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Abstract:

The main object of this paper is to introduce and investigate an differential operator DZ;HT]B(Z) of holomorphic

function, and we determine conditions on the order p of the functions in the class N(p) such that the integral operators
will be in this class .
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Introduction

Let A be the set of all holomorphic functions of the form

V(2)=z+ Y ajzj 1.1
j=2
Defined in the open unit disk U ={zeC:|z|< 1} and normalized by the condition

9(0) = 19‘(0) — 1 = 0.Moreover,by S ,we shall denote the class of all functions in A, which are univalent in U .A
function 9(z) belonging to S is said to be starlike of order p (0<p < 1) ifit satisfies

ZBV Z
Re(#) > p, (z€V)

We denote the set of these starlike functions of order p which lie in U by the symbol S*(p) which is a subclass
of A .Also a function 9(z)€A will be contained in the class R(p) if and only if

R (8(2)> p, (z€V)
the subclass N(p) of A containing a functions 9(z) so that it fulfills the condition

9(2)

where many researchers presented the class N(p) in their research ,and we mention from these sources [1], [8].

RE(M)< p,(p > 1,z€el)

The integral operator

Vil F y-1 : o 9. Bt %
H (9,9, .9 = {yt ,-131 (ﬂj(t)) (=) 12
Introduced and studied by Frasin [2],Narayan and Panigrahi [7]wheny = 1, o = 0 and Bj = SL(SJ, > 0) for all
Jj

j = 1,2, .. 1 we have the integral operator

zZn g s%

F)=[T11 (-4 at, 13
0j=1
Recall that Ularu and et.al.[6] introduced and studied the following integral

Z 9N
B(z)=J (te f(t)) dt 14
0

Now, we define the differential operator as

[oMom



https://doi.org/10.24297/jam.v21i9353

Journal of Advances in Mathematics Vol 21 (2022) ISSN: 2347-1921 https://rajpub.com/index.php/jam

D0+019(z) 9(2)

0+n Ir'(2) r(j+1)
D 9(2) =5z + z Ty z’ D 9@ 15

““s( Y= DS(DZZHS(Z)) = (1 - 8§D, 8(2) + SZ(D];Z,]{)(Z))'

re rg+1 . j
= (1 - )z + z e=(1 = 8 + 8 - n))ajz’;

k—1+n k— 1+r]

"+“a( Z2)=D (Dk 1+“a( 2) =1 -8 " + 820 "™ 16

=1 — o) L&, + z B _() 5+ 5( - n))kajzj, k.nEN and 60 ;

r@-m G—n+D)
D M9(z) = D(D9(2)) = (1 — 8)(D, ) + 8z (D’;;") 17
87"
_ k+1 T(2) r(j+1) k+1
= (1 — &m) r(2n)2+2mn+1)(1—8+8(]— ) z’

To define a new family say Q(8,n, k, v, p) which includes various new subfamilies .

Definition1. for 0<p < 1, 9€4 give by 1.1and y=0, a function 9 is said to be in the family Q(8,n, k, v, p) if it satisfies the
following condition

Z;Hnﬂ( 2) ( , Y .
7 \ k+n8() -

82"

<1-p. (zeU), 1.8

where k,n€EN, 6=0 .

The family Q(8,n, k, v, p) includes various new subfamilies of holomorphic functions .we observe that:

()setn =0,6 =1,k = 0in1.5andy = 1,then the family Q(1, 0,0, 1, p) reduces to the class Q(1, p)ES*(p) [see,3].
(2)set6§ =1,1=0, k =0in1.5andy = 0 ,then the family Q(1, 0,0, 0, p) reduces to the class Q(0, p)=R(p) .
(3)set§ = 1,1 = 0,k = 0 in1.5then the family Q(1, 0, 0, v, p) reduces to the class Q(y, p)[see,6].

(4) putting 8 =1, =0,k =0 in 1.5 and y = 2,then the family Q(1,0,0, 2, p) reduces to the class Q(2, p)=Q(p)
[see,4].

In this research ,we determined the conditions on the order p to ensure that the two integral operators will be
in N(p) . Many results and conclusions are obtained.

Lemma1.1[5] (Schwarz lemma). Let 9(z) be holomorphic ,with 9(0) = 0 Then
(@) <z |z| < 1

and the equality satisfied if 9(z) = Az, for AeC (where [A|=1).

2-Main Results

Theorem 2.1. If the functions 19],(2) in 4, forj =1,2,..,l be in Q(§,n, k,v,p) ,A},Zl,S > 0,0<p < 1,z€U then the
integral operator

1

z 1 Dl 5
Fi2)= [Tl (———) adt,

0j=1

be in N(o), where

O
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o= zal?jl-{(z - p)A}Y‘1+ 13+ 1

j=1

l
and 3 i@ - pal " + 1}+ 1> 0,5 €C\{0) forallj = 1....L.
j=1 "

Proof. Let
1
z 1 "*“s ©® S
F2)=[T1 (—;) dt
0j=1

Calculate the derivative of two sides, we have

1
DN (z) i Do () % Do (z)

F'l(z)=( —) (EZ"Z ) R —)

Take the derivative of both sides, we get

k+n k+n k+n k+n
Foy 1 1 2D, 19(t)) -D '9() L 1 z(D, 19(t)) =D, 19()

~2 — + ..+
e 2 = 2
F(2) S <D5ﬂ“’1m> z S, <Daz"‘9fz)> z
z z

Multiply both sides by z

e 1 Z(Dﬁznﬂ(t)) zDGZIS(z) L . L z(Dézlﬁ(t)) 2052\6(2)\ 1
Fo S 7 CALNOR 4 / Dy @)
Jet ' Lax '
S 1 20510 (©) ) n CHLIO)
2@ - = —m -1+ .+ —m -1
F@) t\ P @ ANEIC
Thus, we get
) RGO
Z Z [
E[J+1} . Z? Tl__l +1
F(Z) ]-=1 J 52"8()
k+1+ ke+
. - . D, 9 (D-(1- 5)062;‘8( )
Since Z(Daz“s,(t)) = ;
j
So, we have
) ! k+1+nB (z) - S)DH"B (Z)
sz“
R[ﬂﬂ+1]=R Y+ = —1)+1
el F(z) e\ j=1" 52"8(2)
1 k+1+q8( ) }
1 52"
=Ry 11— —17+1
e\ =1 % { D i
L[] <)| }+ .
f= 15|5| l| ol @ |
Y y-1
f g;“ﬂa (Z)/ Pt +1p+1
5|s| U lac;ne ) z

Since ﬂj(z)EQ(S, N, kv, p) and |19j(z)| < Aj ,applying Schwarz Lemma ,we obtain

[©mom
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Y
k+1+n

sz“ 9 (Z) / Z

" l
RI{ZEE 4 ql< L Al 141
e{ F(2) }21 8IS, ‘ z \ DiMo @ [ i]

87"

: 1 f gﬂm“’( 2) / ' y-1
< i§16$f|u \ys() —1+1[Aj] +1p+1
Ly D’;ﬂ”“s,( ) / ! 1
<| 24 ’ZZ’ \"*“Zs() — 1+ 1Al 1+
j=1 J 52"

< (é 5;}_ @ - p)[Aj]Y_l + 1}+ 1)=

Therefore F(z) will be in N(o) . The proof is complete.
f My=1 2086=1 (3)8§ =1, y =1 inthe above theorem , we have the following Corollaries .

Corollary 2.1. f the functions 9,(z) in A for j = 1,2, ., Lbein S (p).0<p < 1, 421

,zin € Uthen F(z)isin N(o) , where
O'—Z—SIS—I-{(Z p+ 1} + 1,

and Z—5|5_|-(2 p)+ 1 >0, S}EC\{O} forallj =1,..,1.

Corollary 2.2[6, Theorem 2.1]. If the functions Sj(z) inAforj=1,2,..,lbein Q(y,p) ,Ajzl,

§ = 0,0<p <1,zinUthen F(z)isin N(o) , where
O'—Z-I—I-{(Z—p)/l +1}+1
and Z -|—|-(2 - p)A 1> O,SjEC\{O} forallj = 1...1.

Corollary 2.3[6, Corollary 2.2]. If the functions Sj(z) inAforj=1,2,..,lbein S*(p) ,Ajzl,

6= 0,0Sp < 1,zinU then |.0O. defined by 2.1isin N(o), where

G—Z-l—r{(Z—p)+1}+1

And Z-l—l-{(Z—p)+ 1}+1>OS€C\{O} forallj = 1....1.

Theorem 2.2. Forj = 1,2, ..., [ the functions 19],(2) € A beinQ(5,n kv, p) .A},Zl

O
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8 =2 0,0<p < 1,zinU then the integral operator
z D"*“s @\
82"
B(z)=[|t / dt
0

be in N(‘r) , where

T = z Hiz - p)(4) + (1 - 84 + 5}+1

j
Proof. Let

z [ Do ® %
B(z)=[|te ' | dt
0

Calculate the derivative of two sides, we have

o
Dk+”q 9 (Z) 1 k+n

nﬁ @ “ ns(z) “
! 8z 1 EZ EZ
F l(z) = (ze ) (ze ) R (ze
Take the derivative of both sides, we get
k+n ' k+n
" 11‘3 @ 119 @
F(z) _ 1 Pz k+n Pz
Fo) al( ol <z>> ze ( "9 (Z))
ze !
. D’;;“B ) s D’;;“S )
1 1
Tt T ze (Dﬁz“ Bl(z)) +e

ze

This will lead to the following result after multiplying by z

Z!F”!Z!! —
F(2)

k+n ' k+n '
o Z(DBZ"SI(Z)) + 1]+ o+ al[z(Dsz“ ﬁl(z)) +1

|

Hence, we get

1 ,
Re[ 2@ } (Z ai(z(DZ;nB (2)) + 1)+ 1)
=1 j

F(z)

k+14n

o9 @=(1- a)D"*“a @

D

. k+n ' _
Since Z(Daz“ Bj(t)) = 3

So, we have

f l
zF (2) _ l k+1+n _ _ k+n
Re[—. + 1}_ Re(Z 5’(1)62n 8.(2) = (1 - &)L (2) + 8) + 1)

F(2) i—1 j
1 K1+

=R 5 k+n‘9 ( )| = 9@

e\ 5 8 ’;;“e()

-1 -8+ 8}+ 1
j=
’;;“"su/

y-1

k+n sz“

D (@ )‘

213

O

j=
l
and 3 |T{{z =~ 0)(4) + (1 = ©)4, + 8}> 0.aeC\(0) forallj = 1,...L.

Z Y k+n9( )
e \ T - +(1 -8 |+8p+1
Jj
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prHL v D9 (2) vl
< sl k+"19() Jwr ) — 1|+ 1| +A-8) |+t
Pl Dy DZ;“B() \Dszne(z) z
Y
o) (oo [
<| 544 1+ 1p(a) T+ A -8 |+ 8+ 1

P ot ) \ :;"e()
< (ZI |—Zf|—{ ([{1 —p+ 13(4)" 1]+ - 5))+ 5}+ 1)
< (ﬁ |—";fi{Aj([{z - p}(Aj)Y_1]+ - 5)) + 8}+ 1)

< (ﬁ |°;'| @2-p)a)+a -84+ 5]+ 1) -

Therefore B(z) is in N(1).

The proof is complete.

fMNy=0 @y=1 B3 6=146=1,y=0 (5) 6§ =1, y = 1inthe above theorem. Then, we obtained the
following results.

Corollary 2.4. Let the functions Bj(z) in Aforj = 1,2,..,1 bein R(p) ,Ajzl

,6 2 0,0<p < 1,zinU then B(z)isin N(t), where

T= 2—{{2 p}+ (1 — 6)A},+8}+ 1

J=
l

and Y I |{{ —p}+ (1 -84+ 8}> 0, a€C\(0} forallj = 1,..,L.
P

Corollary 2.5. Let the functions Bj(z) inAforj=1,2,..,1 bein S*(p) ,A],21

,6 2 0,0<p < 1,zinUthen B(2)isin N(t),where

l @
= gl%{({z —p}+ (1= 8)A + 8} + 1

l
and Y il @2 - o3+ (1 - )4, + 8} > 0.a€C\(0} forallj = 1,...1.
j=1

Corollary 2.6. Let the functions ﬁj(z) inAforj = 1,2,..1 bein Q(y, p) ,A},Zl
,6 2 0,0<p < 1,zinUthenB(2)isin N(t),where
!
=3 |aj|{{2 — p)(4)’ + 1}+ 1

j=1

!
and ¥ |0(,|{{2 - p}(A,)Y + 1}> 0, a €C\{0} forallj =1,..1.

ol J j

Corollary 2.7. Let the functions {)j(z) inAforj=1,2,..,1 bein R(p) ,Ajzl

,6 20,0<p <1,z inUthen B(z)isin N(t), where

l
T = Z|aj|{3 —p}+ 1
j=1

O
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!
and ¥ |aj|{3 - p}>0, ajEC\{O} forallj =1,..,1.
j=1

Corollary 2.8. Let the functions Sj(z) inAforj=1,2,..,1 bein S*(p) ,Ajzl

6 = 0,0<p < 1,zinUthen B(z)isin N(t), where

l
T =j§1|aj|{{2 — o}, + 1)+ 1

!
and Y |a,|{{2 - plA + 1}> 0, a eC\{0} forallj =1,..1.
Sl j j
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