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Abstract

This work focuses on a class of positive linear operators of S—Szasz type; we establish some direct results, which
include Voronovskaja type asymptotic formula for a sequence of summation—integral type, we find a recurrence
relation of the m-the order moment and the convergence theorem for this sequence. Finally, we give some
figures.
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1. Introduction

With a great potential for applications, approximation theory represents an old field of mathematical research.
One of the most vital aspect in this field is the construction of these approximation processes by using various
methods as algebraic and trigonometric identities, convolution products, and probability schemes. Actually, a
probabilistic approach has the advantage of producing short, elegant proofs and going deeper into the subject
under investigation [4, 5, 7, 9, ,12, 17, 18 and 19]. Use of linear positive operators has played a crucial role in
approximation theory for the last seven decades. In 1950, Szasz [16] defined

= (nx)k ; <k

Saf) =y S f (=) n> 0

k=0

Very recently Acar, et al. [1] introduced a sequence of linear positive operators based on the Sz'asz—Mirakyan
operators having the form

o

k
Rn(f;x) = Z e‘"“"(")@ f(%),n €N,x € R*

k=0

Where a,,, B,: Rt - R,

a,(x) = 7(71_(:+b)x and B,(x) = 7(n_a:lgn_b)x

In the present paper, we study a generalization of some sequence of linear positive operators the S-Szasz

7
a,beR, neN?and —5>s > 0 as follows:

For f € C,[0,): = {f € C[0,):|f(t)| < Me"", for some y > 0,t € [0, ®)}.

= k oo k _
Prf,a,b(f; x) = (n_a)nﬂz e‘n“n(x) @J—O e—nﬁn(t) (nﬁrllc('t)) f (X + t x) dt,
k=0

nS

x € [0,0), (1.7)

evt ’

The space C, [0, «) is normed by the norm |Ifllc, = sup Fée)l feC,[0, ).
t€[0,00)

Our new sequence is give us many other older sequence when.

In this paper, we assume that, C[0, ) the space of all continuous real-valued functions on the interval [0, ).
2. Basic Results

In this section, we need the following basic lemmas:

For f: [0, ) — R, we define
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R = Y emnan T by gy

k=0

Form € N The m-th order moment of the sequence R; ., (f, x) is defined as

k=0

_(a+b)x+%x, and there holds the

Lemma 2.1. For the function p,,,(x), we have p,o(x) =T, pp;(x) =
recurrence relation

M1 (0) = X[, ) + Mt (] 2 1. @1
Corollary 2.1. For the functions p, ., (x) we have (i) uy ., (x) are polynomials in x of degree exactly m; (ii) there
holds the order p,, ,,(x) = 0 (n'[mTH]) for all x € [0, o).

Lemma 2.2. For P§,,(f;x) and m € NY the following conditions hold:
nab(7 X)
7 .
ns(n—(a+b) +%)'

Prap(tx) =x+

2x 2x

ns(n—(a+b)+i—b)+n25(n—(a+b)+‘;—b)
2

+ 2ab(a+b) . a?b?.’
n%(m2 —n(a+b) +2ab + (a + b)? — ——

ri,a,b(tz; X) = xZ +

n n?

Therefore, by applying Korovkin theorem for a sequence of linear positive operators for algebraic function in
the interval [0, ), we have P, , ,(f;x) = f(x) asn — oo [11]

We denote and define the m-th order moment for the sequence P; , ,(f; x) by
Tams(x) = Prfab((t —x)™; x)

(Tl - a)(n - b) Z —nap(x) \"“Pn\r/J) ( ﬁn(x)) —nﬁn(f) (nﬁn(t)) <t - x) dt.

| N
0 k! n

Lemma 2.3. For the function T, ,, ;(x), we have:

Thos() =T,

To1,s(x) = 7 b’
n*(n—(a+b)+—)

Thzs(2) = x4 2 _—
n®(m—-(a+b)+—) n®m2—n(a+b)+2ab+ (a+b)2—%a+b)+an—lz7

and we have the following recurrence relation

aby . 2mx
(n —(a+b)+ 7) n Tn,m+7,s(x) = xTn,m,s(x) + ?Ta,m— 7,s(x) + (m+ 7)Ta,m,s(x)- 2.3

In addition, the function T, ,, s(x) is a polynomial in x of degree at most m, for every x € (0,0) and m € N% =

m+1
N u {0} then, T, 1 s(x) = O (n_[T]_ms),where [mT” + ms] most the integer part of m7+7 +ms

Proof: By direct computation, we have the values T, ,s(x), T, 1s(x) and T, ,s(x) we prove (2.1). For x = 0 it
clearly holds. For x € (0, ), we have:
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Next,

n k! k! ns

T(J’z,m,s(x) = Wi ( —nan(x) (nﬁn(x)) ) fo e~"bn ® M (t - X) dt

-1

m(n - a)(n - b) Z —nap(x) \"“"Pn\tJJ) ( .Bn(x)) —Tlﬁn(t) (nﬁn(t)) <t - x) dt.
0

ns+1 k! ns

Using the equation x( ~nan(®) M) (k= (n— (a+hb))x) ( ~nan() (nﬁ’;{#)k) we get
, (n—a)(n—b) ( . (ﬁnm))
xTn,m,s(x) = nan () (k ( (a + b))x)

Lw e~ "Bn(®) M <t - x) it — % )

k! ns
abx

Let(k—(n—(a+b))x)=(k—(n—(a+b)+i—b)t)+(n—(a+b)+ )(t—x)+—

Since t (e‘”ﬁn(f) M) = (k - (n —(a+b)+ ﬂ) t) (e—nﬁn(t) (nﬁn(t))k>_
n

k! k!

k! ns

=0 D o 0. (7 o (Ba©)) =1y
xTn,m,S(x)—ka:e ), t| et T ( ) dt

aby mx
+ (Tl - (a + b) + 7) n Tn,m+7,s(x) - FTa,m—Ls(x)-

fmt<e-nﬁn(t) (nﬁrllc('t))kj (t ;sx)m dt = —%Imt (e‘"ﬁ’n(t) (nﬁ’;c('t))k> (t ;Sx)m_7 N
0 I 0 .

Lett = (t — x) + x, we get

Since

. aby 2mx
XTn,m,s(x) =(m+ 7)Tn,m,s(x) + (Tl —(a+b)+ 7) n Tn,m+7,s(x) - ?Ta,m—m(x)-

Finally, we get the recurrence relation state above.
From which (2.1) is immediate.
From the values of T,, o< (x), Ty, 7 s(x), using the induction on m and the recurrence relation above, we can easily

m+1
prove that Ty, ,, s(x) = 0 (a'[T]'ms) for every x € [0, ). [ |

Lemma 2.4. Let y,§ € R*, be any two positive real number and [a, b] c (0, ) be any bounded interval. Then,
for any m > 0, 3 M depending on m only and « independent of M.

where || ||¢jq,p) Means the sup norm in the space Cl[a, b].

We have

=0(a™).
Cla,b]

f W, s(t, x)ertdt
|t-x|26

Proof: By using of Schwartz inequality for summation-integration, the proof Lemma is easily follows [6, 8, 10
and 11]

Lemma 2.5. Let the coefficient in P3 . ,(t™; x), m € N° where

k k
(-a)n-b) - @)" (e - ® -
PSap(fix) = 22y e nan(x)%fo o~1Bn(®) (nﬁ'r;{! ) f(x+ x)dt.

n ns
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then, P30, (t752) = ot ST (1) (0° = Dt (0 ()™ + (7 +22) (nu ()™ + 0(n))

Proof:

® kKoo K
nab(tm x) = —(Tl — A -b) Z — 7)ixi Z e nan(x) _(nﬂ—’;(('x)) e ~Bn(t) _(n—ﬁrll((lt)) t™dt

k=0 0

k
. © _nfa(t) (B ®)” 5, _ (etm)in™ 7
Since [, e™n et dt—k!(n_a)m+7(n_b)m+7

By Lemma (2.2) and Lemma (2.1) we get

nm

(n—a)m(n — b)m Zio (7:) (n® — Dix! ((nﬁ’n(X))m + (nﬁn(x))m_7 +L.p. o(x))

Pria,b @™ x) =

(m+1 m— e
2(nm_f;l)m(73 i b)mz (n - Dix ((Tlﬁn(x)) 7 + (nﬁn(X)) 2 + L.p. o(x))

Therefore, the conditions hold Lemma.
3. Main Results

In this section, we study Voronovskaja type theorem for the sequence P,,(f;x,c,7)in simultaneous
approximation.

Theorem 3.1.

Let f € C,[0, ) for somey > 0. If fexists and is continuous at a point x € (0, »), then
lim 2™+ (P, (F32) = F(2)) = () + xf " (x). 23)

n—oo

Proof:
By using Taylor's expansion, we write
1
fO =f0)+ I —x)+5f () - X)° + (¢t 2)(t — )%, t € [0, )

where the function y(t,x) — 0 ast — x.

P;,a,bq(t);x) = Prf,a,b(f(x);x) + nab(f ) —x); x) + nab( (t— x)Z )

+P3 0 (W& X) (t — )% x)

lim nme*! (Pi,a,b(f ;X)—f (x)Tn,o,S(x)) = F'(O) T 15(x) + I ; ) e
+limnP? o, (Y&, 2)(t — )% x).

Now, to prove lim nP;,,((t, )(t = x)%x) = 0.

[P (Wt ) (8 — )% 1))

nn=a)m - o (18 00)"
< 7; e—nanCo) \"Pn X))

= o (nBl(®)"
o ) e Bn()T|1/J(t,x)(t—x)2|dt

k
= (n—a)(n—b) Z B (nﬁ”(x)) e n® @ (6, x)(t — x)2|de

|t—x|<8

k! lt—x|28

k k
+(n — a)(n — b) Z e-nante) (MBn (). e~mfn(® —(nﬁ'}f,t)) (6, 0)(t - x)?|dt
k=0 '

Z=I7+12.
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Since ¥(t,x) » 0 as t — x, hence for given € > 0, 3§ > Osuch that [(t,x)| < e whenever0 < |t — x| < §. For
|t — x| > 8, there exists a constant M > 0, such that [ (¢, x)(t — x)?| < Me?* therefore.

= — _ —nan(x) (nﬁn(x)) —nBn(t) (nﬁn(t)) _
L =mn-an b);e e |t—x|<6’e Bn(t) 1 = (6, x)(t — x)?|de
N Ba())" NG ﬁn(t))
<emn—-a)(n->b) nan(x)L e PO 27 0) (4 2| dt
en—a)ln ;)e o |t_x|<5 | |

= aeT, ,(x) = €0(7)
Since ¢ arbitrary, it follows that I; - 0 as a — co.

Now,

oo k k
L=Mm-a)(n—-b) Z e~ nan(x) M e hn(t) W |ll)(t, x)(t — x)2|dt

|
) k! lt—x|26

< sup
x€[a,b]

oo k
(n—a)(n—b) Z e~nan) (n) e (O T (n ”( )) MeVtdt
k=0

k! lt—x|25

by using Cauchy Schwarz inequality, and Lemma (2.1), (2.3)we obtain

1

< Ma (Tnlgi(x))Z = 1V1l?l(0(05_i))é
=0(a"®), s>0.

Hence, I, » 0 asn — o, u
Theorem 3.2

Let f € C,[0,) forsomea >0andr <q <r+2. If £(@ exists and is continuous on (a — 7,b + 1)  (0,),7 >
0, then for sufficiently large «,

1253 (F5 ) = FO@||

Cla,b]

1
< Za” anmn 70T (a72) +0(a?)
where Z;, Z, are constant independent of f and @, w¢(8) is the modulus of continuity of f on (a —7,b + 1) and
II- ll¢ca,p) denotes the sup-norm on [a,b].
Proof:

By a finite Taylor expansion of f, we have

0 @) — F@
Fo =Y ] “qqlf 2

+g(t,)(1 = x(®))
where ¢ lies between t,x and y(t) is the characteristic function of the interval (a—1,b+ 1) and

N0
g0 = £ - Y L

i=0
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Now,

PEOf0 - FP0)

®
<Z f (x) :a(z)((t x)i; x) _ f(r)(x)>

+pS () (f(q)('f) - f(q) (x)

n,a,b
q!

(& = x)x(t); x)

+P D (g(t, ) (1 = x(©); x)
= 11 + 12 + [3.

By using Lemma 2.1 (iv) and Lemma 3.2, we get

I = Z f(l)(X) ( ) (=) ddxr [(n - a):'lén —b)J ZLO (Jl> (n® — Dix! <("ﬁn(x))j

+<’Wﬂﬁmw”wWﬂLN@

Consequently,
I llcrap < Zia™ (Zlq=r||f(i)||c[a‘b]) + 0(a™2), uniformly on [a, b].
To estimate I, we proceed as follows:

f(q)(g) F@(x) w (q)(6:(a—T,b+7) [t—x|
|12|sp;a$;>(7' - e — xlay(e); ) < 22 - Prap (1455 1t = x19 x

a)f(q)(d; (a=—1,b+1) (n—a)(n—>b)

q! n
[ee) k
dr ( B, (x)) (n,B (t))
| pnanlx) XA e MBn() X TNA7J — 5|4 =11 — o]t
k_odxr< T fo ol (It x|T4+ 67"t — x| )dt,6>0

Now, foru =0, 1,2, ..., using Schwartz inequality for integration, summation, and Lemma 2.3 we have:

) k
z«mwmmwm( ~@+o)l [ e LSO ey

k=0

<Y (enen <x>(ﬁ"(x))>|k (n— @+ B)x]
2

@ () N7 s @B) Y
X(fo e Bn()—k! (It = x|*)dt J;e Bn()—k! dt

(- (nﬁn(x» ) Y
< e~ nan(®) |k ( —(a+ b))x|
2

. t(ﬁn(t)) Y
(mf o (1 =)t
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j-u

=0 (ré) 0 (n_%) =0 <n7> uniformly on [a, b]. (3.7

Hence, by Lemma 2.4 and (3.7), we get

(o <x>(ﬂn<"))>|k (- vl [ e CEOL

dx”
k=0

(o)

i . i
sz Z n']Qur O] ( —nan( (B () ﬁ”(x)) )Ik (n—(a+b))x| f _"ﬁ”(t)%(lt_xlu)dt

xT
k=02itj=sr
i,j=0

<| Sup Sup 19, G Z nl( e (Pn @) [s’n(x)) >|k (n— (a+b))x|

2i+j<rxelap] X

- k
X f e~ "Bn(t) M (Jt = x|®)dt
0 k!
< CYou+j<rn'0 (n zu) =0 (nr_Tu) uniformly on [a, b] (3.8
i,j=0
|Q1]r(x)|

(where Sup Sup = C(x) but fixed)

2i+j <1 x€la,b]
i,j=0

1
By choosing § = n"2 and applying (3.8), m > 0 we are led to:

1
w (q)(n_i;(a—r,b+r) s—q r—q-1 ~
allerap < L p 0 ( 2 ) +n20 (a 2 ) +0(n™),

(for any m > 0)

—-(g-1) 1
<Zmm 2 Wp(@) (n 2).

Since t € [0,0) \ (a — 7,b + T), we can choose § > 0in such a way that |t — x| = & for all x € [a, b]. Thus, by
Lemma 2.4, we get

[ee) k
nie Y S 1l G ot e <e—nan<x> (nfn)” )

k=02i%j<r
(1B ()"
« j e—nﬁn(t)T lg(t,x)|dt
|[t—x|=6 )

i,j=0
For |t — x| = &, we can find a constant C > 0 such that |g(¢,x)| < Ce™. Hence, using Schwarz inequality for
integration and for summation, (2.4) it easily follows that I; = 0(n™) for any u > 0. Combining the estimate of
I;, b, I3, the required result is immediate. [ |

4. Graphical Representation
This section deals with graphical representation on some exponential functions of
the cases treated in Theorem by parameters s, n.

Example 1. Let f(x) =sin (7x),s =0, n = 100,500, 7000 and a,b = 0. For x € [0, ), we get the figure (4.1-
4.3) respectively.
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| | 1
il
V1 ‘"

Example 2. Let f(x) =sin(7x) , n=30,s=1,2,3and a,b =0. For x € [0,), we get the figure (4.4-4.5)
respectively.

| uM“
/ VY

Figure (4.4)

Example 3. Let f(x) =sin(7x) , n=1700, s=Tand a=3,b=1. For x € [0,0), we get the figure (4-6)
respectively.

Figure (4.3)
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NAAANT
VUV

]

Figure (4.5)

Discussion

The numerical results show parameter s by our sequence. It turns out that,

The approximation increases whenever s > 0 increase.
S 7
The approximation decreases whenever as the value S <s <0.

Put s = 0 we get the previous results.
For n = oo, We get a perfect approximation for graphics.
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