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Abstract:

In this paper we given a new class of operators onHilbert space called𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
and . We study the operator and introduce some properties of itΘ − 𝑄𝑢𝑎𝑠𝑖  𝑇𝑟𝑖𝑝𝑙𝑒 𝑂𝑝𝑒𝑟𝑎𝑡𝑜𝑟 
Keywords: Triple operator , Hilbert space ,quasi operator.

Introduction: Consider B(H) be the algebra of all bounded linear operators on complex Hilbert

space H . Anoperator called normal if . Quasi normal operator introduced by A.Υ  Υ*Υ = ΥΥ*

Brown in .1953[1].

In [5] E.S.A.Rejab .2016. introduce anew class of operator on Hilbert space said (Triple

operators)and defined as . In this paper we defied a new class of operatorsΥΥ*( )Υ = Υ ΥΥ*( )
on Hilbert space  as ℸ ℸℸ*( )ℸ[ ] = [ℸ ℸℸ*( )]ℸ

called. and we defined𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

as ,where is a bounded operator. and study the properties of iℸ ℸℸ*( )ℸ[ ] = Θ[ℸ ℸℸ*( )]ℸ Θ
.the MainResults

Definition .1.1 Let be a bounded operator on Hilbert Space H . is calledℸ ℸ
   𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟.

if and only if ℸ ℸℸ*( )ℸ[ ] = [ℸ ℸℸ*( )]ℸ

Definition . 1.2 Let be a bounded operator on Hilbert space H . is calledℸ ℸ
   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

if and only if ,where is a bounded operator. ℸ ℸℸ*( )ℸ[ ] = Θ[ℸ ℸℸ*( )]ℸ Θ

Proposition 1.3 If exist and is H andℸ−1 ℸ Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑛
, then,ℸ 𝑖𝑠 𝑛𝑜𝑟𝑚𝑎𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 ℸ−1 𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Proof: Since is , we haveℸ Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  ℸ ℸℸ*( )ℸ[ ] = Θ[ℸ. ℸ. ℸ*( )]ℸ

ℸ−1. ℸ−1. (ℸ−1)
*( )ℸ−1⎡

⎢
⎣

⎤
⎥
⎦

= ℸ−1. ℸ−1. (ℸ*)
−1( )ℸ−1⎡

⎢
⎣

⎤
⎥
⎦

= ℸ−1 (ℸ*ℸ)−1( )ℸ−1[ ] = ℸ−1 ℸ(ℸ*ℸ )( )
−1⎡

⎢
⎣

⎤
⎥
⎦

= [ℸ((ℸ*ℸ)ℸ)]−1 = [ℸ((ℸ ℸ*)ℸ)]−1 = [Θ[ℸ ℸℸ*( )]ℸ]
−1

= Θ. [ℸ−1[ℸ. ℸ. ℸ*( )]
−1

] = Θ. [ℸ−1 ℸ−1(ℸ−1)
*( )]ℸ−1

Hence, on Hilbert space H.ℸ−1 𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
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Theorem 1.4 Let be is on Hilbert space H .Then isℸ    Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟   ℸ𝑘

.   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Proof : Let be isℸ    Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
By mathematical induction .

The result true for k=1

ℸ.  ℸ ℸ*( ).  ℸ[ ] = Θ  ℸ.  ℸ.  ℸ*( )[ ].  ℸ    …                              1( )
Assume that ,the result true when (k=z)

[ ℸ.  ℸ ℸ*( ) ℸ[ ]]
𝑧

= [Θ  ℸ.  ℸ ℸ*( )[ ].  ℸ ]
𝑧
   …                  2( )

We prove the result for k=z+1

[ ℸ.  ℸ ℸ*( ).  ℸ[ ]]
𝑧+1

= [ ℸ.  ℸ ℸ*( ).  ℸ[ ]]
𝑧
  [ ℸ.  ℸ ℸ*( ).  ℸ[ ]]

= [Θ[ ℸ.  ℸ ℸ*( )] ℸ ]
𝑧
    [Θ  ℸ.  ℸ ℸ*( )[ ].  ℸ ]

                                                 = [Θ[.  ℸ  ℸ.  ℸ*( )] ℸ]
𝑧+1

Then the result true for k=z+1

Hence, is   ℸ𝑘    Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Proposition 1.5 If andℸ   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

then  ℸ .  ℸ*( )𝑎𝑛𝑑( ℸ  ℸ .  ℸ*( )) 𝑐𝑜𝑚𝑚𝑢𝑡𝑒 𝑤𝑖𝑡ℎ  ℸ 𝑎𝑛𝑑( ℸ.  ℸ .  ℸ*( ))    ℸ*

.    𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
Proof: Since

, we have .ℸ   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟   ℸ  ℸ ℸ*( ) ℸ[ ] = Θ[ ℸ  ℸ ℸ*( )] ℸ

 ℸ*.  ℸ*( ℸ*)
*( ) ℸ*⎡

⎢
⎣

⎤
⎥
⎦

=  ℸ*.  ℸ  ℸ*( )
*
 ℸ*⎡

⎢
⎣

⎤
⎥
⎦

=  ℸ*.  ℸ  ℸ  ℸ*( )⎡
⎢
⎣

⎤
⎥
⎦

*

= ( ℸ.  ℸ  ℸ*( ))  ℸ⎡
⎢
⎣

⎤
⎥
⎦

*

=  ℸ(  ℸ .  ℸ*( ) ℸ)⎡
⎢
⎣

⎤
⎥
⎦

*

= Θ[ ℸ.  ℸ ℸ*( )] ℸ[ ]
*

= Θ[ ℸ*  ℸ*. ( ℸ*)
*( )].  ℸ*

r hence   ℸ*     𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜

Theorem  1.6 Let on H then℧   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Theoperator is for every real scalarδ℧    𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 δ.
Proof:

Let. ℧   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑛 𝐻

be a scalar,then∂ ℧ ℧℧*( )℧[ ] = Θ[℧ ℧℧*( )]℧  , 𝑤ℎ𝑒𝑟𝑒 Θ 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟.    

Let be a scalar, hence∂

(∂℧) (∂℧)(∂℧)*( )(∂℧)[ ] = (∂℧) (∂℧)(∂℧
*
)( )(∂℧)⎡⎣ ⎤⎦

= ∂∂∂∂  ℧ ℧℧*( )℧[ ] = ∂∂∂∂  Θ[℧ ℧℧*( )]℧
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= Θ[(∂℧) (∂℧)(∂℧)*( )](∂℧)

Hence (∂℧)𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟.

Theorem 1.7 Let and be two on Hilbert space H such thatℸ ℇ   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
.Then + is ℸ*ℇ = ℸℇ* = ℸ* ℇ* = ℸℇ = 0 ℸ ℇ Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Proof: Let and be twoℸ ℇ   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

(ℸ + ℇ) . ℸ +  ℇ( ). (ℸ +  ℇ)*( ). (ℸ +  ℇ)[ ]
= ℸ + ℇ( ). (. ℸ +  ℇ)(ℸ * +  ℇ*)( ). (ℸ +  ℇ)⎡

⎢
⎣

⎤
⎥
⎦

= ℸ + ℇ( ). ℸ ℸ * + ℸℇ* + ℇℸ * +  ℇℇ*( ). (ℸ +  ℇ)⎡
⎢
⎣

⎤
⎥
⎦

= ℸ + ℇ( ) ℸ ℸ *( ). ℸ + (ℸℇ*)ℸ + (ℇℸ *)ℸ + ( ℇℇ*)ℸ( ) + (ℸ ℸ *)ℇ + (ℸℇ*)ℇ + (ℇℸ *)ℇ + ℇℇ*( ). ℇ( )⎡
⎢
⎣

⎤
⎥
⎦

= ℸ. (ℸ ℸ *)ℸ + ℸ(ℸℇ*)ℸ + ℸ(ℇℸ *)ℸ + ℸ( ℇℇ*)ℸ( ) + ℇ(ℸ . ℸ *)ℇ + ℇ(ℸℇ*)ℇ + ℇ(ℇℸ *)ℇ + ℇ(ℇℇ*)ℇ( )⎡
⎢
⎣

⎤
⎥
⎦

= ℸ. ℸ ℸ *( ). ℸ[ ] + ℇ. [ ℇ. ℇ*( )]ℇ

since and be two ,ℸ ℇ   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 

= Θ. ℸ. ℸℸ*( )[ ]. ℸ + Θ ℇ ℇℇ*( )[ ]ℇ

= Θ. [ ℸ. ℸℸ*( )[ ]. ℸ + ℇ ℇℇ*( )[ ]ℇ]

= Θ. ℸ. ℸ ℸ *( ). ℸ + ℸ(ℸℇ*)ℸ + ℸ(ℇℸ *)ℸ +. ℸ( ℇℇ*)ℸ( ) + ℇ(ℸ ℸ *)ℇ + ℇ(ℸℇ*)ℇ + ℇ(ℇℸ *)ℇ + ℇ(ℇℇ*)ℇ( )⎡
⎢
⎣

⎤
⎥
⎦

= Θ (ℸ ℸ *)ℸ + (ℸℇ*)ℸ + (ℇΥ *)ℸ + ( ℇℇ*)ℸ( ) + (ℸ ℸ *)ℇ + (ℸℇ*)ℇ + (ℇℸ *)ℇ + (ℇℇ*)ℇ( )⎡
⎢
⎣

⎤
⎥
⎦
(ℸ + ℇ)

= Θ(ℸ + ℇ) ℸ ℸ * + ℸℇ* + ℇℸ * +  ℇℇ*( )(ℸ +  ℇ)⎡
⎢
⎣

⎤
⎥
⎦

= Θ ℸ + ℇ( ). (ℸ +  ℇ)(ℸ * +  ℇ*)( )⎡
⎢
⎣

⎤
⎥
⎦
. (ℸ + ℇ)

= Θ ℸ +  ℇ( ). (ℸ +  ℇ)(ℸ +  ℇ)*( )[ ]. (ℸ + ℇ)

Hence , + is(ℸ ℇ)   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Theorem 1.8 Let be and is on Hilbertℇ   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 ℸ 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
space H such that .Then is ℇ*. ℸ = ℘. ℸ*      , ℇ. ℸ* = ℸ*. ℇ  , ℇ*. ℸ* = ℸ*ℇ*𝑎𝑛𝑑  ℇℸ = ℸℇ (ℇ ℸ)

on Hilbert space H  Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Proof: Let andℇ ℸ 𝑖𝑠  Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

(ℇ . ℸ) (ℇ  ℸ)(ℇ .  ℸ)*( )(ℇ ℸ)[ ]
= (ℇ ℸ) (ℇ  ℸ)(ℸ*ℇ*)( )(ℇ  ℸ)⎡

⎢
⎣

⎤
⎥
⎦
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= (ℇ ℸ) (ℇ  ℸ)(ℸ*ℇ*)( )(ℇ  ℸ)⎡
⎢
⎣

⎤
⎥
⎦

= (ℇ ℸ)(ℇ  ℸ). (ℸ*ℇ*)(ℇ  ℸ)

= (ℇ ℸ)(ℇ  ℸ). (ℇ*ℇ ℸ* ℸ)

= [ℇ ℇ. ℇ*( )ℇ[ ]][ℸ ℸℸ*( )ℸ[ ]]

= (Θ[ℇ ℇ. ℇ*( )]ℇ)([ℸ ℸℸ*( )]ℸ)

= Θ ℇ.  ℸ( ) ℇ  ℸ( ) ℇ  ℸ( )*( )[ ]. (ℇ  ℸ)

Hence , is(ℇ ℸ)   Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Theorem 1.9 The set of all on Hilbert Space H is a closed subset ofΘ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
B(H) (the algebra of all bounded linear operators on Hilbert Space H) under scalar
multiplication .

Proof: :supposed

Ⅎ 𝐻( ) = ℸ∈𝐵 𝐻( ): ℸ 𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑜𝑛 𝐻  { }

Let then we haveℸ ∈ Ⅎ 𝐻( ) ℸ 𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑛 𝐻

and ℸ ℸℸ*( )ℸ[ ] = Θ[ℸ ℸℸ*( )]ℸ  , 𝑤ℎ𝑒𝑟𝑒 Θ 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟.    

Let be a scalar, hence℮

℮. ℸ( ) ℮ℸ( ). ℮ℸ( )*( ). ℮ℸ( )[ ] = ℮ℸ( ). ℮ℸ( ). (℮ℸ
*
)( ). (℮ℸ)⎡⎣ ⎤⎦

= ℮℮℮℮  ℸ ℸℸ*( )ℸ[ ] = ℮℮℮℮  Θ[ℸ ℸℸ*( )]ℸ

= Θ ℮ℸ( ). ℮ℸ( ). ℮ℸ( )*( )[ ]. (℮ℸ)

Hence (℮ℸ)∈Ⅎ 𝐻( ).

Let be sequencing converge to. , then prove thatℸ
𝑥 

Ⅎ 𝐻( ) ℸ

‖ ℸ ℸℸ*( )ℸ[ ][ ] − [Θ[ℸ ℸℸ*( )]ℸ]‖

= ‖ ℸ ℸℸ*( )ℸ[ ][ ] − ℸ
𝑥 

ℸ
𝑥 

. ℸ
𝑥 

*( )ℸ
𝑥 

⎡⎢⎣
⎤⎥⎦

⎡⎢⎣
⎤⎥⎦ + Θ ℸ

𝑥 
ℸ

𝑥 
. ℸ

𝑥 
*( )⎡⎢⎣

⎤⎥⎦. ℸ
𝑥 

⎡⎢⎣
⎤⎥⎦ − Θ ℸ ℸℸ*( )[ ]ℸ[ ]‖

≤ ‖ ℸ ℸℸ*( )ℸ[ ][ ] − ℸ
𝑥 

ℸ
𝑥 

. ℸ
𝑥 

*( ). ℸ
𝑥 

⎡⎢⎣
⎤⎥⎦

⎡⎢⎣
⎤⎥⎦‖ + ‖ Θ. ℸ

𝑥 
ℸ

𝑥 
. ℸ

𝑥 
*( )⎡⎢⎣

⎤⎥⎦. ℸ
𝑥 

⎡⎢⎣
⎤⎥⎦ − . Θ ℸ ℸℸ*( )[ ]ℸ[ ]‖→0    

   𝑎𝑠  𝑥→∞ .

therefore .Then , is closed subset. ℸ ∈ Ⅎ 𝐻( ) Ⅎ 𝐻( ) 
Definition 1.10 [3]: If A, B be bounded operators on Hilbert Space H. Then A,B are unitary

equivalent if there is anisomorphism suchthat . 𝑈: 𝐻→𝐻  𝐵 = 𝑈𝐴𝑈*

Theorem  1.11 Let on Hilbert space H thenℸ   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

If is unitary equivalent to then .Υ∈𝐵 𝐻( ) ℘ Υ   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
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Proof : Since is unitary equivalent to then and and SinceΥ ℸ Υ =. 𝑈ℸ𝑈*  (𝑈ℸ𝑈*)
𝑛

= 𝑈ℸ𝑛𝑈*

, thenℸ   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟   ℸ ℸℸ*( )ℸ[ ] = Θ[ℸ ℸℸ*( )]ℸ   , 𝑤ℎ𝑒𝑟𝑒 Θ 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
.

Υ ΥΥ*( )Υ[ ] = (𝑈ℸ𝑈*) (𝑈ℸ𝑈*)(𝑈ℸ𝑈*)
*( )(𝑈ℸ𝑈*)⎡

⎢
⎣

⎤
⎥
⎦

= 𝑈ℸ𝑈*( ). 𝑈ℸ𝑈*( ). (𝑈ℸ*𝑈*)( ). (𝑈ℸ𝑈*)⎡
⎢
⎣

⎤
⎥
⎦

,since= 𝑈 (ℸ ℸℸ*( )ℸ[ ])𝑈*  ℸ   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

=  Θ 𝑈ℸ𝑈*( ). 𝑈ℸ𝑈*( ). 𝑈ℸ𝑈*( )
*( )⎡

⎢
⎣

⎤
⎥
⎦
. (𝑈ℸ𝑈*)

=Θ[Υ ΥΥ*( )]Υ

ℎ𝑒𝑛𝑐𝑒 Υ   𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Theorem 1.12 : Consider are .Then the tenser productℸ
1
, ℸ

2
, …, ℸ

𝑛
    Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

is .( ℸ
1
⨂ℸ

2
⨂…⨂ℸ

𝑛
) Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Proof : Since every operator of are , thenℸ
1
, ℸ

2
, …, ℸ

𝑛
    Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

.ℸ
𝑙
. ℸ

𝑙
. ℸ

𝑙
*( )ℸ

𝑙
⎡⎢⎣

⎤⎥⎦ = Θ. [ℸ
𝑙
. ℸ

𝑙
. ℸ

𝑙
*( )]. ℸ

𝑙
  , 𝑤ℎ𝑒𝑟𝑒 Θ 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 ,   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑙 = 1, 2, …, 𝑛 

( ℸ
1
⨂ℸ

2
⨂…⨂ℸ

𝑛
). ( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
). ( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
)*( ). ( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
)⎡⎢⎣
⎤⎥⎦(𝑥

1
⨂𝑥

2
⨂ ... ⨂𝑥

𝑛
)

= ( ℸ
1
⨂ℸ

2
⨂…⨂ℸ

𝑛
) ( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
)( ℸ

1
*⨂ℸ

2
*⨂…⨂ℸ

𝑛
*)( )( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
)⎡

⎢
⎣

⎤
⎥
⎦
(𝑥

1
⨂𝑥

2
⨂ ... ⨂𝑥

𝑛
)

= ℸ
1

ℸ
1
ℸ

1
*( )ℸ

1
⎡⎢⎣

⎤⎥⎦( )(𝑥
1
)⨂ ℸ

2
ℸ

2
ℸ

2
*( )ℸ

2
⎡⎢⎣

⎤⎥⎦( )(𝑥
2
)⨂…. ⨂(ℸ

𝑛
ℸ

𝑛
ℸ

𝑛
*( )ℸ

𝑛
⎡⎢⎣

⎤⎥⎦(𝑥
𝑛
))

= Θ[ℸ
1

ℸ
1
ℸ

1
*( )]ℸ

1( )(𝑥
1
)⨂ Θ[ℸ

2
ℸ

2
ℸ

2
*( )]ℸ

2( )(𝑥
2
)⨂…. ⨂ Θ[ℸ

𝑛
ℸ

𝑛
ℸ

𝑛
*( )]ℸ

𝑛( )(𝑥
𝑛
)

= Θ[ [ℸ
1

ℸ
1
ℸ

1
*( )]ℸ

1( )(𝑥
1
)⨂ [ℸ

2
ℸ

2
ℸ

2
*( )]ℸ

2( )(𝑥
2
)⨂…. ⨂ [ℸ

𝑛
ℸ

𝑛
ℸ

𝑛
*( )]ℸ

𝑛( )(𝑥
𝑛
)]

= Θ[( ℸ
1
⨂ℸ

2
⨂…⨂ℸ

𝑛
). ( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
)( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
)*( )]. ( ℸ

1
⨂ℸ

2
⨂…⨂ℸ

𝑛
)(𝑥

1
⨂𝑥

2
⨂ ... ⨂𝑥

𝑛
)

Hence , is( ℸ
1
⨂ ℸ

2
⨂ ... ⨂ ℸ

𝑛
)    𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Theorem 1.13 :Consider are .Then the direct sumℸ
1
, ℸ

2
, …, ℸ

𝑛
    Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

is( ℸ
1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)    𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Proof : Since every operator of are , thenℸ
1
, ℸ

2
, …, ℸ

𝑛
    Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

.ℸ
𝑗
. . ℸ

𝑗
. ℸ

𝑗
*( )ℸ

𝑗
⎡⎢⎣

⎤⎥⎦ = Θ. [ℸ
𝑗

. ℸ
𝑗
ℸ

𝑗
*( )]ℸ

𝑗
  , 𝑤ℎ𝑒𝑟𝑒 Θ 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 ,   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗 = 1, 2, …, 𝑛 

( ℸ
1
⨁ℸ

2
⨁…⨁ℸ

𝑛
) ( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)*( )( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)⎡⎢⎣
⎤⎥⎦
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= ( ℸ
1
⨁ℸ

2
⨁…⨁ℸ

𝑛
) ( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)( ℸ

1
*⨁ℸ

2
*⨁…⨁ℸ

𝑛
*)( )( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)⎡

⎢
⎣

⎤
⎥
⎦

= ℸ
1

ℸ
1
ℸ

1
*( )ℸ

1
⎡⎢⎣

⎤⎥⎦( )⨁ ℸ
2

ℸ
2
ℸ

2
*( )ℸ

2
⎡⎢⎣

⎤⎥⎦( )⨁…. ⨁(ℸ
𝑛

ℸ
𝑛
ℸ

𝑛
*( )ℸ

𝑛
⎡⎢⎣

⎤⎥⎦)

= Θ[ℸ
1

ℸ
1
ℸ

1
*( )]ℸ

1( )⨁ Θ[ℸ
2

ℸ
2
ℸ

2
*( )]ℸ

2( )⨁…. ⨁ Θ[ℸ
𝑛

ℸ
𝑛
ℸ

𝑛
*( )]ℸ

𝑛( )
= Θ[( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
). ( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)*( )]( ℸ

1
⨁ℸ

2
⨁…⨁ℸ

𝑛
)

Hence , is( ℸ
1
⨁ ℸ

2
⨁…⨁ ℸ

𝑛
)    𝑖𝑠 Θ − 𝑞𝑢𝑎𝑠𝑖  𝑡𝑟𝑖𝑝𝑙𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
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