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Abstract

In this paper, efficient modification of Adomain decomposition method is proposed to solve nonlinear partial
differential equations. Yields solution in rapid convergent series from easily computable terms to get exact
solution, and yields in few iterations we get exact solution. Moreover, this modification does not require any
linearization, discretization, or perturbations and therefore reduces the computations. Two illustration
examples are introduced and illustrate the procedure of modification is simple yet highly accurate and rapidly
converge to exact solution compares with the ADM or other modifications. The methodology presented here
is useful for strongly nonlinear problems.
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Introduction

In the last three decades, the Adomian Decomposition Method (ADM) has confirmed successful in getting
analytical solution of non-linear differential equations by obtained solution in terms of convergent power
series [1]. This method does not require discretization of the variables or domain [2, 3]. The theoretical analysis
of convergence for the series solution of ADM has been studied by Adomian [4], Cherrault [5], Cherrault et al.
[6], and Chrysos et al. [7].

In recent years, there has been development in the application of ADM in solving partial differential equations
(PDEs) with variable coefficients. For example, Wazwaz and Gorguis [8] also used the ADM solved linear heat-
like and wave-like equations with variable coefficients. Soufyane and Boulmaf [9] applied ADM to get
analytical solutions to the non-linear parabolic equation with variable physical parameters in time and space.
Achouri and Omrani [10], applied the ADM to get numerical solutions for the damped generalized regularized
long-wave equation (DGRLW) with variable coefficients, and Tawfiq et al. [11-14] used this method for solving
different model equations.

The aim of this paper is to get the exact analytical solution of nonlinear PDEs by using new efficient
modification of ADM.

Suggested Modification of ADM

The procedure of the suggested modification for decomposition method (MADM) is introduced. Firstly writes
the equation of nonlinear PDEs as:

Liu+ Ru(x,t) + Nu(x,t) =0 (D
With the I1C: u(x,0) = f(x) (2)

, , , , d . . . .
Where x € R, L: is a lower linear dif ferential operator (Lt = ); R: is a is a remainder linear operator,

which has partial derivatives with respect to x.
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t
N:is a nonlinear operator and L;l = fo ()dt

Take Og? for the equation (1), we have
u(x, t) = f(x) — L [Rux, )] = L7 [Nu(x, t)] €)

The idea of modification is represented here by decomposed unknown function u (x, t) by infinite series as:

o

ulx,t) = Z A (X)E™ 4

m=0
Also, the nonlinear term Nu(x,t)can be represented by an infinite series of polynomials as follows:
Nu(x,t) = ZAm(x)tm=A0+A1t+A2t2+--- (5
m=0
Then substitute equations (4) and (5) in (3) to obtain:

z a, OtM = f(x) — L;lR(Z am(x)tm> - Lt (Z Am(x)tm> (6)
m=0

m=0 m=0

Now, integration the right side, we have

Y an@in =10 -k (i e tmﬂ) (2 An0) tm“)

let m =m-1 on the right side of the above system, to get:

> am(0t™ = f(x) =R ) A— 1(X)— Am- 1(x)—
2 (205G w05

let ag(x) = f(x)
1
am(®) = —[=R(am-1 () = Ay ()] @
From equation (7) am can be determining then substitute it in equation (4) to get the solution u(x, t).

Illustrative Applications

Here, the suggested modification will be used to solve the nonlinear PDE with initial condition as the
following:

Example 1

Consider the following 3™ order nonlinear PDEs:
Uy + 6U U, + Uy, = 0, xe€R,

with IC: u(x,0) = k sech(kx)

To solve the equation by suggested modification, first we take = 2 SO
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t
L;1=Oj(.)dt

Take L;* to both side of equation, we have

u(x, £) = ulx, 0) + Ly [—6uPuy — Uyyy]

3

0
u(x, t) = k sech(kx) — 6L [u?u,] — @Lzl[u]

(00}

letu(x,t) = Z A ()L™

m=0
i tm+1 63 o tm+1
am()t™ = k sech(kx) — < Am(x) ) ( m(x) )

where the nonlinear term defined as:

wu, = Z A ()t = Ag + Ayt + Aygt? +

m=0

letm =m —1inthe right side of the above equation,we have

[oe]

Z am()t™ = k sech(kx) — <Z A1 (%) tm) 0’ (2 Ay 1(x)ﬁ>

m=0 m=0

ao(x) = k sech(kx)

1 93
n9 = |6 1) = 2 (10|
3
a,(x) = % [—6(A0) - % (ao(x))]

a;(x) = [—6(—k4tanh(kx)sech3(kx)) — %(k sech(kx))]

a, (x) = [6k*tanh(kx)sech?(kx) — Sk*tanh(kx)sech?(kx) + k*tanh3(kx)sech(kx)]
a, (x) = [k*tanh(kx)sech3(kx) + k*tanh3 (kx)sech(kx)]
a, (x) = k*tanh(kx)sech(kx)

0, () == [ 64— s (o (x))]
a,(x) = % [—6 (—3k7tanh2(kx)sech3 (kx)t + k7sech5(kx)) — %(k sech(kx))

a,(x) = % [18k7tanh?(kx)sech?®(kx) — 6k7sech®(kx)t + 5k sech®(kx) — 18k7tanh?(kx)sech3(kx) +
k7tanh*(kx)sech(kx)]
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a,(x) = % [—k7sech®(kx) + k7 tanh*(kx)sech(kx)]
a,(x) = % [k7sech(kx) (tanh4 (kx) — sech“‘(kx))]
a,(x) = % [k7sech(kx) (tanh2 (kx) — sech? (kx))]

1 k7
a,(x) = > [—7sech (kx)(3 - cosh(ka))

a,(x)=— %sech3(kx)(3 — cosh(ka))

Therefore,
ulx, t) = 2 A (O)t™ = ay+ ayt + ayt? + -
m=0

7

k
u(x, t) = k sech(kx) + k*tanh(kx)sech(kx) — Zsech3(kx)(3 - Cosh(ka))t2 + -

Itis clear that the series is closed to

u(x, t) = k sech(k(x — k2t))

This is exact solution.

Example 2

Consider the following 3™ order nonlinear PDEs:

Uy — 6UU, + Uy =0, X€R,
) —K? 5 K
with IC: u(x,0) = TSech (Ex)

Solution

. P . 7]
To solve the equation by suggested modification, first we take = 3 SO

t
L;1=f(.)dt
0

Take L;* to both side of an above equation, we have

u(x, £) = ulx,0) + Ly [6Ully — Uy

—k2 ok B 3
ulx, t) = TSech (EX) + 6L, [uu,] - ﬁl‘t [u]
letu(x, t) = Z A ()L™
m=0
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[oe]

2

m=0

Am()t™ = TSech2
where the nonlinear term defined as:

Uy = Z Ap()t™ = Ay + At + Ayt? +

m=0

( )+6<Z An()—

tm+1 tm+1

)35 Zenor)

letm = m — 1onthe right side of the above equation, we have

[o0]

2,

m=0

Am(X)t™ = TSech2

&)

1 03
A (x) = E [6(Am—1(x)) - @ (am—l(x))

—k2 5
aog(x) = TSech

3
a; (x) = % [6(Ao) —~ % (ao (x))]

( ) +6<Z A, 1(x)tm>

63

9x <ZO am—l(x)%

9,3

)

9 =6~ ann(E2) secn (Ex) ) 222 seen (£2)
a,(x) = 7 tanh{5x ) Sech* (o x e ech?(>
9= |22 () s ()~ () s (52)  5eann(c) s ()
alx—_ 5~ tanh (5 x ) Sech*|Sx 5 tanh?®(Zx | Sech? (5 x anh(7x ) Sech*| 5 x
k> k k k> k k ]
| —— 4 _ - 3 2 _—
a;(x) = 3 tanh( x)Sech <2x) > tanh <2x>Sech <2x)
5 k k\\
a,(x) = —7tanh< x)Sechz( )(Sech2< )+tanh2<§x)>

k5
a,(x) = ——tanh

(et

2
1|
az(x)=§ 6(4;) — (al(x))
()—l_6 Z_kgt hZ(E )S h4<E )+k_85 h6<E> 6_3 k_st h(k )S hZ(E>
a;(x) =7 5 tanh®(5x)Sech®| 5 x g Sech®(5x 323 o tanh{Zx | Sech®(Zx
(0= 2 [settam () sech () + 2 secno () -2 seene ()
azx—Z- anh®| 7 x)Sech® |2 ech®(3 > Sech® (5
+11k8t hz(k )S h4(k ) kst h4<k )S hZ(k )
anh®(Zx | Sech* (5 o tanh* (5 ech® (S x
1| k8 k k k8 k k8 k k
N 2 (% 4 (2 r 6 _* 4 2(*
a,(x) 2[ 4tanh <2x>Sech (2 ) Sech (2 ) 3 tanh (2 )Sech <2x>

(SO
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(= 2| camn () s (S) (secn () atann () ) 4 0 seens ()
a,\x —2 4 an 2x ec Zx ec Zx an 2x 4 ec ZX

a,(x) = % _k;Sech4 (gx) (—cosh(kx) + 2)]

a,(x) = %SSech4 (gx) (2 — Cosh(kx))

Therefore,
(0]
ulx, t) = Z A (O)t™ = ay+ ayt + ayt? + -
m=0

—k? k k5 k k k8 k
- 22 - - 22 - 4(Z _ 24 ...
u(x, t) > Sech <2x) > tanh(zx)Sech (zx)t+ 3 Sech <2x) (2 cosh(kx))t +

Itis clear that the series is closed to

ulx, t) = _Tszech2 (g (x— kzt))

This is exact solution.

The Convergence Analysis of Suggested Modification

In this section the convergence of the MADM will be discuss. Now, consider the general form of equation as:
u-Nu=f cueH (10)

where H is the Hilbert space, N is the nonlinear operator N: H - H and f is also in H. Substituting the
decomposition series equations (5) and (9) in equation (10) to get:

Z?:oun(x: t) — §=0An(xr t)y=f
So, the recursive terms are got by: uo = f and un+1= An (Uo, U1, ..., Un)
MADM suggest finding Bn = u1 + uz + U3 + ... + Un by using iterative scheme Bo =0

Bn+1 = N (Bn + uo), where
n
N(Bn + ug) =) 4,
i=0

If the limit exist in a Hilbert space
B = lim B,

n—-oo
then B is a solution of the equation B = N (uo + B) in H.

Theorem 1

Let N be a nonlinear operator, N: H — H where H is Hilbert space and u be the exact solution of equation (10).

The decomposition series Y7 ouUy (x,t) converges to u when
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Jy <1; llupsll < vllugll ,n ez
Proof

We need to prove the sequence Bn = u1 + U2 + U3 + ... + Uy, is @ Cauchy sequence in the Hilbert space H.

IBn+1 = Bull = llunsall S villunll < v2llup-qll < -+ < y™ il

Now, we show By is Cauchy sequence:

”Bm - Bn” = ”(Bm - Bm—l) - (Bm—l - Bm—z) -t (Bn+1 - Bn)”
= ”Bm —Bm-1 " + IBm—1 —Bm—2 Il + lIBm—2 = Bm—3 [ + -+ " Bh+1—Bn ”
Y™ luoll +y™ Hlugll + ... + ¥ lull

INA

(Y™+ y™ ey ) el

S()/n+1 + yn+2 + .. ) ”uO”
n+1
S0, ||By — Byll = ’;Tylluoll, forn,meN; m>n

Since ¥y < 1, the sequence B,, n = 0, ..., co is a Cauchy sequence in the Hilbert space. Hence,
lim B,, = B.

n—-oo

so B is the solution of equation (10).

Conclusions

In this research we consider the homogeneous nonlinear PDEs with variable coefficients and initial condition.
To solve it, new efficient modification of ADM is applied. Then, it is seen that suggested modification has the
same exact solution. In addition to their effectiveness and usefulness in solving nonlinear PDEs, we show that
this modification is powerful tools in solving nonlinear PDEs with initial conditions. Compared to ADM, other
modification, or other methods for solving nonlinear PDEs, there is no need for linearization of nonlinear terms
(16-17), no need to calculate Adomian polynomial. Moreover, we can easily and rapidly attain the solution if
we use MADM compared with ADM or other modifications as shown in solving illustrated examples.
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