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Abstract:

In this paper we given a new class of operators onHilbert space calledquasi triple operator
and © — Quasi Triple Operator . We study the operator and introduce some properties of it
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Introduction: Consider B(H) be the algebra of all bounded linear operators on complex Hilbert

space H . Anoperator Y called normal ifYY =YY . Quasi normal operator introduced by A.
Brown in .1953[1].

In [5] E.S.A.Rejab .2016. introduce anew class of operator on Hilbert space said (Triple
operators)and defined as (YY*)Y = Y(YY*). In this paper we defied a new class of operators
on Hilbert space as 7[(77*)7] = [7(77*)]7

called. quasi triple operator and we defined © — quasi triple operator

as 7[(77*)7] = O[‘f(“ﬁ*)]“f \where 0 is a bounded operator. and study the properties of i

.the MainResults

Definition .1.1 Let 7 be a bounded operator on Hilbert Space H . 7 is called
quasi triple operator.

ifand only if 7 [(71)7]=[7 (71)17

Definition . 1.2 Let 7 be a bounded operator on Hilbert space H . 7 is called
® — quasi triple operator

if and only if ‘f[(‘f‘f*)“f] = @[‘f(‘f“f*)]‘f \where 0 is a bounded operator.

Proposition 1.3 If 7_1 exist and 7 is © — quasi triple operator on H and

. -1, . .
7 is normal operator, then, 7 " is @ — quasi triple operator

Proof: Since 7is ® — quasi triple operator, we have 7[(77*)7] = 07. (7. 7*)]7

S laay
=7 (@)= e )|

-1

DD = (1D = [©[7(77)17]

-1 -1

=0.[7 [1.(1.7)] 1=6. [7‘1(7‘1(7‘1)*)]7‘1

Hence, 7_1 is © — quasi triple operator on Hilbert space H.
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Theorem 1.4 Llet 7 be is © — quasi triple operatoron Hilbert space H .Then 7 is

©® — quasi triple operator .

Proof : Let 7beis © — quasi triple operator
By mathematical induction .

The result true for k=1

(7). 7] =e[1(7 7)) T - D
Assume that ,the result true when (k=z)

[1.[(77) -r]]z =[0[7.(77)] 7 .. (2)
We prove the result for k=z+1

z+1

(L(17) ) = (7)) (7))
_ [@[7.(77*)]7]Z ©[7.(17)]- 71
= [e[. 7(7. 7)17]

Then the result true for k=z+1

z+1

k. -
Hence, 7 is ® — quasi triple operator

Proposition 1.5 If 7 is ® — quasi triple operator and

(‘f . 7*)and(‘f(7 . ‘f*)) commute with 7 and( 7. (7 : 7*)) then 7
is ® — quasi triple operator.

Proof: Since

7 is ® — quasi triple operator, we have 'f[( 7 7*) 7] = Q[ 7( 7 'f*)] 7.

7. l( 7*(7*)*) 7]= 7. [(7 7*)*7*]= 7*[ ] [(7 ]
=[7((7 1)1 l: [@[7.(77*)]7]*= o[ 7 (‘f (7))]

7 is @ — quasi triple operator hence
Theorem 1.6 Let U is ® — quasi triple operator on H then

Theoperator §U is is © — quasi triple operator for every real scalar 8.

Proof:

Let. U is ® — quasi triple operator on H

0 be a scalar,then U[(UU*)U] = @[U(UU*)]U ,Where 0 is bounded operator.
Let d be a scalar, hence

@)[(@V)@V) )(@V)] = (am[((aU)(EU*))(am]

= 9099 U[(vV )v] = 3090 O[V(VV )]U
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= 6[(9V)((9U)(3V) )](9V)
Hence (00)is ® — quasi triple operator.

Theorem 1.7 Let 7 and € be two © — quasi triple operator on Hilbert space H such that
7€=7€ =7 & =7E = 0.Then 7T+ &€ is® — quasi triple operator

Proof: Let 7and € be two © — quasi triple operator

T +9[CT+ 9.0+ ). + 9

= (7 + 9. ((.7 + 10 + &) ).('r + e)l

= (1 + 9. (77*+7£*+87*+ ee’ ).(7 + 8)]

= (7 + E)[ (777).7 + ()T + (€17 + (E€)T )+ ((77*)8 + (TE)E + (€1)E + (€€).€ )l
= [(7 (777 + T(E)T + H(ET )T + T(EE)T )+ (8(7.7*)8 + E(TE)E + E(ET)E + E(EE)E )]

=1.[(17).7]+ e [(e.€)e

since 7and € be two ©® — quasi triple operator,
= 0.[1.(17)]-7 + o[¢(e )¢
= 0.[[1.(77)]- 7 + [g(g€) el

= 0. (7. (777).7 + ()T + T(ET )T +.7(€E)T )+ (8(77*)8 + E(TEDE + E(ET)HE + E(E€)E )l

- @[((77*)7 + (TE)T + (EY )T + (E€)T )+ ((77*)8 + (TE)E + (€7 )E + (E€)E )l(w + )
=07 + 8)[(‘{7* +7€ + €7 + €€ )(7 + 8)]

= @l('f + s).((-r + O + €) )l (T + )

=o[(7 + ©.(0 + OF + )] +©
Hence, (7T+ €)is © — quasi triple operator

Theorem 1.8 let € be © — quasi triple operator and T is quasi triple operator on Hilbert

space H such that 8*.7 = p. 'f* , €. 7* = T*.E ,8*. 7* = T*S*and €7 =7€EThen (€ 7) is
© — quasi triple operator on Hilbert space H

Proof: Let Eand Tis © — quasi triple operator
€. D[(E DE. D)ED]
= (€ 7)[((8 NEE) )(s 7)]

(omom :
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= (€ 7)[((8 N E) )(s 7)]

= (ENET.(TENE T

= (ENETN.(EET T

= [€[(e.€)eIrT|(77)7];

= (0[¢(e. € )1O)[I(T7 )17

= 0[(€. D(ENED)].(ED

Hence, (€7)is ® — quasi triple operator

Theorem 1.9 The set of all ® — quasi triple operatoron Hilbert Space H is a closed subset of
B(H) (the algebra of all bounded linear operators on Hilbert Space H) under scalar
multiplication .

Proof: :supposed

A(H) = {7€B(H): 7is ®© — quasi triple operatoron H }

Let7 € A(H) then we have 7is ® — quasi triple operator on H
and 7[(‘{7*)‘{] = @[7(77*)]7 ,Where 0 is bounded operator.

Let € be a scalar, hence

e.n[(emn. @n). en]=(en. [((ew). (67*)). (e-r)]
= eeee 7(11)7]= eeee o[1(17 )7

= o[(em.(en.en)].emn

Hence (€7)€d(H).

Let 7 be sequencing d(H) converge to. 7, then prove that

I[3[(77)7]] - ter( )1
= I[7[(+7)7]] - [‘fx[('fx T *)7x ]] + [G)[‘fx (7x T )] -rx] — [e[7(+7)]7]u
< I[[(+7)7]] - [‘rx[(-rx.-rx*).?x]]u + ||[@. [-rx (7x.7x*)]. 7x]— [-6[1(77)]7]1-0

as x—oo .
therefore 7 € A(H) .Then, d(H) is closed subset.

Definition 1.10 [3]: If A, B be bounded operators on Hilbert Space H. Then AB are unitary
equivalent if there is anisomorphism U: H—H suchthat B = UAU .

Theorem 1.11 let7 is © — quasi triple operator on Hilbert space H then

If YEB(H) is unitary equivalent to o then Y is © — quasi triple operator.
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* x N *
Proof : Since Y is unitary equivalent to T then Y =.UTU and (UTU ) = UT'U and Since
7 is ® — quasi triple operator, then 7[(77 )7] = G)[‘f(‘f‘f )]‘f ,Wwhere 0 is bounded operator

Y[(W*)Y] - (U?U*)[((UTU*)(U‘IU*)*)(U‘IU*)]
= (7). l((U‘IU*). UTU) ) (U?U*)]

=U (7[(77*)7])U since T is ® — quasi triple operator

= l(uw ) ((U‘rU ) (U'fU ) )] U)
o[Y(YY )Y -
henceY is ® — quasi triple operator

Theorem 1.12 : Consider 71, 72, . 7n are © — quasi triple operator Then the tenser product

(71®72®...®7n) is ® — quasi triple operator.

Proof : Since every operator of 71, 72, - ‘fn are O — quasi triple operator, then

T, [(71. 'fl*)'fl] = o.[1, (71. 71*)]. 1., where @ is bounded operator, foralll = 1,2,.,n
(1,87,8..91). [(( 1,07,8..07).(1,07,8..07) ) (1,87,8..87)|x,@x® .. @x)
= (71®72®...®7n)[(( 7,87,8..87)(7, ®71, ®..87 ) )( 71®72®...®7n)](x1®x2® - ®)
(AL AN EREAA AN CB)

(@[71(7171*)]71)(x1)®(® [72(7272*)]72) (x)®... ®(@[7n(7n7n*)]7n) (x)

@[([7 1(7 T 1*)]7 1) (x 1)@([7 2(7 N 2*)]7 2)(x )®... ®([7n(7n7n*)]‘rn) ()]

= 0[(7,87,8..97). ((71®72®...®7n)(71®72®...®7n)*)]. (1,87,8..97 )(x,®x,8 .. ®x )

Hence, (71® 72® . ® 'fn) is is® — quasi triple operator

Theorem 1.13 :Consider 7,7, ., are ©® — quasi triple operator Then the direct sum
(71697269...697n) is is® — quasi triple operator

Proof : Since every operator of 71, 72, e 'fn are O — quasi triple operator, then
7. [( 'fj. 'fj*)'f]] = 0. ['f]_(. 7],7]_*)]7]_ ,Where 0 is bounded operator, forallj =1,2,..,n

J

( 71@72@...@7n)[(( 1,07,0..07)(1,07,0..07) 7l®72®...®7n)]

(omom :
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= (71@72@...@7n)[((71@72@...@7n)(71 o7, ©..87 ) )(71@729"'@79]

= (-r 1[(7 I 1*)7 1])@(72[(7 272*)72])69.... 69(7n[(7n7n*)7n])
(@[7 1(7 T 1*)]7 1)@(@[‘: 2(7 N 2*)]7 2)@.... @(@[‘fn('fn'fn*)]'fn)

o[(7,07,..07). ((1,07,0..07)(1,07,0.87) )I(1,67,0..617)

Hence , (7169 7269...69 'fn) is is® — quasi triple operator
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