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Abstract

We prove an existence theorem for a nonlinear quadratic integral equation of fractional order, in the Banach space of
real functions defined and continuous on closed interval. This equation contains as a special cases numerous integral
equation studied by other authors. Finally, we give an example for indicating the natural realizations of our abstract

result presented in this paper.
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1 Introduction

Several problems in many branches of science can be modeled as an integral equation such as in physics, engineering,
biology,...ect see for example([4], [6], [7], [14]). Quadratic integral equations have many useful applications in describing
problems in the real world. For example, quadratic integral equations are applicable in the kinetic theory of gases, in the
theory of neutron transport and in the theory of radiative transfer. Especially the so called quadratic integral equation
of Chandrsekher type can be seen in many application(cf.([9],[10] [26], [12],[25]). On the other hand the fractional
calculus topic is enjoying growing interest of engineers and scientists, see ([16], [17],[19],]20]) . The most used techniques
to study the existence for solutions of an integral equation are based on fixed point argument for example, Banach fixed
point theorem was used by many authors in order to establish existence results for different kind of integral equations
(see, for example[ [§], [28]]). But in the absence of compactness and the Lipschitz condition, the above mentioned
theorem cannot be applied and in this case, the measure of non-compactness can be useful. Many existence results
for integral equations were established using fixed point theorems involving measure of non-compactness. For most
details, we refer the reader to the references therein and to([1], [2], [3], [I1], [I6] ,[21], [27]). In this paper we deal with
quadratic integral equation of fractional order with respect to another function. Using fixed point theorem via measure

of non-compactness Due to Darbo are the main tool in carrying out our proof.

2 Preliminaries

The main purpose of this paper to study the following integral equation

B . (Az)(t) [" m/(s)ult,s,z(s),z(\s))
(E(t) - f(t) + g(ta (t)) + F(Oé) /a (m(t) _ m(s))l_a

where « € (0,1),0<a<Ty, f:I—=R, g: 1 x R = R,
u:IxIxRxR— R,and m: I — R, from the view of the theory of existence of solutions. Eq can be written in

ds,t € I = [a,T], (1)

the form
z(t) = f(t) + gt z(t)) + (T2) () L3 ult, ., z(.),z(),

where 17, is the fractional integral of ordera: with respect to the function m defined by

1 bl (s)ult, s, z(s), z(\s)) ‘ .
I'(«a) /a (m(t) — m(s))1— ds, tel=laT),

which in particular cases we have:

(i) If m(s) =Ins and a > 0 then IZ,, is the Hadamard fractional integral,

a,m

(ii) If m(s) = s?(8 > 0) then I2,, is the Erdélyi-Kober fractional integral,

a,m

(iii) If m(s) = s, (8 = 1)and a > 0 in such case I

am is the Riemann-Liouville fractional integral.

Using a measure of non-compactness in the set C([a,T]; R) of the real continuous functions in [a, T], we need to recall
some basic concepts that will need later. let F be an infinite dimensional Banach space with norm ||.|| and zero element
6. The symbols X and ConvX stand for the closure and closed convex hull of a subset X of E, respectively. Now
denote Mg the family of all nonempty and bounded subsets of E, and Nz and N denotes the family of all nonempty
relatively compact and weakly relatively compact sets, respectively. The symbol X"V stands for the weak closure of a

set X while X denotes its closure.
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Definition 2.1 (Measure of noncompactness)[I1)]

A mapping i : Mg — [0,00) is said to be a measure of noncompactness in E if it satisfies the following conditions:

(1) the family kerp = {X € Mg : u(X) = 0} is nonempty and kerpy C Ny, where kerp is called the kernel of the

measure Ji.
(2) X C Y = pX) < pY).
(3) w(ConvX) = u(X) = p(X).
(4) pAX + (1 =NY] < Au(X) + (1= u(Y), Ae€0,1].

(5) If X, € Mp, X, =X, and X,y1 C X, forn=1,2,... and if

lim u(X,) =0, then Xo = ﬂ Xn # ¢ (nonempty and compact).
n—oo
n=1

A function ¢ : [0,00) — [0, 00) is said to be a comparison function if it satisfies the following properties:

(i) ¢ is non-decreasing;

(ii) lim ¢™(t) = 0 for all ¢+ > 0, where ¢(™) denotes the n— iteration of ¢.

n—oo
Examples of comparison functions are
o(t) = M3 A€0,1); H(t) = arctan(t).

We denote the set of comparison functions by ® as in [15]

Lemma 2.1 [1: Let ¢ : [0,00) — [0,00) be a nondecreasing and upper semi-continuous function. Then the following

conditions are equivalent:

(i) lim ¢ (t) =0 for all t > 0.
n—oo
(i) ¢(t) <t for allt > 0.
Lemma 2.2 ([1],[15]): Let C' be a nonempty, bounded, closed and convex subset of Banach space E. Let U : C — C
be a continuous transformation such that
uw(UW) < ¢(u(W)), W CC,

Where ¢ € ® and p is a measure of non-compactness in . Then U has at least one fired point.

For given functions ¢, : [0,1) — R and a real number ), define the operator Tyy.x and T by

o6, 8)(t) = max{(t), ¥(H)}, ¢ >0

and
T(X@)(t) = A¢(t), t=0.
Denote C([0,00);R) the set of all real continuous functions in [0,00) and @ by the set ® N C([0,00);R). In([I5]),

Sadarangain and Samet proved the following useful result.
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Lemma 2.3 The following properties hold:

(i) Tmax(® x ®) C .

(i) T([0,1] x ®) C P.
Let E = C([a,T1];R) be a Banach space defined on the set C of real continuous functions in [a, T1] with norm

|lv]| = max{|v(¢)|: t € [a,T1]}, v € C([a,T1];R).
We will use through this paper the following notations. Let B € Mpg. For v € B and € > 0, set
w(v,e) =supf{| v(t) —v(s) |: t,s € [a,T1], |t—s|<e}.
We define the mapping Q : Mg x [0, 00) — [0, 00) by
Q(B,€) = sup{w(v,€) :v € B}, (B,e) € Mg x [0,00) — [0,00).
It was proved in[IT] that the mapping p : Mg — [0,00) defined by
p(B) = lim Q(B,e), Be Mg

e—0t

is a measure of non-compactness in the Banach space E. In this section, we will investigate the existence theorem of

our integral equation under suitable assumptions:

3 Main result

Consider the following assumptions:

(a1) f:I — R;is continuous nondecreasing and nonnegative function on I,
(a2) the function g: I x R — R is continuous .

(ag) There exists a function ¢ : [0,00) — [0,00) such that

(i) ¢1(0) = 0.
(ii) ¢1 is nondecreasing and continuous.

(iif) there exist & > 0 and @ € ® such that
o1(t) < 60(t), t> 0
(iv) for all (t,u,v) € I x R x R we have
lg(t,u) — g(t,v)] < 1 (ju—v)),

(as) The operator A : C(I) — C(I) is continuous and satisfies the Darbo condition for measure of non compactness g

with the constant g, A is positive operator( Az >0ifz >0 ),
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(as) There exist nonnegative constants a and b such that

|(Az)(t)] < (a + bl|]])
foreach x € C(I) and te T,

(ag) w:IxIxRxR — R iscontinuous function such that w: I x I xRy xRy — Ry wu(t, s, z,y) is nondecreasing

with respect to each variable separately,

(a7) There exists a nondecreasing function ¢ : Ry xRy — Ry st

lu(t,s,z,y)| < ¢(|z],[y]) V t,s € land  z,y €R,

(ag) m € C([a, T1], R) N C ((a,T1], R) with m/(t) >0 for all t € (a,T1],
(ag) There exists a positive constant o such that

(a + brp)

T(a 1) 200 7o) (m(T0) —m(@)* < 7o

| £ +o1(ro0) + 9" +

where
g*:max{|g(t,0) |: te [(I,Tﬂ}.

Theorem 3.1 Under the assumptions (a1) — (ag), the Eq(d]) has at least one solution z* € C([a, T1];R). Moreover

| 2" [|< 7o,

Proof. Let us consider the operator F' defined on E = C([a,T1],R) by

(Fz)(t) = f(t) + g(t, z(t Ax o f:z (£ s, ‘”2‘3’)?_(25)) ds, (z,1) € E x [a,T1]. 2)
At first,we show that the operator F : C([a,T1],R) = C([a,T1],R), set
(Uz)(t) = m/((i)f(b ’S’nig’)fus)) ds, (z,t) € E x [a,T]- 3)

From assumption (aq1)(az)(ag) We have just to prove U maps E into itself, that is Uz : [a,T1] — R is continuous for

every € E. Observe that Ux is well defined for all ¢ € [a,T}].

By JUCTCEEDEGS)
D0 < i ol0)20e) |,
< ﬁ@(hMMMW/WW) m(s))*~ds
< gy ollell el m(e) = m(a))®
< el el () - m(@)” < .
| E0 = |70+ gtentr) + GO [l a00)
_ Aw | m(s)ult, s, 2(s). x(As) |
<100 1+ otta(0) — tt,0) | + A2 [l oltnel.a0)
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IA

IN

<

50| +o1(]o(6) D+ o(6,0) |+ 22 [

f I+l )+ 9" +

m'(s)u(t, s,z

I'(a) (

3
3

b lal) [ L) I uth s, (),20) |
11+l )+ g + Sl [ s

(t) —m(s)) =

@EPULD) o), o) m(T) — ma))”

I'a+1)

To show the continuity of Uz at the point a. Let {¢,} be a sequence in[a,T}] such that ¢, — a™ as n — oo using

the above result,for all n € N, we have

| (Uz)(tn) |

IN
<
-~
8
B
s\
~+~
3
—
~
3
S—
\
3
—
N
S~—
Q
L
QU
)

1

SCES)

S, 121 (m(tn) —m(a)),

letting n — oo in the above inequality and using the continuity of m, we get

lim (Uzx)(t,) = (Ux)(a) =0,

n—oo

which prove the continuity of Uz at point a. Now let ¢ € (a,T}] be fixed and {¢,} be a sequence in(a,T}] such

that t,, — t as n — co . With out restrictions we suppose that ¢, >t for n large enough. We have

<

IN

IN

_|_

<

+

L[ ol D) ()a(lal. al) |
Ia) / nltn) —m()= ~ (m(t) — m(spr-=) ¢
| / ' (5)o(J2], M)
M) ), (mltn) — m(s)'=

el [ m(s) .
el el | G Sty ~ Gy ==
BRI A (O s

tllal el [ s

el el [om(e) = mia)” + (m(ta) = m()* = (m(t,) = m(a))
1

ey 2l Wil om(en) = m(z)®

since m is continuous function in [a, T1], then we hae lim |[(Ux)(t,) — (Ux)(t)| = 0. Then Uz is continuous at ¢, then
n—oo

as consequence, Uz € E for all z € F and F : E — E is well defined. For arbitrary fixed z € F and t € [a,T}] we have

| (Fz)(t) |

Then

I Fx [|<[[ f [+l )+ 9"+

(T2 | [ (5) |t 5. 2(5),70) |
< U0+ glta(®) | +H g [ T RO

(a+bllz])

< L@ [+ou(lz®)) +9" + T(a)aﬁ(llw\l, ANl (m(Th) = m(a))®.

(a+b=l)

a0 e bl Do) —m(@)*,
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From assumption(ag), the fact that the functions ¢1, ¢ are nondecreasing, and the above inequality, we infer that the

operator F' maps B(0,7g) into itself, where

B(0,r9) ={x € E:|| 2 ||< ro}.

Now we will prove that the operator F' : B(0,r9) — B(0,7) is continuous, in order to prove this, it is sufficient to

show thatf, g, T,U are continuous on B(0,7p). From assumption (a;) the function f is continuous. Firstly we show

that ¢ is continuous on B(0,79). To do this, let{z,} C B(0,7¢) and « € B(0,rg) such that || z, —z |- 0asn — oo,

and we want to prove that| gz, — gz ||[— 0 as n — oo . In fact, for all ¢ € [a, T], we have

IN

$1(] 2n — )
Gl wn — 2 [])-

[ 9(t, 2 (1)) — g(t, (1)) |

IN

Then
| 9(zn) —9(@) £ o1(| 2 — 2 |[), neEN.

Letting n — oo in the above inequality, using the continuity of the function ¢y, and the fact that ¢;(0) = 0, we get

n— oo

lim || g(a) — 9(x) 1< é1( lim_ || 2 — 2 [}) = 61(0) =0.

Next,for the continuity of U on B(0,r). To do this, we fix a real number p > 0 and take arbitrary functions

x,y € B(0,79) such that || z — y ||< p. For all ¢t € [a,T1], we have

| (Uz)(t) — (Uy)(t) | < F(la) / m/(s) | u(t, s,x((sl)it:;(jsgg(s—) )ul(_t(,ls, y(s)yQe) |
_ Bulp)(m(t) — m(a))”
- ol'(a)
Bu(p)(m(Ty) — m(a))”
- T(a+1) ’
where
Bulp) = sup{| u(t, s, xo,y2) — ult,s,x1,vy1) |: t,8 € I, 21, 29,91,92 € [0,70]},
|22 — a1 |< p, | g2 — 1 [< p
Thus,

Bulp)(m(T1) — m(a))”
MNa+1) '

By the uniform continuity of the function u on I x I x [0,79] x [0,7¢] we have that 8,(p) = 0 as pt — 0 and,

[Uz = Uyl <

therefore,

lim |Uz — Uyl = 0.
Jim |[Uz = Uyl

Thus U is continuous on B(0, ), and consequently, F' is continuous. Now let us take a nonempty set W C B(0,rg).
Let € > 0 be fixed, choose © € W and t1,ts € Isuch that |ts —t; |< e. without loss of generality, we assume to > t;.

Then, we obtain

| (Ua)(t2) — Uz)(
1 2 m!(s)ulty, s, 2(s), z(\s)) om! (s)u(ty, s, 2(s), 2(As))
( -

I(e) " Ja
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1 2 m!(s)u(ts, s, 2(s), z(\s)) B 2 m(s)u(ty, s, (s), 2(\s))
I Ll Al i el Ml o v el
1 2om/(s)u(ty, s, 2(s), z(\s)) B o/ (s)u(ty, s, 2(s), z(\s))
R A o e el A o ey
1 om!(s)ulty, s, 2(s), z(\s)) om!(s)ulty, s, 2(s), z(\s))
f g Tt i ) e !
< %oz) m/(s) | u(ta, s,z(s), x(As)) — u(ty, s, z(s), 2(Xs)) | (m(ta) —m(s))* ! ds
+ ﬁ t : m'(s) | u(ty, s, z(s), z(As)) | (m(ta) —m(s))*" " ds
s e [ ) Tt s (s).200) | (mt) = ()" = (m{ty) = m(s))" s
< F(la / m/( m(s))* ds
+ ﬁ (e |, = ||)/t m'(s)(m(ta) —m(s))* " ds
+ ﬁ(ﬁ(” zl, [l = ||)/ 1((m(tz) —m(s))* = (m(t1) —m(s))*")ds
wy(€)(m(tz) —m(a))®  o(| [, [ 2 [[)(m(t2) — m(t1))*
= ol'(a) + ol'(a)
4 el e DI=(m(tz) = m(t))* + (m(tz) —m(a))® = (m(ts) —m(a))®
ol (@)
< wul@mltz) —m(a)® ¢l x| [  DIlm(ts) — m(a)® = (m(ts) — m(a)?]
= T(a+1) Ia+1)
wy(€)(m(t2) — m(a))®
= T(a+ 1) '
Then in view of our assumptions we have
| (Fa)(tz) — (Fa)(ty) [<] f(t2) = f(t) | + | g(t2, 2(t2)) — g(ts, z(t1)) |
| (Az)(t2)(Uz)(t2) — (Az)(t2)(Uz)(t1) | | | (Az)(t2)(Uz)(t1) — (Az)(t1)(Uz)(t1) |
* T(a) * T(a)
< [ ft2) = f(t) | + | g(tz,2(t2)) — g(t1, z(t1)) |
L [Ae(t) [| Un)(t2) = U)(t) |
()
| (Az)(t2) — (Az)(t1) || (Uz)(t) |
IN{))]
< [ ft2) = f(t) [+ | g(ta, z(t2)) — g(ta, z(tr)) |
4 [AD)(t2) = (Ax)(t) [[ (U2)(t) |
T'(@)
< [ f(t2) = f(t) | +o(] z(t) —2(t1) |)
+ | glte, z(tr) — g(tr, z(t1)) |
L latbllz Dwu(e(mltz) = m(a)® + é(| = |l I| « [DE2(m(t2) = m(t:))*]]
al' ()
| (Az(t2) — (Az)(t1) | o(l| = ||, || @ [[)(m(t1) — m(a))"
al'(a)
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IA

w(f,€) + dw(z, €)) + wq(ro, €)
(a + bro)[wu(€)(m(t2) — m(a))® 4 2¢(ro, 7o) [w(m, €)]*]

INa+1)
(A2, )B(ro, 7o) (k) — m(a))*

Na+1)
< wl(fse) + QW) + w10, )
(a + bro)[w.(€) (m(t2) — m(a))®] n w(Az, €)¢(ro, ro)(m(t1) — m(a))®
INa+1) INa+1)

IN

w(f,€) + AW, €)) + wy(ro, €)
(a + bro)[wy(€)(m(T1) — m(a))® + 28(ro, ro) [w(m, €)]]
MNa+1)
w(Az, €)p(ro, o) (m(Ty) — m(a))®
Ia+1)

Therefore,

w(Fz,e€)

IA

w(f,e) + d(QUW, €)) + wy(ro, €)
(a + bro)wu(e)(m(T1) — m(a))® + 2¢(ro, ro)[w(m, €)]*]
INa+1)
w(Az, €)p(ro, o) (m(T1) — m(a))®
Ia+1)

+

Let € — 0%, we obtain
p(AW)¢(ro, ro) (m(T1) — m(a))®
I'a+1)

WEFW) < ¢p(u(W)) +

Taking in consideration assumption (az) — (i4i), we get

qu(W)¢(ro, o) (m(t1) — m(a))®
MNa+1)
qp(ro, mo)(m(T1) — m(a))”
(5 L0T)nTL) Lo (0. 1) (W)
= T\, Tmax(0, 1)) (u(W)),

WEW) < 80(u(W)) +

IN

where
q9(ro,ro)(m(T1) — m(a))a)
I(a+1) '

Since A € [0,1] (see(ag)), from Lemma 2.3, T(X\, Tyax(6,I)) € ®. Finally, by Lemma2.2, the operator F' has at least
one fixed point z* € B(0,rp), which is the solution to the Eq. satisfying [|z*| < ro.

A=+

4 Example

Consider the integral equation

g et 1 P tsa(s)xz(As)
x(t) =t + 3 +4F(1)/0 Vi ds, te€]0,1]

2
In this example we have a =0, 71 = 1, a = %, f(t) =3, € [0,1] and this function satisfies assumption (a;) with
|| fll=1. Here

glt,z(t)) = —, (t,2) €[0,1] x R, (4)
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satisfies assumption(az) withe:(t) = 6(t) = § = 0. Moreover , in this case we have g* = <1 (Ax)(t) = ], satisfies

assumption(as) witha = +, b =0, ¢ = 0. Also, u(t, s, z, y) = tsxy, satisfies assumption(ar) wi z,vy) = xy. Moreover,
ption(as) with ib 0,q=0. Al (t y) = tsxy, satisfi ption(ay) with ¢(z,y) y. M

m(t) = t, satisfies assumption(asg)

(CL —+ bT‘O)

¢(ro,m0)(m(T1) — m(a))™ <o (5)

ety 1t
8

2
. <
21—‘(;) To > To

then

1 1 1 e~1
=TI'(= I'(z) £/ I'(z) —21+ —
7o (2)(\/ (3) \/ (3)—20+—4) )
Data Availability (excluding Review articles)

Applicable.
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