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Abstract
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1 Introduction

Integral equations appear in many applications in describing numerous real world problems (see, for instance,
(1301, [31], [5], [18]), and references therein).

Also many useful applications in describing problems of the real world and numerous events, which appear in physics,
engineering, mechanics, biology, etc. See for example [I1 4 [8, [13, [15] can be depicted and demonstrated by methods of
non-linear functional integral equations (for example, we refer to [25] [26] 28]). Apart from that, integral equations are

often investigated in research papers and monographs (cf. [6] [12] [T6], 18], 29] [32]) and the references cited therein.

2 Preliminaries

We will collect in this section some definitions and basic results which will be used further on throughout the paper.

First, we denote LP(U) (U € RY) as the space of Lebesgue integrable functions on U with the standard norm
Il lleewy= (Ji

| 2(t) P dtv.

Theorem 2.1 [1,,[8, [9]

Let F be a bounded set in LP(R™) with 1 < p < co. The closure of F in LP(RY) is compact if and only if
lim || 7 f = f lLe@evy=0  uniformly in f € F,
h—0

where T, f(z) = f(x + h) for all z,h € RN. Also for e > 0 there is a bounded and measurable subset Q C (RN) such
that

Il f llrvyo)< € forall f € F.
Next, we recall the concept of measure of noncompactness, let F be an infinite dimensional Banach space with norm
.|| and zero element 6. Denote by Mg the family of all nonempty and bounded subsets of E , Nz and N
the family of all nonempty relatively compact

and weakly relatively compact sets, respectively. The symbols X and ConvX stand for the closure and closed convex

hull of a subset X of E, respectively. We use the standard notation X +Y and AX for algebraic operations on sets,
while,

we denote B, = B(0,r) the closed ball centered at 6 and with radius r.

Definition 2.1 (Measure of noncompactness)

12

A mapping pu: Mg — [0,00) is said to be a measure of noncompactness in E if it satisfies the following

conditions:
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(1) the family kery = {X € Mg : u(X) = 0} is nonempty and
kerp C Ng, where keru is called the kernel of the

measure .

(2) X C Y = pX) < pu).
(3) W(ConvX) = u(X) = p(X).
(4) pAX + (1= 2Y] < Au(X) + (L= Xu(Y), A€ 0,1].
(5) If X,, € Mg, X, =X, and
Xpi1 C X, forn=1,2,... and if

lim,, 00 u(Xp) =0, then
KXo = nZO:1 Xy 7é ¢

Theorem 2.2 [1J

Suppose 1 < p < oo and X is
a bounded subset of (RN). Forz € X and ¢ >0

w” (x,€) = sup{|| Thr — 2 e (Bry: [Ih]lRy < €},
w' (X, €) = sup{w? (z,¢) : v € X},
w' (X) = lime_,o w? (X, €),

w(X)= limp_, o w?(X),

d(X)= lim7 o0 sup{[|z||Lrer\ B,y : 7 € X},

where By = {a € RN : ||a||gs < T}. Then
H(X) = w(X) + d(X)

is a measure of non compactness on LP(R™N).

At the end of this section, we recall the fixed point theorem due to Darbo which enables us to prove the existence

theorem for solutions of a several integral equations considered in nonlinear analysis. To quote this theorem we need

the following definitions.
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Definition 2.2 [12]

The function f : I x R — R satisfies Carathéodory condition if it satisfies the following two conditions:

(1) f is measurable int € I for any x € R.

(2) f is continuous in x € R for almost allt € I.

Definition 2.3 (Darbo condition)[I1)]

Let Q2 be a nonempty subset of a Banach space E and let A : Q — E be a continuous operator which transforms bounded
sets onto bounded ones. We say that A satisfies the Darbo condition (with a constant k > 0) with respect to a measure

of noncompactness p if for any bounded subset X of

Q, we have p(AX) < kp(X).
Note that, if A satisfies the Darbo condition with k& < 1, then it is called a contraction operator with respect to p.

Theorem 2.3 (Darbo fized point theorem)[7]

Let Q) be a nonempty, bounded, closed and convexr subset of E and let f : Q — Q be a continuous transformation which

is a contraction with respect to the measure of noncompactness p, i.e. there exists a constant k € [0,1) such that

p(fX) < ku(X),

for any nonempty subset X of Q. Then f has at least one fized point in the set ).

3 Main result

This section is devoted to discuss the solvability of the following nonlinear functional integral equation

u(e) = F(@) + g1z, u(e)) + b (x,gzu,u(m)), |, et (Qu)(y))dy> . W

N

Now, we will try to assume some assumptions under which we can prove our existence theorem.

Assume the following conditions are satisfied:

(i) f e LP(RY);
(i) g; : RY x R — R satisfy Carathéodory condition
(i.e. measurable in ¢ for all z € RY, and continuous in
x for all + € R ) and there exists a constant [ € [0,1) and a; € LP(RY)

such that
| 9i(z,u) = gi(y,v) |< |ai(z) —ai(y) [ +1 Ju—v],

for any u,v € R and almost all 2,y € RY where i = 1, 2.
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(iii) Ay : RY x R x R — R such that
| h1<.’L‘,y,Z) |S a’(aj?y) +b1‘z|a

for all z,y € RN, a € LYRY), where |a(z,y) |< az(x)+ba | y | where by, by > 0 are constant and a3 € LI(RY).

(iv) | he(z,y,u) |< k(x,y){as(y) + b | u |}, where hy : RN x RYN xR — R, b > 0, ay € LP(RY) and k(x,y) satisfies
Carathéodory condition &k : RV x RV — R and there exist f
1, f2 € LP(RY) and f* € LYRN) (3 4 £ = 1) such that | k(z,y) [< f*(y)fi(z), forall z,y € RN and

| k(z1,y) = K(22,9) [< 7 ()| fa(21) = fa(22)].

(v) The operator @ is bounded linear operator and continuously maps the space LP(RY) into itself. Moreover, there exists

a nondecreasing function ¢ : Ry — Ry such that
| Qu llLe@yy< (Il w ||Lemyy)
for any u € LP(RY).
(vi) there exists a positive constant ry such that

I f ey Hrot+ || g1(2,0) ||e@yy + || a3 || Le @y +b2lro
+ b [l g2(2,0) lleny +ou || K (1]l aq [l Lo@ny +0b1 || K |1 9(ro)

< rg,where
() = [ b))y
and
| K 1= {Sup | Ku[|p@yy :ul<r
0}

Remark 3.1 The linear fredholm integral operator K : LP(RN) — LP(RY) is a continuous operator and || K ||;< co.

Theorem 3.1 If the above assumptions (i)-(vi) are satisfied then the functional integral equation has at least one

solution in LP(RY).

Proof: First of all, we define the operator F : LP(RN) — LP(RN) by
(Fu(e) = ) + ) + o (2,006 00D, [ o @)y,

and (GU)(z) = hy (z, g2(z,u(z)), [on h2(z,y, (Qu)(y))dy). Now Fu is measurable for anyu € LP(RY), we will prove
that Fu € LP(RYN) for any u € LP(RY) as G : LP(RY) — LP(RYN) using the above conditions, we have the following

inequality

| (Gu)(x) |= |k (2, g2(x, u(@)), fon h2(2,y, (Qu)(y))dy)]
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< a(@, ga(w, u(2))) + by [ fon h2(z,y, (Qu)(y))dy|

<as(z) +b2 | g2(2,u(2)) | +b1 [ | ha(2,y, (Qu)(y)) | dy

< ag(x) + b2 | g2z, u(z)) — g2(x,0) | +b2 | g2(x,0) |

+b1 fpn K, y)aa(y) +b | (Qu)(y) lldy

< az(x) + b2 [ az(x) — az(x) | +bal | u | +b2 | g2(,0) |

+01 fon Kz, y)an(y)dy + bby fon k(z,y) | (Qu)(y) | dy

<az(x) +bal [ u | +by | g2(x,0) | +b1 [on k(x,y)as(y)dy

+ b by fon k(@) | (Qu)(y) | dy,

I Gu [[o@n)<Il as Lo @y +b2l | v l[Lo@y +02 [ g2(,0) || @)
+b1 || K |11l aa | zoeny +001 || K [11]] Qu || o ey

< 00,

then from assumptions(i), (ii), F(u) € LP(RY) and F is will defined

| (Fu)(z) [<] f(z) | +

| g1(z,u(z)) | + | Gz |

<[ f@) [+ ul+]0i(2,0) [ +]| Gz |

| Fullpe@™y<Il f lle@yy H I loe@yy + 1| g1(2,0) [[r@yy + 1| G e @)

< flle@yy Hl wllze@yy + 11 91(2,0) [[Lo@ny + [ a3 ([ zemw)
+ bol || u || ey +02 || g2(,0) || ey
+b1 || K [[1]] aq || o@ny +001 || K 1]l Qu || zo @)

< 0.

Next, we show that

F: B,, = B, where
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B, is closed ball of radius ro is constant, let u € B, where (|| u [|< rg)

| Fulleeny < | f ey Hrot || g1(2,0) [[Le@yy + || as [[Le@yy +balro

+ b2 || g2(2,0) [lpreyy +01 || K |1l a4 [|zo @)
+ by || K |1 (7o)

< To-

Now, we show that wo(FX) < 1(by + 1)wo(X) for any nonempty set X C By,. To do this, we fiz arbitrary T >0 and
e >0, let us choose u € X and for x,h € By with || h ||gv< €, we have

[(Gu)(z+h)-(Gu)(x)]

= hl (-T + thQ(x + h7 ’LL(.’L' + h))7 f]RN hQ(x + h’ Y, (Qu)(y))dy)

- hy (2, g2z, u(®)), Jon ho(z,y, (Qu)(y))dy)

<l as(z+h) + by | ga(x + b, u(z + h)) | —as(x) = b2 | g2(2, u(x)) ||
+01(] fon ha(z + by, (Qu)))dy | = | [en ha(z,y, (Qu)(y))dy |)

<las(z +h) = as(z) | +b2 | g2(2 + h,u(z + 1)) — ga(, u(x)) |
+by (fRN k(x + h,y)laa(y) + 0] (Qu)(y) lldy

- Jan K(@,y)

x[as(y) + b ] (Qu)(y) de>

<|as(x+h) —az(z) | +b2 | g2(x + h,u(x + h)) — g2(z,u(x)) |

+b1 (Jgw | Rz + hyy) — k(z,y) | [as(y) +0 | (Qu)(y) [dy)

<l as(x+h) —az(x) | +b2 | g2(xz + h,u(z + h)) — g2(x + h,u(x)) |

+b2 | g2(x + hyu(x)) — ga(x, u(x)) | +b1 fon f*W)(| 2z + 1) = fa(x) |)
x[as(y) +0 | (Qu)(y) [ldy

<l as(x+h) —az(x) | +bal | u(x + h) — u(z) | +b2(| az(z + h) — as(x) |
+ bol [ u(z) —u(@) |) + b1 o () | f2(z + h) = fo(2) | as(y)dy

+ b b1 fon [W) | f2l + h) = fa(2) || (Qu)(y) | dy.
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S

ImGu  — Gullps = (/BT (Gu)(z + h) — (Gu)(x)|pdz>

+ by ([r |u(z + h) — u(x)|pd:1:)%

B =

< ([pr | as(@ + h) — as(z) | dz)

T l=

+ ([ b2 | az(x + h) — az(x) |P dx)

+by

Qs

dw]

lfBT (fuw | 7 (y) |7 as(y)|f2(x + h) - f2($)|q)|a2(y)|"dy>

T =

+ by [ L rwrne e - f2<x>|q|<c2u><y>|wy)gdx]

[l Gu — Gul| e

< |lmhas — azl r(pr) + b2llThu — ull Loy + ballThas — azl|Le(pT)
+b1[[f* || o)

X[|Thf2 = fallr(Bryllaall o @)

+0 by || f*]

LIRN) |73 fo = foll Lo ()| Qul| o vy

< wT(asz, €) + lboawT (u, €) + bow™ (as, €)

+brw” (fo, 1 f* | oy laall Loy + 001l f* 1| Lo

w” (f2, €)Y ([ull) e ry-

| (Fu)(z + h) = (Fu)(z) |
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< f@+h) = F@) |+ gi(@ + hyul@ +h) - g1 (@, u(@)) |

+ (Gu)(@ + h) = (Gu)(=) |

< f@+h) = F@) |+ ] g1+ hu@ + b)) = g1 + h,u(@)) |

+ gr(@ + hu(@)) = g(w,u(@)) | + | (Gu)(@ + h) = (Gu)(x) |

<| @ +h) = F@) |+ ar(z+h) —ar(@) |+ | u@ + h) - u() |

+ [ (Gu)(@ + h) = (Gu)() |

ln Fu = Full o < (fgr | fl@+h) = (@) P do)? + ([ [u(z + h) — u(x)Pdz)?
.

([pr lar(@+h) = ar(@) | dz)? + |7 Gu = Gull o (sr))

< lmnf = Fllzosr) + U — ull,@m) + [mmar — a1 o s

TG = Gl Loy,

w? (Fx,e€)

IN

wl (f,€) + lw” (u, €) +w” (a1, €) + w” (as, €) + lboaw™ (u, €)
+ w'(ag,€) + biw” (fa, )| |, @v)llaal o, @)
bor || [, )

+

wl(f2, )Y ([[ull)z,, @)

Thus, we obtain
wl(FX,e) < wl(f,e) +lwT (X, e) +w’ (ay,e) +w’ (as,e) + Ibyw” (u, €)
+ w'(ag,€) + biw” (f2, &)1/ L, @v)llaall L, @)
bba || £ L, (mvy

_|._

w' (f2, €)1 (ro).-

Also, we have w” (fa,€) ,wT (f,€), and w” (a;,€) — 0 as € — 0o where i =1,2,3

then, we obtain

w(FX) < I(by + Nw(X), where l(bg+1) < 1. (-13)
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Next, let us fix an arbitrary number T > 0, then taking into account our assumptions,

for an arbitrary function uw € X. We have

(Jen

\BT|(Fu)(@)Pdz) ¥ < ( fanpr 1F @A) + (fun e o1 (2, ule) IPde)

=

N
da:)

< (s [F@Pd2)” + (o o1 @) — (2. 0) i)

hl (IL’,QQ(IZT,U(QZ)), fRN hQ(xaya (QU)(y))dy)

+ (fRN\BT

=

+

=

+

(
(f]RN\BT |91 z 0)|pdm>%
(

Jew\pr las(@) + b2 | g2(z, u(@)) | +b1 fpn | ha(2,y, (Qu)(y))dy | |de)

1

< <f]RN\BT |f(x)|de>% iy (f]RN\BT |u(m)|pd$)5 + (fRN\BT |g1(:c,0)|pdx)%

+(f]RN\BT |a3(x)|pdx) ’ + byl (f]RN\BT |U($)|pd$) g + bs (fRN\BT ‘QQ(l', O)lpdx) P
+

b (fansr [ (2, 9)] ¢ [aa(y) + b1(Qu) (y)[1dy) )

S

1

< (fampr If(w)Ipd:c)% 1 (far e u@)Pda) "+ (fan pr 91 (@, o>|pdx)%
+(f]RN\BT |a3($)|pd$)% + b2l (f]RN\BT |u(x)|pdx)%

P

+ b (Jfuwy g 922, 0)Pd) " + b1 (i gr o k() laa(y) 7dy) " do)?
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+ bbl(/RN\BT(/RN k(z, )| (Qu) (y)|9dy) @ dz)#

< fller@s\sry U1 u |l Lo@p\B7) + 11 9105 0) |r@A\BT)
+ llaz|| Lo a\ Ty + b2l ||ul| Le @y By + ballg2(.; 0)|| Lo\ BT)
+by

| £ Nlzaeny - | f1 llr@y\ BTy (] aa |Le@yy BTy 00 ([lull) o @yy)-

Also we have || f| Lr@~\Bry, || 9i(+0) ||r @~ BTY,

I f1 lr @y \B7): sl e @~y BTy — 0

asT — oo where i =1,2
and hence we obtain that
d(FX) <l(bs + 1)d(X). (-16)

Consequentially we infer from equation[-13,

so, the operator F' satisfies all conditions of Darbo fixed point theorem, which enables us to deduce that F' has at least
one solution inLP(RN) . Thus the proof is finished.

Next, we will need the following theorem that help us in a coming example.

Theorem 3.2 [

Let Q C RN be a measure space and suppose k:Q x Q — R is a measurable function for which there is constant
C > 0 such that

/\k(m,y)|dw§0 a.e. y €
I

and
/ |k(z,y)|dy < C a.e. x €.
I

If K : LP(Q)

— LP(Q) s defined by

(K ) (@) = / f() dy,

then K is a bounded and continuous operator and | K||; < C.
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Example: consider the integral equation

(y2 1+y%+2@*‘“(z)‘u(m))dm,

where

r = (x1,1) € R?,

and | z || is the Euclidean norm. We study the solvability of this integral equation in the space LP(R?) for p,q > 2.
2 .
Letf(x) =e™*", g1(z,u(x)) = 7@1‘?};4,

—(=z1l+ly1D)

hao(z,y, (Qu)(y)) = (\m:|+3)2(\y2|+2)2(1+y2 +2e” |u(m)‘U( ))s

a(z,y) = e + ||Szi\rllj:4 with by = 1, as(z) = e~ where as € LP(R2) such that by = 1, go(z, u(z)) = 2B

Hence the norm

T 1
1 f )= (=)7.
(R?) »
Next the functions g;(z,u(z)),7 = 1,2 satisfy the assumption(ii) with a,(z) = Hrﬁ+4’ =1, indeed
sinu sinv
lgi(2,u) = gi(y,v)| = | |
Tzll+4  lyl+4
| g s+ [sinu = s
- sinu | +57——— | sinu — sinwv
fzll+4 [yl +4 Iy +4
1 1

1
< | - |+ = u—v|
lzll+4 Nyl +4 4

= [ai(@) —ai(y) |+l [u—v]|

I as llgocenr = (m) ,

Thy with [Jas]|Lrr2) = 0, also

where a;(z) € L,(R?) with norm

=

where a4 = I +

e—(zal+lyal)

o) = T TR (v | 12

. ool ~(=1D)
H(x) = m, fi(x) = fo(z) = W we see that fi1, fo € Lywe) , f* € Lyre). Also we have

. e—(lzal+lm) 1
x X Tr1ax =,
/w' bl / / (oo [+3)2( 2 | +202° 273

/ | k(ey) | d /OO /Oo D s < 2
J?, - =~ 7
o | YT oo oo (w2 [43)2( o [+2)2 12 =

85



Journal of Advances in Mathematics Vol 19 (2020) ISSN: 2347-1921 https://rajpub.com/index.php/jam

and thus from the theorem || K [|;< 4 furthermore b = 2, Q(u)(z) = e~ @)y (x))satisfies the assumption withe(t) = ¢.

Finally, the inequality from assumption (vi) has the form

I flle, @2 +Hrot || g1(z,0) |z, ®2) + || a3 ||z, ®2) +balro
+ b2 || 92(2,0) ||, w2y +01 | K [l1]] as ||z, @e) +bb1 || K []1 1(ro)

ST()?

Thus, for the number ro = (%)

x(g)%. Hence all the assumptions are satisfied and so, Eq.(3.4) has at least one solution in LP(R?).
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