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Abstract

In this paper, we introduce ]IZ;Z”Z% which is a new operator by using generalized Mittag-Leffler function. Also, we
defined meromorphic subclasses associated Hl%gb Finally, we calculated inclusion relations by using HZ’E:}” and integral

operator F),
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1 . Introduction

rst, we prepared a definition of > as follows:
(oo}
f(z)=z2"1+ Z anz", (1.1)
n=0

which is analytic in the punctured unit disk U* = U\{0} where U= {z € C: |z| < 1}. For f given by (1.1) and g given
by

g(z) =271+ Z bp 2", (1.2)
n=0

the Hadamard product (or convolution) of f and g is defined by

(f*9)(z) = 27"+ Y anbpz" = (g% f) (2). (1.3)

A function f(z) € ¥ is said to meromorphically starlike function of order ¢ in U*, if and only if

THONG -
§R{ f(z)}< 0 (0<d<1;z€U"). (1.4)

We denote by ¥.5%(9) the class of all meromorphically starlike functions of order 4. A function f(z) € X is said to be

meromorphically convex function of order ¢ in U*, if and only if

O N S
3‘%{1+ f’(z)}< d (0<d<l;z€U"). (1.5)
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We denote by £C(0) the class of all meromorphically convex functions of order ¢. It is easy to observe from (1.4) and
(1.5) that
f(z) € BC(6) = —2['(2) € B5"(9). (1.6)

A function f(z) € X is said to be meromorphically close-to-convex function of order o and type ¢ in U*, if there exists

a function g € ¥£.5%(J) such that

SO, S
3%{ g(z)}< (0<6,0<1;z€U"). (1.7)

We denote by YK (o,0) the class of all meromorphically close-to-convex function of order ¢ and type 6. A function
f(2) € X is said to be meromorphically quasi-convex functions of order o and type ¢ in U*, if there exists a function
g € XC(6) such that /
%{w}<—a (0<d,0<1;2€U"). (1.8)
9" (2)
We denote by X K*(0,9) the class of all meromorphically quasi-convex functions of order ¢ and type d. It follows from
(1.7) and (1.8) that
f(z) € XK*(0,0) <= —zf'(z) € K (0,9). (1.9)

Let the Mittag-Leffler function E,(z) (see [14], see also [2], [8], [9], [12], [13] and [18]) defined as follows:

o0 Zn
E,(2)=S —2 , . 1.1
(2) n; Fan 1) (o € C, Re(a) > 0) (1.10)
A more general function E,(z) is E, 5(2) was introduced by Wiman (see [15, 16]) and given by
oo Zn
FE, = - e C). 1.11
5 =2 Famg g €0 (1.11)

n=0

For a, 3,7 € C, Re(a) > max{0, Re(k) — 1} and Re(k) > 0 Srivastava and Tomovski [17] introduced the function
Eg:g(z) in the form

E5( Z v an+ﬁ [ (2€0). (1.12)

Now, by using (1.12) we define the function ﬁl’g(z) as follows:
RUE(2) =T(B)2 E S (2).
It follows that, for o, 8,7 € C, Re(a) > max{0, Re(k) — 1} and Re(k) > 0 that

o _1 n+1)k ()
% +Z n+1 )+ Bl(n+ 1)

(2 €0). (1.13)

By using the convolution, we can define the function KZ%( f)(2) as follows:

KIE()(2) = KU5(2) = f(2),

1, Ty +k(n+ D] T(B) n
- 21+ZF At T3 Bl s DI 1.14 (1)

o
2
k]
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For o, 3,7 € C, Re(a) > max{0, Re(k) — 1}, Re(k) > 0,7 > 0,m € Ny =NU {0} and N = {1,2, ...}, we define a new

linear operator I7’ g;"( )(2) : > = > as follows:

150 ()(2) = KIE()(2),

(L= mKLE(N)(=) + 0z PRI

- 'v+kn+1)] (8)
- *Z (n+ 1)+ A(n+ 1)

=
=2
o
3=
~—
~
S~—
—~
N
~—
I

[1+n(n+ D]anz",

2 ()(z) = Hz”g’;[z’;;qxz)} (1 =I5t (F)(2) + 0z 22052 () (2))

-1 Clv+ k(n+ 1)] T(B)
*er Tla(n+1) + Al(n + 1)!

[1+nn+1)a,z

By induction we prove that

A (G = Z e it +nk+n1ji)]ﬁ}r(v(fi oy (ot D an (1.15)

Note that by taking m = 0 in (1.15), we get (1.14)
Remark 1:

() Lo, (N)(2) = f(2);

(i) 155 (1) (2) = 2f () + 2f'(2);

(iii) Iy1 7y (ssy) = 271

(V) Tt (sgsy) = = cosh (v/3)

1,1,0 1 _ sinh(\/E)
V) Loy (ca=s) = —=

(a) Hé}a (f)(z) = Dy f(2) (see [1], ([4-6]) with I = p =1 and [3] with p = 1);
(b) Iy:5 (£)(2) = D'y f(2) (see [1]);
(&) W50 ()(=) = M, (2) (see [11] with p=1)

2. Materials and Methods

Lemma 1. Let f €Y, then the operator Ig 5 (f)(2) achieve the follwing relations

(i) 25 NEN = TR (E) - (”Z’“) L5n (), (2.1)
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(i) zall5,(DE) = BREL () = (a4 ALET (D), (2:2)
i) AT = T e - (141 ) B, 33)

(o, 8,7 € C, Re(a) > max{0, Re(k) — 1}, Re(k) > 0,7 > 0,m € Ny).

Next, by using the operator Hl’g?, the classes £.5%(d), XC(9), XK (4,0) and ZK*(d,0) which defined, respectively, by

relations (1.4), (1.5), (1.7) and (1.8), we introduce the following new classes of meromorphic functions for 0 < d,0 < 1:

ES;,"E’IZ,WL — {f ey Hl:]g’:?f c ZS*(&)} ;

nevkm {f ex:Emfe 20(5)} :

a,B,n a,B,n

SRy ={f Sy e vKG.0))

and

SEIp = {fes T e SK (5,0)}

We can see that:

fz) €DCLET = —2f'(z) TS HE™ (24)
and
f(z) €SKLEN™ = —2f'(2) e SK)ET (2.5)

Lemma 2 [7]. Let p(u,v) be complex-valued function such that,
p:D—C, (DCcCxCQC)

C being (as usual) the complex plane and let w = uy + iuz, v = v1 + tva. Suppose that p(u,v) satisfies the following

conditions:
i) o(u,v) is continuous in D;
1) (1,0) € D and R{x(1,0)} > 0;

i) R{p(iug,v1)} <0 for all (iug,v1) € D and such that v, < — (H?%).

Let
h(z) =1+ hyz+ ho2? + ..., (2.6)

be regular in U such that (h(z), zh/'(z)) € D for all z € U. If
R{p(h(z), 21/ (2))} > 0 (z € V),

then
R{h(2)} >0 (z € V).
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Lemma 3 [9]. Let the (nonconstant) function w(z) be analytic in U = {z: |z| < 1},with w(0) = 0. If |w(z)| attains

its mazimum value on the circle |z| =r <1 at a point zy € U, then

zow (20) = Ew(z0) ,
where £ is a real number and £ > 1.

v¥,k,m

aBon with the classes

In the following section, we will get inclusion properties which associate the operator I

*,7,k,m v.k,m v,k,m *,7,k,m
ESa,B,n ’ Eca,ﬂ,n’ ZKaﬁm and EKaﬁ,n ’

3. Results and Discussion

Unless otherwise mentioned, we assume throughout this paper that «, 3,7 € C, Re(a) > max{0, Re(k) — 1}, Re(k) >
0,7 > 0 and m € Np.

Theorem 1. If f(z) € ¥, Re(B) > 1, Re(}) >0, then

*,v+1,k,m *,7,k,m *,7,k,m
25@77377] CZSO&,‘[\;J? - Zsa,g’-i-l,n, (31)
and
SSu T ESS (3.2)
Proof. To prove the first part of (3.1), let f € ESZ:gﬁ]l’k’m and
Jk,m !
z (Hl,ﬁm f(z))
—Em o = 0= (1=9)h(z), (3.3)
Haﬁﬁ’r] f(Z)

where h is given by (2.6). Applying (2.1) in (3.3), we obtain

I £(2) k
Y “a,B,m +
=t~ =5 —(1-96)h(z)+ ———. 3.4
Differentiating (3.4) logarithmically with respect to z, we have
oeem ey 2 (T4 (E) :
z( B f(2) _ B, N (1—=190)zh(2) (zeU)
Lo ™ f(2) LEnl() (=o)h)+0 - (EB) ’
which, by (3.3), we get
L (O (1 0)zh'(2)
v =—-0—(1-96h(z)+ - . (3.5)
L") (1= 8)h(z)+6 - (452)
Let 5
o (ur0) = (1 - oy — —— =00 (3.6)

(175)u+67(k%>

with h(z) = u = uy + iug, zh/(2) = v = v1 + ive. Then
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1) p(u,v) is continuous in D = C\ {1 + %} x C,

i1) (1,0) € D and R{p(1,0)} =1 -,

ii1) R{p(iug,v1)} <0 for all (iug,v1) € D and such that vy < — (1—&-211,3)’
’ B —(1=10)v

R{p(iug,v1)} = R (1= 6)ius + 06 — (kTv)

a0 [(5) - o]
= (HT”)T +(1—6)%u3
g (1= 81 +ud) [(H2) -]
oflo- ()] -0

< 0.

Therefore, the function ¢ (u, v) satisfies the conditions in Lemma 2. Thus, we have Re{h(z)} > 0, that is, f € ZS;gl;m
By using the similar arguments to those details above with (2.2) instead of (2.1), we can see that the conditions of

Lemma 2 are satisfied for the second part in (3.1) with D = C\ {1 + %ﬁgl} x C.

We can prove (3.2) by using the similar arguments to those detailed above with (2.3) instead of (2.1) with D =
C\ {1 + ll/fg} x C, so we omitted the proof of (3.2). Therefore, the proof of Theorem 1 is completed.

Theorem 2. If f(z) € X, then

v+1,k,m v,k,m v,k,m
Ecaﬁ,n CECa,ﬁ,n CEC%B_HW, (3.7)
and
Jk,m+1 kK,
SCy g, CEC (3.8)

Proof. To prove (3.7) applying (2.4) and using Theorem 1, we observe that

f(z) € DCTELN™ = —2f'(2) € RS

= —2f'(2) € BSLYNT = f(z) € DCTF.

Also

= f(2) € SCYFT = —zf'(2) € LG

*,7,k, Sk,
= —z2f'(2) € ZSQ%H’Z <~ f(z) € zcg,ﬁfm.

By the same manner we can prove (3.8) which evidently completes Theorem 2.

Theorem 3. If f(z) € X, then

B Gy " CBKLE C BRI, (3.9)
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and
KR CNKET (3.10)

Proof. To prove the first inclusion, let f(z2) € ZKgElnk . Then, there exists a function g(z) € ZSa’gt; £ such that

. (z(ﬂlfgl,;’“’mf(z))) .

+1,k,
z,ﬁ,n mg(z)

Let

215 (2)

K,
L5 a(2)

where h(z) is given by (2.6). Using (2.1), we have

= —0 — (1—0)h(2), (3.11)

ARG R) DT (2f(2)
Jk,m - k,m
g (2) I ma(2)
_ Ay @)+ ()R (51 ()
(5 9() +(5 )G o=

.
k
+ k,
k B.m

(5 (= () (m) LS

+ ,

Ha B, ng(Z)

) (152)
a,B,m Q(Z)

okm

Since g(z) € BS., ’W'H b nst ’W’k , "+ from Theorem 1, we have

ALy 5mg(2)

e
Tasm 9(2)

=—6—(1-6)x(2), (3.12)

where x(z) = g1(z,y) +ig2(z,y) and R{x(2)} = ¢1(z,y) > 0 in U. Then, by using (3.11), we have

Z(W ’””(zf/(z>))’

SOV (O) B T A 3.13
Lm0 () (3.13)
Differentiating (3.11) with respect to z, we have
2(= <H<, i) /

By substituting (3.14) into (3.13), we have

2" (=) (1—0)zh'(2)
— 220" L o=—¢(1-0)h(z)—
1" g(2) i (=) (1—6)x(2) + 6 — (%)
Let
(1—-o)v

o(u,v)=(1—-0)u—

with h(z) = u = uy + iug, zh/(2) = v = v1 + ive. Then
i) @(u,v) is continuous in D = C\D* x C, where
D*={z:z€Cand ®{x(2)} = g1(z,y) > 1+ ﬁ},
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i1) (1,0) € D and R{x(1,0)} = (1 — o),

ii1) R{p(iug,v1)} <0 for all (iug,v1) € D and such that v; < ——; ),

—(1—-0o)v
et = (1—6>x<(z>+6)—1(’m)
) 1-o) [(52) -6 - (1= ) (@ m)]
e naey o (52)] 4 10 - Dt
_ (1—0)(1+ud) [(“%)—5—(1—6)91(%?;)}
2f[a- v o ()] 0 - ome ]

< 0.

Therefore, the function ¢ (u,v) satisfies the conditions of Lemma 2. Thus we have Re{h(z)} > 0, that is, f € EK;E;”
By using the similar arguments to those details above with (2.2) instead of (2.1), we can see that the conditions
of Lemma 2 are satisfied for the second part of (3.9) with @ = C\Q* x C, where Q* = {2z : z € C and R{x(2)} =

gi(w,y) > 1+ 54

We can prove (3.10) by using the similar arguments to these precedent details with (2.3) instead of (2.1) with
B = C\B* x C, where B* = {z : z € C and R{x(2)} = g1(z,y) > 1 + %}7 so we omitted the proof of (3.10).

Therefore, the proof of Theorem 3 is completed.

Theorem 4. If f(z) € X, then

*,v+1,k,m *,7,k,m *,7,k,m
EKa”@,n c EKa,B,n c ZKa,B-&-Ln’

and

*,m+1,k,m *,7y,k,m
XK gn T C XK gy

Proof. Just as we derived Theorem 2 as a consequence of Theorem 1 by using the equivalence (2.4), we can also prove

Theorem 4 by using Theorem 3 in conjunction with the equivalence (2.5).

Let F}, be the integral operator

z
o0

NG =L [eswi =7+ g 1)

z
mptktl
5 =

(feX;p>02z€U").

IS FL()(2) = pIl5™ (F)(2) = (u+ DIZSTFL(f)(2) (1> 0). (3.15)

In the following theorems we will get inclusion properties which associate the operator F), with the classes ESZ’}’];’m, ZC’;’Z’ZL, YK
*7,k,m
XK a,fn
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Theorem 5. If f(z) €%, >0 and f(z) € ESZ’%”};M, then F,(f)(z) € ZS;%’;"Z

Proof. Let f € ZS;’g’Z’m and set

z (HZ’,E’,ZFH(J”)(Z))/ 14 (1 - 20)w(z)

m = : (3.16)
L5 Fu(£)(2) - w(z)
where w(0) = 0. Using (3.15) in (3.16), we obtain
5L p— (et 2—20)u(z) (3.17)
I FL(f)(2) p[l—w(z)]
Differentiating (3.17) logarithmically with respect to z, we have
z(HzET:f(z))’ 14+ (A =20)w(z) | zw'(z)  (p+2—20)zw'(2) (3.18)
A" 1) “w() 1w h-(pt2-20)u(s)’ |
so that .
ADERIE) | (-9 (tw() | aw()  (p+2-20)aw(s)
Tt T 4 5= + - . (3.19)
AT 1) Tw() 1w e (2 20)u()
Let max,_ __  |w(2)| = [w(z0))| =1, 20 € U and applying Lemma 3, we have

zow' (20) = Cw(zg) ¢ > 1.
If we set w(zo) = €, § € R in (3.19) and observe that

NLELIEEE

then, we have

%{Z(Hllg’,?f(zo))/+5} _ §R{zow/(zo) (u—|—2—25)zow'(zo)}

L5 f(2) T—w(z) p—(p+2—20)w(z)

7 B 2(1 — 8)¢e®
- AT T )
201 —0)(p+1-9)
w2 —2pu(pu+2—25)cos + (u+ 2 — 26)2
> 0,

which obviously contradicts the hypothesis f(z) € ZS;gf]m Consequently, we can deduce that |w(z)| < 1 for any

z € U, which, in view of (3.16), proves the integral-preserving property asserted by Theorem 5.
Theorem 6. If f(z) € X, >0 and f(z) € EC;’ZZL, then F,(f)(z) € EC;’Z?

Proof. Applying (2.4) and using Theorem 5, we observe that

Wk, 7, k,m *7,k,
fz) € BCyg) &= —z2f'(2) €S = F.(—2f'(2) e S5,

=  —2(F.f(2) € SCTE™ = Fu(f)(z) € SCTET

which evidently proves Theorem 6.

Theorem 7. If f(2) €%, p >0 and f(2) € EKgg;n, then F,(f)(z) € EKgg;n
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Proof. Let f(z) € SK"%™ Then, there exists a function g(z) € £5%7%%™ such that

B " a,B,m
(R (2)
%<(:fﬁﬂ))><a
]Ia7,57,n 9(z)
Let .
2(IVF™F, z))
( o DO, (1—0)h(2), (3.20)
HaZB:n FN (g) (‘Z)
where h(z) is given by (2.6). Using (3.15), we have
Jk,m 4 Jk,m
Mgy f2)  Igy (=2f'(2)
Jk,m - Jk,m
I 9(2) L5 9(2)

(#—0—1)]11"];"7; Fu (—zf’(z))

(DL F, (9)(2)

+
- k,m 7
(L5 Fu(@)(=) +
ok, Jk,m
(1T (—21' () +(u+1)lg’ﬁ’" Fu(—=5(=))
1T Fu(9)(2) 1T Fu(9)(2)
(050 Fr @)’

T i (9) (=)

_ AR (=2l))
)

+u+1

Since g(z) € £55%™ then from Theorem 5, we have F,,(f)(z) € £S575%™, we set

a,Bn a,B,n
(LT Flug(2))
e P — 5= (1= ) x(2), (3.21)
Ha,ﬁ,n Fug(z)
where x(2) = g1(,y) +ig2(x,y). Then
gy v SR (= @) o+(1—c
Z(]I’(Lﬁ,n f(Z)) o HZ:%’,?F“(Q)(” Hut D)o+ (1-o)h(z)] (3 22)
Jkym - 5+(1—0 —p—1 . .
]Il,ﬁ ng(’z) (1-0)x(2)—p

Differentiating (3.20) with respect to z, we have

z (z(HZ:;"rFMf(z))/)/

1™ FLg(z)

=—(1—-0)2l(2)+ [0+ (1 —0)x(2)] [0+ (1 —0)h(2)]. (3.23)

By substituting (3.23) into (3.22), we have

A () 1~ 0)zh(z
’Y/f:r]l +0{(10)h(z) —6( ) 6(—) — }
L5y 9(2) (1-9)x(=) + p—1
Let i )
—o)v
= ]_ — —
e IO ey
with h(z) = w = w1 + fue, 2h/'(z) = v = v1 + ive. We can see that the conditions of Lemma 2 are satisfied

with @ = C\Q* x C, where Q* = {2z : z € C and R{x(2)} = g1(x,y) > 1 + 1£5}. The remainder of our proof of
Theorem 7 is similar to that of Theorem 3, so we choose to omit the analogous details involved. This completes the

proof of Theorem 7.
Theorem 8. If f(z) €%, u>0 and f(z) € SK2Y5™ then F,(f)(z) € EK*gf,m

a,Bm e}

Conclusions
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This article have many application in the future we can calculate applications in differential subordination.
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