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Abstract

In our paper, we provide and study a new sequence of positive and linear operators of integral type M,, . ;(f; ).
This sequence depends on two parameters, positive integers r and s. We mention some of the properties of this
sequence and describe a Voronovskaja type asymptotic formula. Besides, we find the error estimates of this
approximation in terms of the modulus of continuity. lastly, we introduce a numerical example and compare the
results obtained.
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1. Introduction

Szasz in 1950, [10] introduced a sequence of positive and linear operators to approximate the unbounded
continuous functions in the interval [0, ) as:

Zn(f3¥) = ZiZo Gn i Of (ﬁ) (1.1

y)!
Where Qn,k(y) = l!r;};ly'y E [0' OO)

After that, several researchers are modified for many sequences of operators [2], [3], and [4].

Rempulska and et.al. in 2009,[9] studied the following sequence of improvement Szasz -Mirakyan operators
Zny(f;y) as:

)™
Zur (F0:9) = s B0 20 £ (2), (1.2

Ar(ny) n

y € [0,0),n € N ={12,..},and for every fixed r € N,

rl
where, A4,(y) = Zi’ioﬁ

clearly A;(y) = eYand A,(y) = cosh (y).

After that, many researchers presented various studies in this aspect as [1],[7 ], [ 8], and [11]
Mohammad and Hassan in 2019 [6] introduce a new sequence of integral type operators on the space
C,[0,00) = {f € C[0,):|f(7)| = 0(e*"),for some a > 0}

and the norm [|fll¢,[0,0) = SUPrefo,e0) |f (T) e~ as:
Mo (f (2 9) = s [y Ar (o) f (D dlr (1.3)

In the percent paper, we generalized the sequence (1.3) on the space C,[0, »)as:
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1

Mn,r,s(f('[);Y) = A4, (ny)

Iy Ar(Df b + (T = y)*)de (14)

ri+m
where r,s € N are parameters. We denote, 4, ,(y) = Z;";om,m € NC.

Such that, My, s(f (2); ) = M, (f(z); ¥) at s = 1.

We study the properties of the sequence M,,, ((f;y) , also, we discuss a formula of Voronovskaja and estimate
the error in view of the modulus of continuity. A numerical example for the sequence M,,, ((f;y) is given for the
test function f(t) = sin(707) where 7 € [0,2], Finally, we discuss the results.

2. Auxiliary Results

Here, we introduce some properties for the sequence M, . <(f;y)
Lemma 2.1

Letn,r € Nand y € [0,) we get:

1. IimwzlforiEN

n-oo Ar(ny)

2. lim—— =0,ieN°={0,72,..}

n-oo Ar(ny) -

Lemma 2.2

Let y € [0, 0) we have:

: 7

(i) Mn,r,s(7;y) = 7_Ar(ny) - Tas n— oo ;

i Cv) = 1T Y _ ey DSt Ars(ny) .
(i) Mn,r,s(T. y)=y (7 Ar(ny)) 20 + = Ay - yas n — oo

2. 2 1 _ (=N52y s _ S _ 1 2s _
(iii) My, s(t%y) =y (7 Ar(ny)) Ar("y)) * {y nSAT'S(ny)} Ar(ny) {y

25)!
E2 Aras(ny)} - y? as n > oo,

Proof
We can easily prove this lemma by direct computation.
Definition 2.1

For k € N the k — th order moment T;, ..(y) for the operator M, ;(f (x); ¥) is define as:

y

7 ! ks
ywe Of A.(n7) (z — y)*sdr

Trf,k,r(y) = Mn,r,s((T - J’)k:}’) =

Lemma 2.3

For the moment function T;;, ,.(y), we obtain:

1

S — _ .
) T =T
DS (s
(2) rf,7,r(y) = Ar(ny) {%Ar,s(ny) - ys} )
1 2s)!
B Tan® = o (SR Arasy) -5

(=% ((ks)!
@ T = o (S A t) Y k=

Further, we have:
(i) Ts kr(¥) is @ polynomial in y not exceed of ks, whenever n is sufficiently large.

(i) for every y € [0,0), T3 ,(¥) = 0(n™%).
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Proof
By using Lemma 2.2 we can prove this lemma immediately.
Lemma 2.4

For each real number a,8 > 0 and [a, b] < (0, )

A, (n1)
su e drl =0(n),1>0
ye{aﬁ)] f A, (ny) ( )
y—t28
Proof

We can prove this lemma by using Taylor's expansion and (2) with k =i in lemma 2.3,
3. Main Results
Theorem 3.1

For f € C,[0, ), the sequence of positive and linear operators M, .(f (7); y) is converge uniformly to f as n —

0.
Proof

From lemmas 2.1 and 2.2 we have:

My, s(T;y) > 1 uniformly as n — o 3.1
My s (Ty) >y uniformly asn - (3.2)
My, s(t%5y) - ¥? uniformly as n — o 33)

Hence, from Korovkin theorem [5], we obtaine:

lim Mo (F(2);y) = f() uniformly asn - o (34)
n—oo

Theorem 3.2

For f € C,[0,0),a > 0 and f has two derivatives at a point y € (0, ), we have,
limn® (Mo s (F@39) = FO)) = (=D%sL £ &)
Proof

Applying Taylor's formula for the function f, we obtain:

fO=fM+E@-NfO+ @f"(y) +&(1,y)(t —y)?, where §(z,y) > 0 as T > y.
Operating by M,, ,. ; we have:
Mn,r,s(f(T);y) = Mn,r,s(7; )’)f(}’) + Mn,r,s((T - Y), J’)f’()’)

1 .
+ EMn,r,s((T - Y)Z; nNf o)+ Mn,r,s(f(‘[’ (- y)Z; y)

. 1 .
My s(F(0);¥) = T or ODfF ) + T 1, D f () + > T2y ) +R(M,Y)

Where, R(n,y) = Mn,r,s(f(trY)(T - )’)2; 3"),

from Lemmas 2.1 and 2.3 we get
lim 7 (My s (F@:9) = f)) = (=11 £ 0 + lim n® R(n, ).
Now, we prove that lim n*R(n,y) - Oasn — oo.

n—-oo

since é(y + (t—y)*,y) » Oast - y,foragiven € > 0, 3§ > 0 such that [(y + (T — y)%,¥)| < & whenever

[omom :
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0<|(t—y)5| <6, for |(t —y)5| =6,3C > 0suchthat |E(¥ + (t — )5, Y)| (T — ¥)Z < Ce®@*+T3°) Hence,
nS

: —v)° — A)2s
Ty )., AR+ =Pl =) e
ns

nf|R(n,y)| <

+ ) y_Tz(sA'r(nTNf(y + @ = YEWIE —y)*dr

= 17 + 12.
L<sneT,,, ()
= ne0(n~%).

= e0(n~%).

s
Ay (ny)
Then, from Lemma 2.4, we have:
L =Cn’0(n™%)

= Co(n**)

=o0(1),A>s

L <

f A.(n7)C e+ gr
y—t=8

Since € > 0 is arbitrary, sowe get I; > 0asn - o . Aswell , - 0asn — .
Then, Jlm n*R(n,y) » 0asn — oo,

Now, we find an error for f € C,[0,), f € C}[0,) and f € C2[0, ).
Theorem 3.3

If f€C,[0,0),a>0and x € [0, ), then:

7
Mo (F @) = FO)] < (24 m) w0y (1) + flegl; |)
Where, u, = Mnms(y —-Ty) = A(T_(;);) {ys _ Z_!sAr,s(ny)}

Proof

For any continuous function f, the modulus of continuity is defined as follows:
w;(6) = w(f,6) = max |f(x) = f)]
since wr(6) = |f(x) — f(y)| whenever [T —y| <&,

and f(0) - f) <If(@ - fOI
then, f(1) = f(¥) < we(It =y

hence, f(r) — f(y) < (7 + %) w5 (6)

7
Mn,r,s(f(‘[);Y) < (Mn,r,s(7;Y) + EMn,r,s(y -7 Y)> (Uf(6) + f(x)Mn,r,s(h)I)

From Lemma 2.2 we obtain:

Moz V@) =10) = (7 B Ar(iny) + %) wr 6) - Af‘f‘f}g’) '
Moo @330 = FO = (14 2+ () 4 L2
nr.s Y YV = A(ny) & f A,(ny)

[omom -
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Let § = g, hence

lfO)I

1
M s (P9 = fO)] = (2+ m) s + L

Theorem 3.4
Suppose that f € C}[0,),a > 0and y € [0, ), then:

Mars @59 = O] < (505 )) O+ sl O]+ (s + Doy (8

Where, Us = Mn,r,s(y T y) = {ys - Z_!sAr,s(ny)} .

A (ny)
Proof

By Taylors expansion for the function f(r) about T = y, we obtain:
fF@ =) =G=NFO)+@=y) (F @ 1)), where § € (1)
Hence,

f@O=fO) <le=yIf O) + It = ylog(z =y

. iy
Sle=ylf D +le—yl{ T+—F5—|wp(©)

Mn,r,s(f(T);y) - Mn,r,s(7;y)f(y) ’
< Mn,r,s((y - T);y)f (Y)

7
+ {Mn,r,s((y —-1); }7) + EMn,r,s((T - y)z; y)} a)f'(é')

Consequently,

1 , Ys
oy S 0+ (ks +5) 0, O

Where v, = My,,.s((t — )% y) =

Mn,r,s(f(T);y) —f()’) <

1 (@s) >
m{nzs AT,ZS(ny) -y S} /

if we take & =y, then,

FO) + pusf @) + (s + D (vs)

1
Mos(F (D3 9) = fO) < s

then,

My s (F @) 9) — FO)| < IF O+ ws|f O] + (s + Dewp(ys)

A ( y)
Theorem 3.5
Assume that f € C2[0,),a > 0 then for any n € N it follows that:

| My s (F (D) — FO)| < IF I+ wsllf D+ E 1O

A (ny)

-7 !
Where, Us = Mn,r,s(y -7 y) = _{ys - %Ar,s(ny)} and Ys = Mn,r,s((T - y)Z; y)

Ar(ny)

7 @2s)!
- Ar(ny) {F Ar,25 (ny) - yZS}

Proof

By using the same manner in theorem 3.4 and by applying Lemma 2.3 we get the proof.

Example

[omom .
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For n = 10,30, 60 the sequences M, , ;(f;; ¥) converge to the function f;(r) = sin(707),7 € [0,2] at s=1, 2,
and 3, and r = 7,2 in figures 1, and 2. The comparison between these sequences by the error functions

EW) = |Mp,s(f;¥) — f;(¥)| in figures 3 and 4.
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Fig. 1: The convergence of M, , ((f;(t);y) atr=1with s=1,2and 3 atn=10in (a1), at n=30in (b1), and n=60 in

(c1) respectively.
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Fig. 2: The convergence of M, , ((f;(t);y) atr=2 with s=1,2 and 3 at n=10in (a2), at n=30in (b2), and n=60 in

(c2) respectively.
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Fig. 3: The error function E(y) for the sequence M,, , ;(f;(z);y) at r=1 with s=1,2 and 3 at n=10in (a3), at n=30

in (b3), and n=60 in (c3) respectively.
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Fig. 4: The error function E(y) for the sequence M,, . ;(f;(1); y) at r=2 with s=1,2 and 3 at n=10in (a4), at n=30
in (b4), and n=60 in (c4) respectively.

4. Conclusions

We gave a numerical example for the sequence M,, . ;(f; ¥) to approximate the test function f(r) = sin(707) in
casesn = 10,30 and 60 with arbitrary r= 7,2 respectively for some values of s = 7,2,3 and compared the results,
it turns out the sequence M,, . ;(f (7); y) gave better results when s is bigger.
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