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Abstract:
The purpose of this paper is to deal with the following nonlinear Hadamard fractional boundary value

problem

EDSu(t) + f(t,u(t), u(t)) + g(t,u(t)) =0,
l1<t<e 1<a<?2,
u(1) = u(e) =0,

where HD% is the Hadamard fractional derivative operator. Using the mixed monotone operator
method, we prove an existence and uniqueness result for this mixed fractional Hadamard boundary
value problem. As an application of this result, we give one example to establish an existence and

uniqueness of a positive solution.
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1 Introduction

A large class of fractional ordinary differential equations as well as partial differential equations is of
essential importance and rapidely developed.Illustrated by several applications, it attracted a lot re-
searchers and therefore many results derived in different fields of sciences. The novelty that we prove
here is based on the motivation due to the rapid development of such fractional theory and several
applications for a class of ordinary as well as partial differential equations. One may observe that such
applications spread in a variety of sciences such as engineering, physics, biology, medicine and related
fields. For additional lectures and details, we refer the reader to [2,8,13,14,15] and the references
therein. Several research papers and monographs on fractional calculus are essentially established to
the existence of solutions of fractional ordinary differential equations, and partial differential equa-
tions on terms of fixed points of some special operators. Some of them are recently devoted with
the existence of solutions of nonlinear initial (or singular and nonsingular boundary) value problems
using nonlinear analysis methods focusing on fixed point theorems, Leray-Schauder theory, etc.), see
[1,3,4,5,6,7,9,10,11,12,16,17] and the references therein.
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The purpose of this paper is to deal with existence of non trivial solutions to the Dirichlet boundary

value problems of Hadamard fractional order differential equations

BDe ut) + f(tu(t),u(t) + gt,u(t) =0, 1<t<e l<a<2, (1)
u(l) = u(e) = 0, (2)
where "D is the Hadamard fractional derivative operator, f : [1,e] x [0,+00) x [0,400) — [0, +00) and
g:[1,e] x[0,+00) = [0,+00) are given continuous functions. We show that under appropriate conditions
on the nonlinear terms f and g, the fractional boundary value problem (1) — (2) has a unique positive
solution. Mathematical tools mainly used here are fixed point theory for operators acting on cones

in a Banach space and Green’s function associated to these operators. Such constructions of Green’s

function and cone are the backbone of this paper. We illustrate this result by providing an example .

2 Notations, Definitions and Lemmas

For completeness sake, let us dwell with some references, definitions, lemmas and basic results needed

in the proof of the main result of this paper.

Definition 2.1 The Riemann-Liouville fractional derivative of order o > 0 of a continuous function

v :(0,400) = R is given by

D§et) = ey (jt)(n) /(t_“’)”ﬂ

Here n = [a] + 1 stands for integer part such that the right side is defined on (0,1) point by point.
[a] denotes the integer part of number «, provided that the right side on (0,4+00) is defined point-wisely,

and I is the FEuler gamma function.

Definition 2.2 If g € C([a,b],R) and o > 0, then the Hadamard fractional integral is defined by

o 1 g(s) ds
Ia+ g(t) - F(OZ)L (logt_logs)l—a s :

Definition 2.3 Let o > 0, and n =[]+ 1. If f € AC™([a,b]) then the Hadamard fractional derivative of
order o of f defined by
1 t F(s) ds
H o
D t) = il
a+ F(0) I'(n—a) /a (logt —log s)x—n+l g’
exists almost everywhere on [a,b] ([a] is the entire part of ).

0= | G

" Ta logt —logs)' ~* s

The following theorem gives the relation between the solution u and the Green’s function G defined in

a general interval [a, b].
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Theorem 2.1 Let 1 < a <2 and g € C([a,b],R). Then the unique solution of the problem

(L) "D%u(t)+qt)u(t) = 0, a<t<b l<a<?2
u(a) = u(b) =0,

is given by
ds
?a

t b
ut) = [ Gl + [ Gt u)

where the Green function G(t,s) is defined by

a—1
(logt —loga)®~! (%) — (logt —log s)*1,
a<s<t,

(logt —loga)®~t logb—log s ) "
g g logb—loga ’

t<s<hb.

Proof:
As argued in [8,14], the solution of Hadamard differential equation in (L) can be written in the following

integral equation

u(t) = ¢1(logt —loga)®~! + co(logt — loga)®~2

—ﬁ/ﬂ (logt—logs)‘qu(s)%.

Using the boundary conditions (2), we found

1 b /logt—logs o=l ds
= d - 98t T 085 as
cg=0, and ¢ /a <logb— loga> a(s)—,

and therefore

1 b /logb—logs\* " ds
t) = (logt —1 R — = =i b
utt) = ot g~ s [ (EEZ ) g

1 ¢ ds

- — logt —logs)* ! q(s)—.

ra | ot o) a(9)
The next lemma represents an important auxiliary result which is essential in proving the main result

of this paper.

Lemma 2.1 Let 1 < a < 2. Then the Green function G defined in (3) is positive, continuous, and
satisfies ) .
mh(t)[(l —logs)* ' —1] < G(t,s) < mh(t)(l —logs)*™ Y, for allt,s c[l,e],

where h(t) = (logt)*~1, t € [1,¢].

For the proof of Lemma 2.2, to obtain estimates for G, we proceed as follows. It is easy to see for the
right hand-side inequality that for (¢,s) € [1,¢] x [1, €],

T()G(t,s) < (logt)* (1 —logs)* 1.
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It remains to prove that the left hand-side inequality is satisfied. To do this, we first consider two cases

t > s, and t > s. Before starting, one may we remark that for ¢t <e,

(logt — log s) < (logt — logtlog s) = logt(1 — log s).

Hence, we conclude that for ¢ > s, we have

P(@)G(t;5) > (logt)* " (1~ log )"~ ~ (log 1)~ (4)
= (log t)a—l[(l _ 10g S)a—l _ 1]

This due to the fact that

(logt —logs) < (logt —logtlog s) (5)
= logt(1 — log s)
<logt,

valid for (¢,s) € [1,¢] x [1,¢€].

It remains now to prove the case corresponding to s > t. Indeed,

L(a)G(t,s) = (logt)*~' (1 — log s)* ™" (6)
> (logt)*1[(1 —logs)*~! 1]
> ((logt)*~ " — (logt)* + (logt)*)(1 — log s)* .

In what follows, we introduce some basic concepts in ordered Banach spaces and a fixed point theorem
needed to accomplish the main finding.
Suppose that (F,| - ||) is a real Banach space which is partially ordered by a cone P C F, i.e.,

zyekl, xy<—y—zxzeP.

If z <y and x # y, then we denote x < y or y > x. By 0 we denote the zero element of £. Recall that

a nonempty closed convex set P C F is a cone if it satisfies two conditions

(a). z€ P, A > 0= Az € P;

(b). —z,z € P=z =0g.

An other issue that we look for here is to investigate the cone as well as its properties to construct
some subset of it. We denote the interior of the cone by Int(P), which is defined by Int(P) := {z €
P|zis an interior point of P}. If P is not empty, it is called a solid cone. The cone P is called normal

if there exists a constant N positive such that for all z,y € E, g < z < y implies ||z|| < N||y||. This
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inequality is sharp in the sense that N the normality constant of P is the best one. For all z,y € E, the
notation = ~ y means that there exist A > 0 and p > 0 such that

Ay 2z = py.
Clearly, ~ is an equivalence relation. Given h > g, we denote by P, the set
P,={x € E|x~h}.
It is easy to see that P, C P.
Definition 2.4 An operator A: E — E is said to be increasing (resp. decreasing) if for all z,y € E, x <y
implies Ax < Ay (resp. Az = Ay).
Definition 2.5 An operator A: P x P — P is said to be a mixed monotone operator if it satisfies
(,9), (w,v) € PX P,z =u,y=v= Az,y) = A(u,v).

An element ©* € P is called a fized point of A if A(x*,x*) = x*.

Definition 2.6 If an operator A: P — P satisfies
A(tz) = tAz, Vte(l,e),z € P,

it is called sub-homogeneous operator.
It is worth to mention that C. Zhai and M. Hao [16] established the following fixed point result.

Lemma 2.2 (16) Let g€ (0,1). Let A: P x P — P be a mized monotone operator that satisfies
Atz t71y) = tP A(x,y), te(0,1), z,y € P. (7)

Let B: P — P be an increasing sub-homogeneous operator. Assume that

(i) there is hg € P, such that A(hg,ho) € P, and Bhy € Py;

(ii) there exists a comstant dp > 0 such that A(z,y) > doBx, for all z,y € P.
Then

(I) A: P, x P, = Py, B: Py, — Py;
(IT) there exist ug,vo € P, and v € (0,1) such that
rvg X ug < Vg, ug = A(ug,vo) + Bug = A(vg, uo) + Bug = vo;
(III) there exists a unique x* € P, such that z* = A(z*,2*) + Bzx*;
(IV) for any initial values xq,yo € P, constructing successively the sequences
Tp = A(@n—1,Yn-1) + Ben—1, Yn = A(Yn-1,ZTn-1) + BYyn—1, n=12,...

we have x,, — x* and y, — ¥ as n — oco.
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3 Main result

This section is devoted to establish the main result of this paper.To do this, we define E = C([1,¢])
the Banach space of continuous functions on [1,e] with the norm |y| = max{|y(¢)| : t € [1,e]}, P={y €
C([Le]) | y(t) Z 0> S [176]}'

Now, we are ready to prove the result of this paper formulated in the following theorem

Theorem 3.1 Let 1 < a <2 and assume that
(H1) the functions f :[1,e] x [0,+00) X [0,400) — [0,+00) and g : [1,€] X [0,400) — [0,+00) are continuous
with M({t € [1,¢]|g(¢,0) # 0}) > 0, where M denotes the Lebesgue measure;

(H2) f(t,z,y) is increasing in x € [0,+00) for fized t € [1,¢] and y € [0,+0), decreasing in y € [0, +0) for
fized t € 10,¢e] and z € [0,+), and ¢(t,z) is increasing in x € [0,+00) for fized t € [1,¢];

(H3) g(t,Ax) > Ag(t,x) for all A € (0,1), t € [1,¢], x € [0,4+00), and there exists a constant § € (0,1) such
that f(t,\z, \"1y) > N f(t,x,y) for all A€ (1,¢), t € [1,¢], x,y € [0, +00);

(H4) there exists a constant §y > 0 such that f(t,z,y) > dog(t,z) for all t € [1,¢], z,y € [0, +00).
Then

(1) there exist ug,vo € P, and r € (0,1) such that rvy < ug < vy and

€ ds ¢ ds
w(®) < [ Gl we) T+ [ Glogsue) T e (L
1 1
€ ds € ds
vo(t) = G(t,5)f(s,v0(s),uo(s)) — + [ G(t,5)g(s,v0(s)) —, te[l e,
1 1
where h(t) = (logt)*~1(1 —logt), t € [1,¢];
(2) Problem (1) — (2) has a unique positive solution z* € Py;
(3) For any xo,yo € P, constructing successively the sequences
€ ds € ds
) = [ Gt nal) T [ G T =12
1 1
¢ ds ¢ ds
y’ﬂ(t) = G(taS)f(S,yn—l(S)al’n—l(S))? + G(tﬂs)g(sayn—l(s)) ?7 n= 1527"'5
1 1

we have ||z, —z*|| = 0 and ||y, — 2*|| = 0 as n — .

Proof. From Theorem 2.1, Problem (1) — (2) has the following integral formulation

ds
S

ut) = [ Gt u(e)u(s) 5 + [ 6le,s)alsul)

Let us introduce two operators A: P x P - FE and B : P — FE defined by

Ao = [ Gt ) flsuls) o) DL (Buy) = / Gt 5)g(su(s))

ds
s s
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It is easy to see that u is a solution to (1) — (2) if and only if A(u,u) + Bu = u. Using (H1), we establish
that A: Px P — P and B: P — P. In view of (H2), from one side, one may conclude that A is mixed
monotone and B is increasing. In light of (H3), from another side, for any A € (0,1), and u,v € P, we

have

AQu ") (1) = /eG(t,s)f(s,Au(s),A—lv(s))@

/\B/Gts (s,u(s), (s))ds
= MA(u,v)(t),

v

S

for all t € [1,¢]. Hence, for all A € (0,1), and u,v € P, we have
Au, X)) = M A(u,v).

Thus, condition (4) of Lemma?2.4 is satisfied. From (H3), we conclude that for all A € (0,1), and u € P,

BOw)(t) = / "Gt 5)g(s uls) &

S

> ) / G(t, s)g(s, u(s)) “

S
= ABuf(t),
for all t € [1,¢]. Then, for all A € (0,1) and u € P, it comes
B(\u) = ABu.
To this step, we conclude that B is a sub-homogeneous operator. For the next, we prove that A(h,h) € Py

and Bh € P;,. Indeed, using Lemma 2.2 and (H2), we obtain

AE) = [ 610875, b)) 5 < Fshlt) [0 10ms)™ 25, s, 0) 5

where hyax = max{h(t): t € [1,e]}. Again, Using Lemma 2.2 and (H2), we have

= [ Gt b6 ) % = ) [0 1089 (5.0, ) &

Let us define pq, and ps by

1 ¢ ds
- =~ 1 *1 a-l hmax -
= e (010 (5.0,
and ) . g
- - —1 a—2 m N j
o = ey [ (=108 20 0)
We have

/J,1h = A(h, h) = /.Lgh.

It yields from (H2) and (H4), that
f(su hma)u 0) 2 f(87 07 hmax) Z 609(570) Z 0.

Since M ({t € [1,¢]]|g(t,0) # 0}) > 0, we have

1

N2:@/1( IOgS)a 2f( maxao)?zr
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and

! } o= ‘ o ds
m/l (1 —logs) 1f(8,0,hmax) . > W/l (1 —log s) 19(87()) = S 0.

Thus we proved that A(h,h) € P,. Similarly,

M1 =

h(t) /16(1 ~ 1og 5)°2g(5, hme) &

S .

1 ¢ ds 1
)h(t)/l(l—logs) o(5.0) 5 < BA() < s

T'(h s
From M({t € [1,¢]|g(t,0) #0}) > 0, we have Bh € P},. Then condition (i) of Lemma 2.4 is satisfied. In the

following we show the condition (i) of Lemma 2.4 is satisfied. Let u,v € P. From (H4), we have

0= [ Gt (s.u).0(6) 5 2 00 [ Gltoodg(ovu(s)) % = duBate)

Therefore for all ¢ € [1,¢], and u,v € P, we have A(u,v) = doBu. So the conclusion of Theorem 3.1 follows
from Lemma 2.4.

Example

Let us consider the following fractional boundary value problem

3/2 -
D0+u()+2(ﬁ+u(t))+u(t)+4—0, 0<t<l, 8)
u(1) = u(e) = 0. (9)
In this example, we have o« = 3/2. Consider the functions f : [1,e] X [0,400) x [0, +00) — [0,4+00) and
g:[1,e] x [0,400) = [0, +00) defined by
1
twy) =Vito+—:
fltay) =Vi+a+ —
for all t € [1,¢], z,y € [0,+00). Then (5) is equivalent to
DyPu(t) + f(tu(t), u(t) + g(t,u(t) =0, 1<t<e.
For all A € (0,1), ¢t € [1,¢], z € [0, +0), we have
g(t, \x) = Az + Vit > AVt +x) = \g(t, 2).
for all A € (0,1), t € [1,¢], x,y € [0,+0), we have

it x, A 1y) V4 Az +

1

VATly+4
VA

Vy+4ax

&) (\/i+x+ \/ylﬂ>
= AM(t,z,y).

Vit Az +

Y

for all t € [1,¢], z,y € [0, +00), we have

fltx,y) = \[+;E+\/Z%>\/Z+m:g(t,z).

To this end, in view of Theorem 3.1, it follows that Problem (5) — (6) has a unique positive solution
z* € Py, where h(t) = (logt)* (1 —logt), t € [1,€].
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