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Abstract
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1. Introduction

The notion of BL -algebras was initiated by Hdjek ([1]) in order to provide an algebraic proof of the completeness
theorem of Basic Logic. A well known example of a BL -algebras is the interval [0,1] endowed with the structure induced
by a continuous t-norm. MV -algebras ([2]), GOdel algebras and Product algebras are the most known class of BL-
algebras. Cignoli et al ([3]) proved that Hdjek's logic really is the logic of continuous t -norms as conjectured by Hdjek. At

the same time started a systematic study of BL -algebras, and in particular, filter theory ([4, 5, 6, 7, 8] ). Filter theory play
an important role in studying BL -algebras. From logic point of view, various filters correspond to various sets of provable

formulas. Hdjek introduced the notions of filters and prime filters in BL -algebras and proved the completeness of Basic
Logic using prime filters. Turunen ([7, 8, 9]) studied some properties of deductive systems and prime deductive systems.

Haveshki et al ([4, 5]) introduced (positive, fantastic) implicative filters in BL -algebras and studied their properties. BL-
algebras are further discussed by Di Nola et al.([10]), Leustean ([11]), lorgulescu ([12]), and so on. Recent investigations
are concerned with non-commutative generalizations for these structures ([11, 13, 14, 15, 16]). Georgescu and lorgulescu

introduced the concept of pseudo MV -algebras as non-commutative generalization of MV -algebras. Several
researchers studied the properties of pseudo MV -algebras ( [13, 14]). Pseudo BL -algebras are a common extension of

BL -algebras and pseudo MV -algebras ([16, 17, 18]). These structures seem to be a very general algebraic concept in
order to express the non-commutative reasoning.

Another important notion of Bl -algebras is ideal, which was introduced by Hdjek ([1]). Ideals of BL -algebras has more
complex than filters, so far little literatures. But, it is a very important tool to study logical algebras, so in the present paper

we will systematically investigate ideals theory of BL -algebras. We give further properties of ideals of a BL -algebra.
The concepts of prime ideals, irreducible ideals and Godel ideals are introduced. We prove that the concept of prime
ideals coincides with one of irreducible ideals, and establish the Prime Ideal Theorem in BL -algebras. As applications of
Prime ideal Theorem we give several representation and decomposition properties of ideals in BL -algebras. In
particular, we give some equivalent conditions of GOdel ideals and prove that a BL-algebra A satisfying condition
(C) is a Godel algebra if and only if the ideal {0} is a GOdel ideal if and only if all ideals of A are GOdel ideals if

andonly if (8] ={xe A:a” <x }forany acA.
2. Preliminaries

Let us recall some definitions and results on BL -algebras.

Definition 2.1 ([1]). Analgebra (AV,A* —>,0.1) of type (2, 2,2, 2,0, 0)is called a BL-algebra if it satisfies
the following conditions:

BL1) (Av,A,0,1) is a bounded lattice,

(BL2) (A*,]) is a commutative monoid,

(BL3) X* Y < Z ifand only if X< Y —> Z (residuation),

(BLA) XA Y =X*(X> V), thus X*(X > Y) = y*(y — X)) (divisibility),

BL5) (X > Y) v (Y — X) =1 (prelinearity) .

The set of all positive integers is denoted by N . We denote X° =1, X% = X *X,---, X" = X" * X . A BL-algebra A

is a GOdelalgebra if x> =X forany X € A.

Denote X~ =X —> 0, thena BL-algebra A isan MV -algebra if X~ = X or equivalently forall X,y € A,
X—>y)>y=(y—>Xx)—>X.

If X~ = X, X is said to be an involutory element of A.

Proposition 2.2 ((5,7,19]). Let A bea BL-algebra. Thenforany X,y € A,

Lxx(x—>y)<y,

@2 XSy > (X*y),
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(@)X <y ifandonlyif X >y =1,
@xX>(y—o2)=X*y)>z=y>X—>12),
() X<y implies X—>2<y—>Z,y—>Z<X—>Z,
® y<(y—>x)—>x,

N (xX>y)*(y>z)<Xx—>1Z,

@B Yy—o>Xx(zo>Yy)>(Z—>X),

@O X>y(y—>2)>X—>2)),

10) Xvy=((x=>y) > y)A(ly >X) —>X).
(11) X< Y implies Y~ < X7,

12)1—->x=%x, x—>x=1, x—>1=1,

(13) X<y — X, orequivalently, X —> (y — X) =1,
1) (X>y) > Yy) > y=X—>y.

@)1 =0, 0 =1,

(16) 17 =1, 0 =0, thatis, 0and 1 are involutions,
@ (Xxvy) =X Ay, (XAY) =X vy .

Forany N€ N and any X,y € A, it is easy to prove that X" — y=X—>(X—---(X—>Yy):-) , Where X appears
N times in the formulate.

Forany X,Y,, -+, Y, € A, denote

[T = %) = vy = (% = %)--).

i-1
Proposition 2.3. Let A be aBL-algebra. Then forany X,y € A,
X—>y ) =x->y,
thatis, X —> Y~ is an involution.
Proof: By Proposition 2.2(6) we have X — Y~ < (X —> Y~ )~ . Conversely, since by Proposition 2.2(4),
[(Xx=>y ) 1> X-oy)=x=>[(y>(x—>y) ]
=x=>[(y>Kx—=>y7)]
=X—>[(x—>y)->y]=1

itfollowsthat (X —> Y~ ) <X—>Y .Hence (X>Yy ) =X—>Vy .
As a generalization of Proposition 2.3, we have the following results.

Proposition 2.4. Let A beaBL -algebra. Then forany X,Z,Y;,-*, Y, € A the following identity holds

((l_llyi —>(x—>z))—>z)—>z:1_£[yi —>(X—>2).
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Proof: Itis similar to Proposition 2.3 and the detail is omitted.

Proposition 2.5. Let A be a BL-algebra. Then forany X, Y,z € A,
Xky<z=>X *y <77,
Proof: Suppose X*y <7, then X<y —>zZ<Yy —Z  , andthus
(Y —»z27) <x . x <(y -»>z7),

By Proposition 2.3 we have X~ <Y =~ —Z  .Hence X *Yy <Z =

Proposition 2.6. Let A be a BL-algebra. Thenforany X, V,, -+, Y, € A,

(ﬁ[yi —> X)) :ﬂYi —>X .

Proof: Let Z =0 in Proposition 2.4, then we have Proposition 2.6.

This is a very important identity, we will often use it without instructions.

Proposition 2.7.Let A bea BL-algebra. Then forany X,Y,Z € A andany n,me N , if
y' > x=2z" - x=1,
then there exists P € N such that (Y v z)° = x =1.
Proof: Suppose that
y' o> x=2" > x=1,
then y" <X, z" < X, thus y" v z™ < X. Let p = max{n,m} then
(yvo)P =yPvzP<y"vz" <x.
Hence, (Y Vv 2)F = x=1.
Proposition 2.8. Let A bea BL-algebra. Thenforany X,y € A,(X > Y)” A(y > X)” =0.

3. ldeals.

Ideal is another important notion of BL -algebras and was introduced by Hdjek ([1]). In the section, we will study the basic
properties and give several equivalent Characterizations about ideal of BL -algebras.

Definition 3.1 ([1]). A nonempty subset | of a BL-algebra A is said to be an ideal of A if it satisfies:
(1I)0el,

(12) xeland (X >y7) €l implies y el forall X,y € A.

Obviously, {0} and A are ideals of A. Anideal | is said to be proper if A\l =
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.Example 3.2. Let A={0,a,b,1}. Define * and —> as follows:

AL S0 Ja [b |2
0 0 0 0 0 0 1 1 1 1
a 0 0 a a 3 3 1 1 1
b |0 |a b b b 10 |3 1 1
1 0 a b 1 1 0 3 b 1

Then A is a BL-algebra.. It can check that {0} is a unique proper ideal of A. {0,a} is not an ideal of A because
(a »>1) =ae{0,a},but 1¢{0,a}.

Proposition 3.3. Let A be a BL-algebra and | an ideal of A. If X <Yy and Xel, then Yyel . In
particular,if X<y and Y el ,then Xe|.
Proof: Supposethat X~ <y~ and X € | . Then (X™ =Yy~ )” =0el . 1tfollows from (12) that y eI .

Since (X™)” =X~ forany X € A, it follows from the above proposition we have

Corollary 3.4. Let A bea BL-algebra and | anidealof A.Then X € | ifandonlyif X €.

Proposition 3.5. Let A be a BL-algebra and | a nonempty subset of A . Then | is an ideal of A if and only
if

(13) forany X,y el and ze A, Xx” > (y —z )=Llimplies zel.

Proof: Let | be an ideal of A. Assume that X,yel and X~ —>(y" —27)=1, by Proposition 2.4,
(X" >y >z ) ) =0€el.tfollows from Xe | and (12) that (y" —>Z ) el . By combining y € |
and (12), zel.

Conversely, assume that (I13) holds. Since | is a nonempty subset of A, take any X e | . Observe that
X —>(X —>0)=1. 8y (I3) we have Ol , (I1) holds. If Xel and (X" >y ) €l , denote
Z=(X" >y ) ,then X,Zzel and ZZ > (X" —> Yy ) =1. it follows from (13) that ye |, so | satisfies
(12),and | isanideal of A.

Corollary 3.6. Let A bea BL-algebraand | anonempty subset of A. Then | is anideal of A if and only if
n
(14) forany Xe | and y,, -+, Yy, €A, Hyf — X~ =1implies xe | .
i=1
Proof: Itis easily completed by induction and Proposition 3.5.
Proposition 3.7. Let A bea BlL-algebraand | anonempty subsetof A.Then | is anideal of A if and only if
(I5) (i) forany Xl and ye A, X" <y implies y e |,
n
(if) forany X€ Aand y;,---, Y, €1, (Hyf —> X )" €l implies xe |
i=1
Proof: Suppose that | is anideal of A. By Proposition 3.3, (15) (i) holds.

n
Suppose that forany X € A and Y,,--+, Y, €1, (H Y, > X7) €1, Denote
i=1
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u=(ﬁyi—>x‘)‘ el,

then

u =]y =»x ie.u >y »x)=1.

i=1 i=1

Observe that U € | implies X € | by Corollary 3.6. Therefore X € |, (I5) (ii) holds.

n
Conversely, suppose that | satisfies (15).If forany X€ A andany Yy, -+, Y, € | H y, - Xx =1,
i=1
then
yn - (Hy| T4 X_) =1.
i=1
Hence
B n-1 A n-1 5
Yo < (H i > X7)= (H Yi > X)),
i=1 i=1

n-1

By (15) (I)(H Yy, > X )" €l . It follows from (I5) (ii) that X € | . This shows that | satisfies (14) , so | is
&

an ideal of A.

Proposition 3.8. Let {l |4 € A} be a family of ideals in a BL-algebra A such that |; = I or I, <1 for

j
all, JeA.Then | = U |, isanidealin A.
AeA

Remark 3.9. In the above Proposition, if the condition |, < |j or |j c |, forall i, ] € A does not hold, then |
may not be an ideal, see the following example.

Eexample 3.10. Let A={0,a,b,1}. Define * and — as follows:

A g . 2 L —> |0 a b 1
0o |0 |0 |0 |O 0 1 1 1 1
a 0 a 0 a a b 1 B 1
b |0 |0 b b b s g 1 1
1 0 a b 1 1 0 |a b 1

Then A is a BL -algebra. It is easy to check that |, ={0,a} and |, ={0,b} are ideals of A, but
I,=1,Ul, ={0,a,b} is notan ideal of A.

The set of all ideals of a BL-algebra A is denoted by 1d(A).

Proposition 3.11. Let A be a BL-algebra. Suppose {|/1|ﬂ € A}is any subset of 1d(A), then ﬂ |, isan

AeA
ideal of A.
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4. Ideal generated by a subset

In the section, we will provide a procedure to generate a ideal of BL -algebras via a set. Especially we give an important
decomposition of aideal in BL -algebras by the ideal generation's skill.

By Proposition 3.11 the following definition is well-defined.

Definition 4.1. Let X be a subset of a BL-algebra A. The least ideal containing X in A is called the ideal
generated by X and denoted by (X]. 1If X ={a,,---,a,} then (X] is denoted by (a,, :-,a,] instead of

({ai,---,an}]. An ideal | of A is said to be finitely generated if there are a4, e A such that
| = (al,---, an]. In particular, (a] for some a € A is said to be a principal ideal of A.

Proposition 4.2. Let X be a subset ofa BL-algebra A. Then

(i) (01={0}. (Al=A. (]={0},

(i) X <Y implies (X] < (Y],

(iii) x<vy implies (X] < (y].

(iv) X eld(A) implies (X]=X.

Theorem 4.3. Let X be a nonempty subset of a BL-algebra A.Then forall X € A, X € (X] ifand only if there

n
are @,,---,a, € X suchthat (@, *---a, ) = X~ =1 or equivalently, Ha,’ - x =1
i1

n
Proof: Denote X'={xe A:Hai‘ — X =13a,,---,a, € A} . It suffices to prove (X]=X'. Assume
i1

(@ *b™) > x~ =1 where a,b € X'. Thus there are &,,--+,a,;b;,--+,b, € X such that

ll[ai‘ —a =1, ﬁbi‘ —>b” =1,
i=1 i=1

Hence

n m
[T +TTop - 1.
i1 i1
andso X € X'. By Proposition 3.5, X' is anideal of A.

n

Let Y be any ideal containing X in A.If X € X', then there are a,,---,a, € X withHaf — X~ =1. Obviously,
i=1

&, -+,8, €Y .since Y isanideal of A, by Corollary 3.6, X €Y . Thisshows X' Y, thatis, X' =(X].

Corollary 4.4. Let A bea BL-algebraand a€ A, then (a] ={xe A:(a)" - x =13Ine N}.
Corollary 4.5. Let A bea GOdel-algebraand a€ A, (a]={xe A:a” > x" =1}.
Proposition 4.6. Let | be anideal of a BL-algebra A and @ € A, then

(U ={xeA:(@)" >x7) el,Ine N}.

Proof: For convenience, denote H ={x e A:((@a™)" — x")” e l,3n e N}. At first we prove | < H . Observe
(@ >a’ )" =0¢€l, thus aeH . By proposition 2.3 and Proposition 2.2(13), for any X €| we have

(& > x ) =a —> X =X . It follows from Proposition 3.3 that (&~ —>X ) €l , and so X H . Thus
lcH.
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Next we prove that H is an ideal of A.Observe O | ,so 0 e H . Suppose that X € H and
(X >y ) eH .Thusforsome n,me N suchthat ((@°)" —Xx")” €l and
(@)" > >y)) =(@)" > >y)7) el.
Denote C=((@™)" > x7) ,d=(@)" > (X" >y )) ,thenc,d el and
™ c =@)"—>x,
() d =@)" > —>y).
By (*) and (**) we obtain
¢ xd” =((@)" >x)*(@)" > —>y)
<(@)"*@)") > *=(x" > y7))
<@)"™->y).

That is

n+m n+m

C o> =>(@)" =2y ))=c >W =>(@)" >y )=1

n+m

By Proposition 3.5 we have ((@7)"" —>y7) €l,so y € H , Thus Hisanidealof A .

To prove that H is the least ideal containing | [U{a}, assume K e Id(A) with | U{a} = K . Let X € H , then for

some Ne N we have ((@)" —Xx") €l < K. It follows from Proposition 3.7 that X € K . Hence H c K .
Therefore (1 U{a}]=H .

Corollary 4.7. Let A be a GOdel -algebraand a € A, then
(1U{a}l={xeA:(a > x7) el}.
Theorem 4.8. Let | anideal of of a BL-algebra A and a,b € A, then

(1 U{a}] N (1 U{o}] = (1 U{a A b}

Proof: Forany x € (I U{a}] N (1 U{b}]. by Proposition 4.6 there are N,m & N such that
(@) >x) el, ()" —>x) eI,
Denote U=((@ )" > X" ) and v=((b")" —> X ) .Thenu =(a )" —>x",v  =(b")" — X . Thus
@) >V >Uu —»>x))=1,
O)" >V U ->x))=1,
By Proposition 2.7 there is P € N such that
@ vbh)P >V ->Uu —>x))=1
Notice that &~ AD™ =(a v b) ™. Hence
Vi > U —>((anb)” »>x7)7) =1
By Proposition 3.5 and U,V € | we obtain ((@Ab)” —x7)" el ,so xe (I U{a Ab}]. This shows

(1 U{a}1 N (1 U{o}] = (1 U{a A b}].
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Conversely, for any X € (I U{a ADb}], there exists ne N with (@Ab)” —>x") el, since a” <(anb),it
follows that

(@)">x) <((@Ab))" >x7)".
Hence ((@°)" = Xx7)” el ,and so x e (I U{a}]. By the same argument it follows that X € (I U{b}]. Therefore
(1U{faAb}] < (1 U{aN (1 U{b}] . The proof is complete.

Corollary 4.9. Let | beanideal ofa BL-algebra A and a,be A.Ifanbel, then

(HU{an@a Ui =1.

Definition 4.10. A BL-algebra A is said to be Noetherian with respect to ideals if every ideal of A is finitely
generated. We say that A satisfying the ascending chain condition with respect to ideals ( IACC , in short) if for every

ascending sequence |, = |, <--- of ideals of A, there is Ne N such that |, =1, for K=n. A is said to

satisfy the maximal condition with respect to ideals if every nonempty set of 1d (A) has a maximal element.
As usual we can prove the following results and the proof is omitted.

Theorem 4.11. Let A be a BL-algebra. Then the following conditions are equivalent:

(i) A is Noetherian with respect to ideals,

(if) A satisfies the ascending chain condition with respect to ideals,

(iii) A satisfies the maximal condition with respect to ideals.

5. Prime ideals

In the section, the concepts of prime ideals and irreducible ideals are introduced. We will investigate the relation between
prime ideals and irreducible ideals, also establish the Prime Ideal Theorem in BL -algebras. As an applications of Prime
ideal Theorem, we will give several representation and decomposition properties of ideals in BL -algebras.

Eexample 5.1. In the Example 3.10, it is easy to check that |, ={0,a}, |, ={0,b}are prime ideals of A,
I, ={0} is an ideal but not prime.

The following is an equivalent condition of prime ideals in a BL -algebra.

Proposition 5.3. Let | be an ideal of a BL -algebra A . Then | is prime if and only if for any
XxYeA (x—>y) elo(y—>x) el.

Proof: If | is prime, because (X —>Y) A(y—>X) =0€l for any X, yeA. So (Xx—>Yy) €l or
(y—>x) el.
Conversely, suppose forany X,y € A, (X—>Yy) €l or (y > X) €l .Suppose XAy el . Let

(X > y)~ €| without any loss of generality. By (BL4) X A'Y = X* (X — V). It follows from (BL3) and Proposition
2.2(9) that

X=>Y<SX>(XAY)S(XAY) =X,
hence ((XAY)” =X )” < (X —y) . Therefore (XAY)” > X ) e€l,andso xel.

Corollary 5.4. Let | and K be proper ideals of a BL-algebra A and | < K . if | is prime, thensois K.
Proof: It follows from Proposition 5.3.
Proposition 5.5. Let A be a BL-algebra, | is a prime ideal of A. Then the set

S()={H:1 cH},
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Where H is aproperideal of A, is linearly ordered with respect to set-theoretical inclusion.

Proof: Suppose that there are H, K € S(I) suchthat H ¢ K and K & H . Select
aecH-K,beK-H.
Since | is prime, it follows that (8@ >b) €l or (b—>a) €l . Let (a—>b) €l . It is easy to see
(b-—>a ) <(@a—>b) .Hence(b” >a) el cK and be K, so a K, acontradiction.
. Likewise let (b0 —>a)~ €|, then b € H, a contradiction. Therefore H € K or K € H .

Suppose S is a non-empty subset of a BL-algebra A. S is said to be A-closedif aAbeS forany a,be S . For
example, {1} is A -closed.

For any ideal | of A, denote
I.(N={Keld(A):l cK,KNS=Z}.

Theorem 5.6. (Prime Ideal Theorem) Let A be a BL-algebra and | a proper ideal of A. Suppose
S c Ais A-closed with | (1S =&J. Then I (l) contains a maximal member M with respect to set theoretical

inclusion such that M is a prime ideal of A.

Proof: By Zorn's Lemma, |s (1) contains a maximal member M with respect to set-theoretical conclusion. It suffices to

prove that M is prime. Suppose M is not prime, then there exist X,y M with XAyeM , thus
MUDPGINS #D and (M U{y}INS = . select

ae(MUDINS and be (M ULHBINS.

Since S is A -closed, it follows that @AbeS . Noticing aAb<a,b we have anbe(M U{x}] and
anbe (M U{y} . By Theorem 4.8 it follows that

arbeMUPFINMM U =M.
Thus aAbe M S =, acontradiction.

Corollary 5.7. Let | be an ideal of a BL-algebra A and @ € A\l . Then there is a prime ideal P of A
satisfying | — P and agP.

Proof: Let S={xe A:a<x},then S is A-closedand | (1S = . By Prime Ideal Theorem there is a prime ideal
P of A satisfying | P and P(1S=.

Definition 5.8. Let | be a proper ideal of a BL-algebra A. If {P, : 4 € A} is a set of prime ideals of A such
that | =P, : 4 € A}, then {P, : 1 € A} is said to be a prime representation of | .

Theorem 5.9. Let | be a proper ideal of a BL-algebra A. Then | can be represented as the intersection of all
prime ideals containing | , i.e., there is a prime representation of | in A.

Proof: Straightforward from Corollary 5.7.

Proposition 5.10. Let A be a GOdel algebraand | is a properideal of A.Then | is a maximal ideal of A if
andonlyif (@ —>b) €l and (b—>a) €l forany a,be A\l

Proof: Suppose that | is a maximal ideal of A and a,b € A\l , by Corollary 4.7
(1U{a}l={xeA:(a > x7) el}.

Since | is a maximal ideal, it follows that (I U{a}] = A,andso be (1 U{a}]. Thus(a™ —>b") el .

2998 |Page January 27, 2015



& ISSN 2347-1921

Likewise (0™ —>a™) e1.

Conversely, suppose that (2 —>b) €l and (b —>a) el for any a,b e A\l . In order to prove that | is
maximal, it is sufficient to show forany a ¢ |, (1 U{a}] = A. By Corollary 4.7,

(UL} ={xecA:(@a >x ) el}.
if be A\l then(@” —>x7)” el .Thus b e (I U{a}]. This show (I U{a}] = A.
We now discuss relationship among prime ideals, maximal and irreducible ideals in a BL -algebra.

Corollary 5.11. Any BL-algebra A contains a maximal ideal of A.

Proof: | ={0} is anideal of A, S ={1} is a A -closed subset of A and | (1S = . Itis easy to prove that there
is a maximal ideal of A by the way of Prime ideal Theorem.

Proposition 5.12. Let A be a BL-algebra. Any maximal ideal | of A must be prime.
Proof: Suppose | is any maximal ideal of A.We assert that A\ | is A -closed.

If not, there are @,be A\l but anbel . since | is a maximal ideal, it follows that (I U{a}]= A,
(1U{b}] = A and (1 U{a}] N (I U{b}] = A= |. This contradicts to Corollary 4.9. Hence A\l is A -closed. By

Prime Ideal Theorem, | is a prime ideal of A.
Corollary 5.13. Any BL-algebra A contains a prime ideal of A.
Proof: Itis clear from Corollary 5.11 and Proposition 5.12.

Definition 5.14. A proper ideal | of a BL-algebra A is said to be irreducible if, for any J, K € Id (A) implies
I=J or | =K.

Proposition 5.15. Let | be anideal of a BL-algebra A . Then the following conditions are equivalent:
(i) | isirreducible,

(i) I is prime,

(iii) Forany J,K eld(A), JNK c | implies J =l or K 1.

Proof: (i) = (ii). Let | be irreducible. If | is not prime, then there are &,b € A\l such that a Ab €| . Denote
J=(U{a}]. K =(1 U{b}]. itis clear that | is a proper subsetof J and K.By Corollary 4.9 it follows that

IcJNK=(lU(anb)]=1,
thus | = J (K but | #J and | # K, a contradiction.

(ii) = (iii) Let | be prime. If there are J,K € Id(A) satisfying J(NK <1, but J | and Kz | . Take
jeJd\l and ke K\ 1. Hence jaAke JNK < | but j,k g1, which contradicts to | being a prime ideal of

A.
(iii) = (i) . suppose that J (1K =1 for some J,K € Id(A). Thus | = J and | < K. On the other hand, it
follows from (iii) that J = 1 or K< | .Hence J =1 or K=1,So0 | isirreducible, (i) holds.

In what follows we give some characterizations of MV -algebras by means of prime ideals.
Proposition 5.16. Let A be an MV -algebra. Then the following conditions are equivalent:
(1) The ideal{0} is prime,

(i1) Al proper ideals are prime,
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(ii1) A is total ordered.
Proof: (i) implies (ii) by Corollary 5.4. The converse implication is obvious. Hence (i) < (ii).

Suppose A is total ordered, then for any X,Y € A, X< Yory <X, that is, X —> Yy =1 or y—>X =1. Hence
(X—>Yy) =0or (y—>x)" =0.5s0 {0} is a prime ideal of A.Thus (iii) = (i).

Conversely, if {0} is a prime ideal of A, then (@—b) =0 o (b—>a) =0 for all a,beA, so
a—>b=(@—>b) " =loob—sa=(b—>a) =1, thatis,a<borb<a, hence A is a total ordered set.
(1) = (iii) is completed.

note 5.17. In the proof of the above proposition, if A is an MV -algebra, it is easy to prove the only (i) = (iii)
using the condition X~ = X.

To strengthen Theorem 5.9 we need the following.

Definition 5.18. Let | and H be ideals of a BL-algebra A. If H is a prime ideal of A and H is minimal in
the set of all prime ideals containing | , then H is said to be a minimal prime ideal associated with | .

Proposition 5.19. Let | be a proper ideal of a BL-algebra A. Then any prime ideal containing | contains a
minimal prime ideal associated with | .

Proof: At first, we point out that the intersection of any chain of prime ideals of A is a prime ideal. Indeed, suppose
{H, : A€ A} is a chain of prime ideals of A. Let H=(YH, A€ A}. It is clear that H is an ideal. If

anbeH but a,bgH for some a,b € A, then there are K, € A such that a¢ H, , b & H, . Suppose that
H, cH,. ThusaabeH, but a,b ¢ H,, acontradiction.

Next suppose K is any prime ideal containing | . Denote G ={J : | = J < K}where J is prime. By the above and
the dual of Zorn's Lemma, G contains a minimal element J , which is a minimal prime ideal satisfying the condition
| cJc K}

The following is an improvement of Theorem 5.9.

Theorem 5.20. Let | be a proper ideal of a BL-algebra A. Then | can be represented as the intersection of all
minimal prime ideals associated with | .

Proof: It is immediately obtained from Proposition 5.19.

Definition 5.21. Let | be a proper ideal of a BL-algebra A. If there is a prime representation P of | such that
forany K € P,

M{JeP:J =K}z K,

then we call P a minimal prime representation of | .

Proposition 5.22. Let | be a proper ideal of a BL-algebra A. Then a prime representation P of | is a minimal
prime representation of | ifand onlyif forany K eP, ({J eP:J #K}= 1.

Proof: Suppose that P is a minimal prime representation of | . If (1{J € P:J # K}= | for some K €P, then
N{J €P:J # K} < K acontradiction.

Conversely, suppose that for any KeP, (({J eP:J#K}=1 ie, | c({JeP:J=K}. if Pis not a
minimal prime representation of | , then (1{J eP:J# K} K for some KeP, Since P is a prime

representation of | ,so (1{J € P:J # K}= |, a contradiction. Hence P is a minimal prime representation of | .

Theorem 5.23. Let | be a proper ideal of a BL-algebra A. Then the family P of all minimal prime ideals
associated with | is a minimal prime representation of | .
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Proposition 5.24. Let | be a properideal of a BL-algebra A. If
{H,:i=12,---,n}, {K, :i=12,---,m},

are two minimal prime representations of | , where H i KJ- are minimal prime ideals associated with | , then
{H :i=12,n}={K,: j=12,---,m},

thatis, N =M and there is a permutation f suchthat H, = K{f (i)}

Proof: Since for each i(1<i<n), K, ---NK, < H,, it follows from Proposition 5.15 that there exists
f(i)A< f(i) <m) such that K, < H;. By use of minimality of H; we have K =H;. Thus it is easy to
obtain N=mM and K =H;(i=1---,n).

Definition 5.25. Let A is a BL-algebra. An ideal | of A is said to have a prime decomposition if | can be
represented as an intersection of a finite number of prime ideals of A.

Theorem 5.26. If a BL-algebra A is Noetherian with respect to ideals, then each proper ideal of A has a unique
prime decomposition.

Proof: Let G be the set of all ideals such that each member of G has no any prime decomposition. If G # J, then
G contains a maximal member M with respect to set-theoretical inclusion by Theorem 4.11 (iii). Then M has a

minimal prime representation G . Selectany K € G, and let
H={PeG:P=K}.

Itis clear that H, K € G and H (1K =M . since H, K have prime decompositions, it follows that M has a prime
decomposition, a contradiction. By Proposition 5.24 we have that this decomposition is unique .

6. Godel ideals

In this section we will introduce a special class of ideals of BL -algebras, and investigate some of its important
properties. At first we give some characterizations of GOdel algebras.

Proposition 6.1. Let A be a BL-algebra. Then the following are equivalent:

(i) A isa Godel algebras,

@[y X >(X—>y)=X— Yy forany X,y € A,

@il) X > (X —> y) =1limplies X —> y =1 forany X,y € A.

Proof: Let A bea G&del algebras, then X = X* forany X € A. Thus X > (X > Y) =X 5> y=X—> VY,

(i) holds.

(i1) = (i) .Trivial.

(iii) = (i) since X > (X —>x*)=x* —>x*=1, by (iii) it follows that X —>X*=1. On the other hand,
x> — X =1 is clear. Hence (i) holds.

Definition 6.2. Let | be anideal ofa BL-algebra A. | is said to be a GOdel ideal if it satisfies for any X € A,
(x > (x)?*) el.

Proposition 6.3. Let | and K be ideals of a BL-algebra A with | < K . if | is a GOdel ideal of A, then
sois K.

Proof: Itis clear from Definition 6.2.
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Proposition 6.4. Let A be a GOdel algebra. Then any ideal of A is a GOdelideal of A.

Proposition 6.5. if | isanideal of a BL-algebra A, then the following conditions are equivalent:
(1) I isa Godel ideal of A,

(i) (x)> >y ) el implies (X >y ) el forany X,y € A,
@) (X *xy )—>z7) el implies (X >y )—>(X >z )el forany X,¥,Z € A.
Proof: (i) = (ii). Suppose that | is a Godel ideal of A, Let (X" )*> >y~ ) e .since

(X =>(x))*((x) >y )X =y,
it follows from Proposition 2.5 that

(X =>(x)) #((x) =y) <X —>y),
X =>(x)) =l(x) =>y) > —>y)1=L
since (X~ = (x)?)" €l and (X )> = y7)~ el itfollows from Proposition 3.5 that (X~ —> Yy~ ) e .
(if) = (iii) . Suppose that ((X™ *y~) —>z7)" €| , By Proposition 2.2(7) we have
y 272 (X >y )X —>z27),
(X *xy )>z2 <X > (X 2>y )>X —>27))

X >X >(X >y )>12))

<(X) > (X >y )—>2),
and thus

(X)) > (X >y )—>2z)) <(X *y)—>2) .
By (X *y ) >z ) el ,itfollows that
(x) =>(x »y)—>z)) el.
By (ii) we have
(X 2y )X -2727) =(X >(xX >y )>2z)) €l,
(iii) holds.
(iii) = (i) . Since forany X € A,
X > >x)Y)) =((x) >(x)*) =1 =0el.
it follows from (iii) that
X > X)) =l>X >(X)) =(X =>x)>X =>x)) eI,

(i) holds.

Proposition 6.6. Let A be a BL-algebra and | a nonempty subset of A. Then | is a GOdel ideal of A if
and only if it satisfies:

(i)0el,
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(i) xel ifandonlyif X €|
@iii) (x >(y >z)) €land (x >y ) el impy (x >z2) el.
Proof: Led | be a GOdel ideal of A. If (X” = (Y —27)) €l and(X” > y~) e, then by Proposition
6.5 (iii) we have

(X >y)y >(xX>z2))y=((X >y )>X >2)) €l
forany X,Y,Z € A.Since | isanidealof A and (X~ —> Yy ) el ,itfollowsthat (y~ —2z") e, (iii) holds.
(i) and (ii) are clear.
Conversely, suppose | satisfies (i) - (iii). We now prove that | is anideal of A.Let X € | and
(X >y ) el.Then (0O >x7) =x" el by (ii), and

(O > >y) eI,
by (ili) y~ =(0 —>y ) el.By(ii) yel, andthus | isanideal of A.Furthermore, since
(X > (X =>((x)%) =((x)" > (x)*) =1 =0€l

and (X" =>X )" =1 =0e&l,itfollows from (iii) that (X~ — (X")?)” el .Hence | isa Godel ideal of A.

Proposition 6.7. Let A be a BL-algebra and | a nonempty subset of A. Then | is a Gddel ideal of A if
and only if it satisfies:

(i) Oel,
(i) xel ifandonlyif X e,
(i) (X >y ) —>z)) el and xel impy (y =>27) el forany X,y,Z € A.

Proof: (=). Let | be a Godel ideal of A, then (i) and (ii) hold. If (X” = ((y)* =>27)) €l and X e,
then by Proposition 2.6 it follows (X~ —> ((y™)®> —27)") €|, Observing | being an ideal and X € | we obtain
((y")? > z7)" el . By making use Proposition 6.5 (ii) itfollows (Y~ —27) e .

(<2). In (iii) let y =0, itis easy to see that | is an ideal. Similar to the part “if ” of Proposition 6.6 it can prove that
| isa Godel ideal of A.

Proposition 6.8. Ina BL-algebra A, the following are equivalent:
(i) The ideal {0} is a GOdel ideal of A,

(il) Anyideal of A isa G0Odel ideal of A,
(iii) (a]={xe A:a” <X} forany a€ A.
Proof: Obviously, (i) = (ii) .

(i) = (iii) By corollary 4.4 (a] ={x € A:(a")" = x~ =13dn e N}, that is, X € (@] if and only if for some
neN , (@)"—>x) =0e{0} . since {0} is a ideal of A , by induction it follows that
(@ > x) =0&{0} andso a~ <X .Hence (a] c{Xxe A:a” <X }. Obviously,

{xeA:a <x}c(a].
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Therefore (a] ={Xe A:a” <X }.
@)= (@) 1r (@ > (@ —x7)) {0}, itfollows that
a —>@ —-»>x)=1,
thatis, @ <(@~ — X ) .Thus (& — X)) e(a]. since a € (a]. it follows that X € (a], and
(@ »>x7) =0e{0}.
This shows that {0} is a GOdel ideal of A.
Proposition 6.9. Let A be a BL-algebra satisfying
(C) forany xe A, X” =1 implies X =1.

Then the following conditions are equivalent:

(i) A isa Godel algebra,

(ii) {0} isa GoOdel ideal of A.

Proof: (i) = (ii) Trivial.

(i) = (i) Let {0} is a GoOdel ideal of A. In order to prove that A is a GOdel algebra, by Proposition 6.1 it
suffices to show that X —> (X —> Y) =1 implies X —> Yy =1. Now suppose that X —> (X—>Yy) =1, then
X< X—Y,andso (X—Y) <X .By Proposition 6.8(iii) Xe(X—>Yy]. Since 0<y,and X <XV, it
follows that (X > Y) <X, that is, (X’ >1) =X e(X—>Yy]. By combining X € (X—>y] we have
le(X—>Yy] . Thus (X—>Yy) <1 ,andso (X —>Yy) =1.Hence by condition (C) we have X >y =1.
Theorem 6.10. Let A be a BL-algebra satisfying condition (C) . Then the following conditions are equivalent:

(i) The ideal {0} is a Gddel ideal of A,

(il) Anyideal of A isa G0Odel ideal of A,

(iii) (a]={xe A:a <x }forany acA.

(iv) A isa Godel algebra.

Proof: it is immediately obtained from Propositions 6.8 and 6.9.
7. Conclusion

In this paper we investigate further important properties of ideals of a BL -algebra. The concepts of prime ideals,
ireducible ideals and G0Odel ideals are introduced. We prove that the concept of prime ideals coincides with one of
irreducible ideals, and establish the Prime Ideal Theorem in BL -algebras. As applications of Prime Ideal Theorem we
give several decomposition properties of ideals in BL -algebras. In particular, we give some equivalent conditions of
GoOdel ideals and prove that a BL-algebra A satisfying condition (C) is a GOdel algebra if and only if the ideal
{0} is a GOdelideal if and only if all ideals of A are GOdel ideals if and only if (a]={X e A:a” <X} for any
acA.
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