam

DOI: https://doi.org/10.24297/jam.v22i.9451

Some Statistical Approximation based on Post-Widder operators

Prerna SharmaII , Diwaker SharmaII

1 Department of Basic Science, Sardar Vallabh Bhai Patel University of Agriculture and Technology, Meerut
(U.P.), India

IIModern group of institutions, Ghaziabad (U.P.), India

mprerna_anand@yahoo.com

Abstract:

In the present paper, we study the convergence of real and modified Post-Widder operators in C, which is
known as the extension of approximation of these operators from the real axis in the complex plane. In this
direction, we also investigate error estimation in simultaneous approximation and a Voronovskaya-type
asymptotic formula.
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Introduction

In order to achieve better approximation in the recent years, convergence properties of linear positive
operators were studied by many mathematician, some of them are listed as [1], [5], [6], [11], [12] and [14] etc.
Direct, inverse and saturation results on these linear positive operators can be seen in [8], [9] and [10].

In the present paper, we discuss the approximation properties of complex Post-Widder operators.

For all Post-Widder operators are defined by [15] as follows𝑛∈𝑁,   𝑥 > 0,  

(1.1)𝑃
𝑛

𝑓,  𝑥( ) = 1
𝑛!

𝑛
𝑥( )𝑛

0

∞

∫ 𝑡𝑛𝑒
− 𝑛𝑡

𝑥 𝑓 𝑡( )𝑑𝑡,     𝑓∈𝐶[0,  ∞).

These operators preserve constant functions only.

In [13], author has given modified form of Post-Widder operators as

(1.2)𝑃
𝑛

𝑓,  𝑥( ) = 1
(𝑛−1)!

𝑛
𝑥( )𝑛

0

∞

∫ 𝑡𝑛−1𝑒
− 𝑛𝑡

𝑥 𝑓 𝑡( )𝑑𝑡,     𝑓∈𝐶[0,  ∞).

Operators (1.2) preserve constant as well as linear functions.

Now, it is obvious that

𝑃
𝑛+1

𝑓,  𝑥( ) = 1
𝑛!

𝑛+1
𝑥( )𝑛+1

0

∞

∫ 𝑡𝑛𝑒
− (𝑛+!)𝑡

𝑥 𝑓 𝑡( )𝑑𝑡,     𝑓∈𝐶[0,  ∞).

Now by changing the form from discrete parameter n to a continuous parameter 𝑘 ≥ 1

23

https://doi.org/10.24297/jam.v22i.9451


Journal of Advances in Mathematics Vol 22 (2023) ISSN: 2347-1921 https://rajpub.com/index.php/jam

𝑃
𝑘

𝑓,  𝑥( ) = 1
Γ(𝑘+1)

𝑘+1
𝑥( )𝑘+1

0

∞

∫ 𝑡𝑘𝑒
− (𝑘+!)𝑡

𝑥 𝑓 𝑡( )𝑑𝑡,     𝑓∈𝐶[0,  ∞).

Changing the variable 𝑡 = 𝑥𝑣

(1.3)𝑃
𝑘

𝑓,  𝑥( ) = 1
Γ(𝑘+1) 𝑘 + 1( )𝑘+1

0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘𝑓 𝑥𝑣( )𝑑𝑣.     

Following [4] and denoting , we have𝑒
𝑛

𝑥( ) = 𝑥𝑛,   𝑛 = 0,  1,  2

,𝑃
𝑘

𝑒
0
,  𝑥( ) = 1 𝑃

𝑘
𝑒

1
,  𝑥( ) = 𝑥,  

and𝑃
𝑘

𝑒
2
,  𝑥( ) = 𝑥2 + 𝑥2

𝑘+1 ,  𝑃
𝑘

𝑒
1

−  𝑥( )2,  𝑥( ) = 𝑥2

𝑘+1 ,

for all (1.4) 𝑃
𝑘

𝑒
𝑠
,  𝑥( ) = 𝑘+1( )...(𝑘+𝑠)

(𝑘+1)𝑠 𝑥𝑠 𝑘 ≥ 1,   𝑠∈𝑁.

The procedure of extension of approximation properties of the linear and positive operators from the real
axis in the complex plane is known as over convergence phenomenon and it was extensively studied by
some authors e.g. [2] and [7].

Present paper deals with the approximation properties of Post-Widder type complex operators studied in
(1.2).

Observations in Complex Plane

The first method for constructing complex type Post-Widder operators is according to Anastassiou-Gal [3],

for which, the complex convolution type operators for , are given as𝑧| | ≤ 1

𝑀
𝑘

𝑓,  𝑧( ) = 𝑘𝑘+1

Γ(𝑘+1)
0

∞

∫ 𝑒−𝑘𝑢𝑢𝑘𝑓 𝑧𝑒
𝑖𝑢
𝑘( )𝑑𝑢.

Now, we lead to following estimates 𝑀
𝑘

𝑓,  𝑧( ) − 𝑓 𝑧( )|||
||| ≤ 3ω

1
𝑓, 1

𝑘( ).

In another method for construction of these operators, we replace x by z directly in (1.3).

Now for all we have𝑧| | ≤ 𝐿,  

𝑃
𝑘

𝑓,  𝑧( ) − 𝑓(𝑧)|||
||| ≤ ω

1
𝑓, 1

𝑘( ). 1 + 𝑘𝐿. (𝑘+1)𝑘+1

Γ𝑘
0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘|𝑣 − 1|𝑑𝑣( )
≤ ω

1
𝑓, 1

𝑘( ). 1 + 𝑘. 𝐿𝐶( ),  

where is the modulus of continuity of f on C.ω
1

𝑓, δ( )

By using different method and assuming f as an entire function, we prove quantitative estimates for

. We also find a Voronovskaya type asymptotic formula.𝑃
𝑘

𝑓,  𝑧( ) − 𝑓(𝑧)|||
|||

Basic Results

In this section we obtain some lemmas which are useful for proofs of main theorems.
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Lemma1: For every and , we get𝑠∈𝑁 𝑘 ≥ 1

𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1 ≤ 2 𝑠!

𝑘+1 .

Proof: Taking anda fixed arbitrary , we apply mathematical induction.𝑠∈𝑁 𝑘 ≥ 1

Now for we have .𝑠 = 1,  0 ≤ 2
𝑘+1

Let the inequality is valid for s, we proceed to prove it for (s+1) too.

Infect we have

𝑟=1

𝑠+1

∏ 𝑘+𝑟
𝑘+1( ) − 1 = 𝑘+𝑠+1

𝑘+1
𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1⎡⎢⎢⎣

⎤⎥⎥⎦
+ 𝑘+𝑠+1

𝑘+1 − 1( )

≤ 𝑘+𝑠+1
𝑘+1 . 2 𝑠!

𝑘+1 + 𝑠
𝑘+1

= 1 + 𝑠
𝑘+1( ). 2. 𝑠!

𝑘+1 + 𝑠
𝑘+1 .  

And , for all .1 + 𝑠
𝑘+1( ). 2. 𝑠!

𝑘+1 + 𝑠
𝑘+1 ≤ 2 (𝑠+1)!

𝑘+1 𝑠∈𝑁

Therefore above inequality leads to as 𝑠≤ 2𝑠 + 2( ). 𝑠! − 1 + 𝑠
𝑘+1( ). 2. 𝑠!.

After simple computation, for all and , we get𝑠∈𝑁 𝑘 ≥ 1

1 ≤ 2𝑘
𝑘+1 . 𝑠!( ).  

Hence this is the proof.

Main Results

Theorem 4.1: Taking f as an entire function and , for all such that there exists and𝑓 𝑧( ) =
𝑠=0

∞

∑ 𝑐
𝑠
𝑧𝑠 𝑧∈𝐶,  𝐿 > 0

with the property , for all (means , for all ). Let𝐵∈(0,  1) 𝑐
𝑠| | ≤ 𝐿 𝐵𝑠

𝑠! 𝑠 = 0,  1,  2,  ... 𝑓(𝑧)| | ≤ 𝐿𝑒𝐵|𝑧| 𝑧∈𝐶.

, then for all and , is analytic.1 ≤ 𝑗 ≤ 1/𝐵 𝑘 ≥ 1 𝑧| | ≤ 𝑗 𝑃
𝑘

𝑓,  𝑧( )

and .𝑃
𝑘

𝑓,  𝑧( ) =
𝑠=0

∞

∑ 𝑐
𝑠
𝑃

𝑘
𝑒

𝑠
,  𝑧( ) 𝑃

𝑘
𝑓,  𝑧( ) − 𝑓(𝑧)|||

||| ≤ 2𝐿
1−𝐵𝑗 . 1

𝑘+1

Proof: According to and we have𝑓(𝑧)| | ≤ 𝐿𝑒𝐵|𝑧| 𝐵 𝑧| | < 𝐵𝑗 < 1 < 𝑘 + 1,  

𝑃
𝑘

𝑓,  𝑧( )|||
||| ≤ 𝐿 (𝑘+1)𝑘+1

Γ(𝑘+1)
0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘𝑒𝐵𝑣|𝑧|𝑑𝑣

,= 𝐿 (𝑘+1)𝑘+1

Γ(𝑘+1)
0

∞

∫ 𝑒−𝑣( 𝑘+1( )−𝐵 𝑧| |)𝑑𝑣 < ∞ 𝑧| | ≤ 𝑗,  
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which implies that is analytic for .𝑃
𝑘

𝑓,  𝑧( ) 𝑧| | ≤ 𝑗

Now we can have, 𝑃
𝑘

𝑓,  𝑧( ) = (𝑘+1)𝑘+1

Γ(𝑘+1)
0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘

𝑠=0

∞

∑ 𝑐
𝑠

𝑣𝑧( )𝑠( )𝑑𝑣.

Now dealing with the infinite sum, we get

𝑃
𝑘

𝑓,  𝑧( ) =
𝑠=0

∞

∑ 𝑐
𝑠
. (𝑘+1)𝑘+1

Γ(𝑘+1)
0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘 𝑣𝑧( )𝑠𝑑𝑣 =
𝑠=0

∞

∑ 𝑐
𝑠
. 𝑃

𝑘
𝑒

𝑠
,  𝑧( ).

Applying Fubini’s type sufficient condition for commutatively, we get

0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘

𝑠=0

∞

∑ 𝑐
𝑠| | 𝑣𝑧| |( )𝑠( )𝑑𝑣 ≤ 𝐿

0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘

𝑠=0

∞

∑ 𝐵𝑠

𝑠! 𝑣𝑧| |𝑠( )𝑑𝑣

≤ 𝐿
0

∞

∫ 𝑒−(𝑘+1)𝑣𝑣𝑘𝑒𝐵|𝑧|𝑣𝑑𝑣 ≤ 𝐿
0

+∞

∫ 𝑒−𝑣( 𝑘+1( )−𝐵 𝑧| |)𝑣𝑘𝑑𝑣 < ∞,

For all and𝑧| | ≤ 𝑗,  𝑘 ≥ 1 𝑗𝐵 < 1.

According to inequality (1.4), we have

𝑃
𝑘

𝑓,  𝑧( ) − 𝑓 𝑧( )|||
||| ≤

𝑠=0

∞

∑ 𝑐
𝑠| | 𝑃

𝑘
𝑒

𝑠
,  𝑧( ) − 𝑒

𝑠
𝑧( )|||

||| ≤ 2𝐿
𝑠=1

∞

∑ 𝐵𝑠

𝑠! 𝑧| |𝑠

𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1

||||

||||

≤ 2𝐿
𝑠=1

∞

∑ 1
𝑘+1 (𝐵𝑗)𝑠 ≤ 2𝐿

1−𝐵𝑗 . 1
(𝑘+1) .

Hence, it is proved.

Now we derive the quantitative estimate for Voronovskaya type result for complex Post-Widder operators,
for which this type of result for the operators (1.3) is given as

𝑘 + 1( ) 𝑃
𝑘

𝑓,  𝑥( ) − 𝑓 𝑥( ) − 𝑥2

2 𝑘+1( ) 𝑓'' 𝑥( )⎡⎢⎣
⎤⎥⎦

= 0,    𝑥∈ 0,  + ∞( ).  

Theorem 4.2: Let f is an entire function means for all such that there exists and𝑓 𝑧( ) =
𝑠=0

∞

∑ 𝑐
𝑠
𝑧𝑠 𝑧∈𝐶, 𝐿 > 0

with the property , for all (means , for all . Let𝐵∈(0,  1) 𝑐
𝑠| | ≤ 𝐿 𝐵𝑠

𝑠! 𝑠 = 0,  1,  2,  ... 𝑓(𝑧)| | ≤ 𝐿𝑒𝐵|𝑧| 𝑧∈𝐶)

, then for all and , we have the following estimates1 ≤ 𝑗 ≤ 1/𝐵 𝑘 ≥ 1 𝑧| | ≤ 𝑗

𝑃
𝑘

𝑓,  𝑧( ) − 𝑓 𝑧( ) − 𝑧2

2 𝑘+1( ) 𝑓'' 𝑧( )|||
||| ≤ 2𝐿

1−𝐵𝑗 . 1

(𝑘+1)2 .

Proof: It is obvious that for all and , we write𝑘 ≥ 1  𝑧| | ≤ 𝑗

𝑃
𝑘

𝑓,  𝑧( ) − 𝑓 𝑧( ) − 𝑧2

2 𝑘+1( ) 𝑓'' 𝑧( )|||
||| ≤

𝑠=2

∞

∑ 𝑐
𝑠| | 𝑃

𝑘
𝑒

𝑠
,  𝑧( ) − 𝑒

𝑠
𝑧( ) − 𝑒

𝑠
𝑧( ) 𝑠(𝑠−1)

2(𝑘+1)
|||

|||
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≤
𝑠=2

∞

∑ 𝑐
𝑠| |. 𝑗𝑠

𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1 − 𝑠(𝑠−1)

2(𝑘+1)

||||

||||
≤ 𝐿

𝑠=2

∞

∑ (𝐵𝑗)𝑠

𝑠!
𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1 − 𝑠(𝑠−1)

2(𝑘+1)

||||

||||
.

Now taking , we get the following recurrence formula as follows𝐸
𝑠

=
𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1 − 𝑠(𝑠−1)

2(𝑘+1)

, for all (4.1)𝐸
𝑠+1

= 1 + 𝑠
𝑘+1( )𝐸

𝑠
+ 𝑠2(𝑠−1)

2(𝑘+1)2 𝑠 ≥ 1.

We can write ,𝐸
𝑠+1

= 𝑘+𝑠+1
𝑘+1

𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1⎡⎢⎢⎣

⎤⎥⎥⎦
+ 𝑘+𝑠+1

𝑘+1 − 1 − 𝑠(𝑠+1)
2(𝑘+1)

= 𝑘+𝑠+1
𝑘+1

𝑟=1

𝑠

∏ 𝑘+𝑟
𝑘+1( ) − 1 − 𝑠(𝑠−1)

2(𝑘+1)
⎡⎢⎢⎣

⎤⎥⎥⎦
+ 𝑘+𝑠+1

𝑘+1 . 𝑠(𝑠−1)
2(𝑘+1) + 𝑘+𝑠+1

𝑘+1 − 1 − 𝑠(𝑠+1)
2(𝑘+1)

= 𝑘+𝑠+1
𝑘+1 𝐸

𝑠
+ 𝑘+𝑠+1

𝑘+1 . 𝑠(𝑠−1)
2(𝑘+1) + 𝑠

𝑘+1 − 𝑠(𝑠+1)
2(𝑘+1)

= 𝑘+𝑠+1
𝑘+1 𝐸

𝑠
+ 𝑠2(𝑠−1)

2(𝑘+1)2 .

In view of (4.1), we prove that , for all . (4.2)𝐸
𝑠

≤ 2(𝑠!)

(𝑘+1)2 ≥ 1

By mathematical induction, for we get .𝑠 = 1,  0 < 2
𝑘+1

Consider (4.2) is valid for s and we also prove its validity for 𝑠 + 1( ).

From (4.1), we have, .𝐸
𝑠+1

≤ 1 + 𝑠
𝑘+1( ). 2(𝑠!)

(𝑘+1)2 + 𝑠2(𝑠−1)

2(𝑘+1)2 ≤ 1 + 𝑠
2( ). 2(𝑠!)

(𝑘+1)2 + 𝑠2(𝑠−1)

2(𝑘+1)2

If we inflict to have .1 + 𝑠
2( ). 2(𝑠!)

(𝑘+1)2 + 𝑠2(𝑠−1)

2(𝑘+1)2 ≤ 2(𝑠+1)!

(𝑘+1)2

Which is equivalent to 1 + 𝑠
2( ). 2 𝑠!( ) + 𝑠2 𝑠−1( )

2 ≤ 2 𝑠 + 1( )!,

that is also equivalent to , means equivalent to and it is valid for all𝑠2 𝑠−1( )
2 ≤ 𝑠(𝑠!) 1

2 ≤ (𝑠 − 2)! 𝑠 ≥ 2.

Hence proof of (4.2) is here.

Now, 𝑃
𝑘

𝑓,  𝑧( ) − 𝑓 𝑧( ) − 𝑧2

2 𝑘+1( ) 𝑓'' 𝑧( )|||
||| ≤ 𝐿

𝑠=2

∞

∑ (𝐵𝑗)𝑠

𝑠! 𝐸
𝑠

≤ 2𝐿

(𝑘+1)2 .
𝑠=2

∞

∑ (𝐵𝑗)𝑠

≤ 2𝐿

(𝑘+1)2 .
𝑠=0

∞

∑ (𝐵𝑗)𝑠 = 2𝐿
1−𝐵𝑗 . 1

(𝑘+1)2 .

Hence the theorem is proved.

Theorem 4.3: If we suppose in theorem (4.2), f is not a polynomial of degree then we have≤ 1,  
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, where the constant C depends on f and j.‖𝑃
𝑘
𝑓 − 𝑓‖

𝑗
~ 𝐶

𝑘+1 ,   𝑘 ≥ 1

Proof: For all , we have the identity𝑧| | ≤ 𝑗

𝑃
𝑘

𝑓, 𝑧( ) − 𝑓 𝑧( ) = 1
(𝑘+1)

𝑧2

2 𝑓'' 𝑧( ) + 1
𝑘+1 . 𝑘 + 1( )2 𝑃

𝑘
𝑓,  𝑧( ) − 𝑓 𝑧( ) − 𝑧2

2 𝑘+1( ) 𝑓'' 𝑧( )( )⎡⎢⎣
⎤⎥⎦
.

Applying the inequality, ,‖𝑃 + 𝑄‖ ≥ ‖𝑃‖ − ‖𝑄‖| | ≥ ‖𝑃‖ − ‖𝑄‖

we have ‖𝑃
𝑘

𝑓( ) − 𝑓‖
𝑗

≥ 1
(𝑘+1) ‖

𝑒
1
2

2 𝑓''‖
𝑗

− 1
𝑘+1 . 𝑘 + 1( )2‖𝑃

𝑘
(𝑓) − 𝑓 −

𝑒
1
2

2 𝑘+1( ) 𝑓''‖
𝑗

⎡
⎢
⎣

⎤
⎥
⎦
.

Since f is not a polynomial of degree in any disk , we have≤ 1 𝐷
𝑗

‖
𝑒

1
2

2 𝑓''‖
𝑗

> 0.

In contradiction, it follows for all𝑧2𝑓'' 𝑧( ) = 0,  𝑧| | ≤ 𝑗.

Last inequality can be written as for all / {0} and it is a contradiction with taken hypothesis.𝑓'' 𝑧( ) = 0 𝑧∈𝐷
𝑗

Hence by theorem (4.2) and for all , we have𝑘 ≥ 1

where(𝑘 + 1)2‖𝑃
𝑘
𝑓 − 𝑓 −

𝑒
1
2

2 𝑘+1( ) 𝑓''‖
𝑗

≤ 𝐶
𝑗, 𝐵, 𝐿

𝑓( ), 𝐶
𝑗, 𝐵, 𝐿

𝑓( ) = 2𝐿
1−𝐵𝑗 .

Clearly there exists such that we get𝑘
0

> 2 𝑘 ≥ 𝑘
0
,  

,‖
𝑒

1
2

2 𝑓''‖
𝑗

− 1
(𝑘+1) . 𝑘 + 1( )2‖𝑃

𝑘
(𝑓) − 𝑓 −

𝑒
1
2

2 𝑘+1( ) 𝑓''‖
𝑗

≥ 1
4 ‖𝑒

1
2𝑓''‖

𝑗

which shows that, for all‖𝑃
𝑘
(𝑓) − 𝑓‖

𝑗
≥ 1

4(𝑘+1) ‖𝑒
1
2𝑓''‖ 𝑘 ≥ 𝑘

0
.

For , we clearly get𝑘 ∈ [1,  𝑘
0

− 1]

and .‖𝑃
𝑘
𝑓 − 𝑓‖

𝑗
≥

𝐿
𝑗, 𝑘

(𝑓)

(𝑘+1) 𝐿
𝑗, 𝑘

𝑓( ) = 𝑘 + 1( ). ‖𝑃
𝑘
(𝑓) − 𝑓‖

𝑗
> 0

As is valid only for a polynomial f (degree ) for a certain k and which contradicts the‖𝑃
𝑘
𝑓 − 𝑓‖

𝑗
= 0 ≤ 1

hypothesis. Hence we have, for all‖𝑃
𝑘
𝑓 − 𝑓‖

𝑗
≥

𝐶
𝑗
(𝑓)

(𝑘+1) 𝑘 ≥ 1,  

where 𝐶
𝑗

𝑓( ) =  𝐿
𝑗, 𝑘

𝑓( ),  1
4 ‖𝑒

1
2𝑓''‖

𝑗

⎰
⎱

⎱
⎰ ,  

Combining this with theorem (4.1), we get the required proof.

Conclusion: In the present paper authors have studied convergence properties of Post-Widder operators in
complex plane. One can estimates these properties for other linear positive operators. We can also study
convergence properties for multivariate Post-Widder operators by applying Laplace transform.
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