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Abstract

In this paper, a new approach for solving partial differential equations was introduced. The collocation method
based on LA-transform and proposed the solution as a power series that conforming Taylor series. The method
attacks the problem in a direct way and in a straightforward fashion without using linearization, or any other
restrictive assumption that may change the behavior of the equation under discussion. Five illustrated examples
are introduced to clarifying the accuracy, ease implementation and efficiency of suggested method. The LA-
transform was used to eliminate the linear differential operator in the differential equation.
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Introduction

Differential equations can be used to describe physical, engineering, biological and chemical phenomena as a
mathematical manner, as well as their use in economic, sciences and engineering. Differential equations have
developed and become increasingly important in all fields of science and their applications. Therefore, getting
the solution of the differential equation is very important in mathematics and these fields. Only the simplest
differential equations can be solved to obtain the exact solution. Many methods have been proposed to obtain
approximate or analytic solutions to solve it, such as, homotopy analysis method (HAM) [1 — 5], homotopy
perturbation method (HPM) [6 — 11], Admoain decomposition method (ADM) [12 — 17], variational iteration
method (VIM) [18 — 20], artificial neural network (Ann) [21 — 25], Laplace decomposition method [26, 27], Sumudu
decomposition method [28-30] and Collocation Method [31-33]. All decomposition methods are proposed the
solution as a series form and then the solution obtained iteratively.

In this paper, we present a new approach for solving PDEs based on suggested the solution as a series form that
actually matches with Taylor series.

In the next section, we will introduce the definition of the LA-transform and main of its properties that are used
in suggested approch to eliminate the linear differential operator in the differential equation.

1. LA-Transform and its Inverse

LA-transform is integral transform suggested by Luma and Alaa in [35] which is defined as follows:

[oe]

fo) =) = [ et (5 ae, ®

0

Where v is a real number, which is improper integral converges. Table (1) gives the main properties of this
transform.
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Table 1: Main Properties of LA- transform
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where f and g are functions, a and b are constant.

Let the functions f(v) = T{f} is the LA-transform of the function f(t), then f(t) called the inverse transform of the
function f(v) and denoted by: f(t) = T"{f(v)}

We noted that The inverse transform has a linear combination property, i.e.,
n n
T! {Z akfk(v)] = Z a T H{f ()}

k=1 k=1
For more details and the advantages of this transform see [35].
2. Suggested Method

To illustrate suggested method, rewrite a general IVP as:
L(uX,0)) + R(uX,0)) + N(u(X,t)) = g(X,t) (2)

With the initial conditions (ICs):

o*u(X,t)

Tli:ﬂsz(X) ,k=01,...,n—-1 3)
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where L(.) = P n) ,n=1,2,3,...isalinear operator of the partial derivative with respect to t, R(.) is the remained

of the linear term, N(.) is a nonlinear term, g(X,t) is the inhomogeneous part and X is space independent
variable. R(.) and N(.) are free of partial derivatives with respect to t.

In this method the unknown function u(X,t) can be expressed as infinite series of the form:

(oo}

WX, ) = ug(X) + uy (X) ¢ + upy(X) 62 4+ - = Z we (X (4)
k=0
Where
1 0*u(X,t)
we(X) = Tlt:ﬂ (5)

The next step is to determine the terms u,, (n=10, 1,2 ...).
Taking the LA-transform (with respect to the variable t) for the equation (2) to get:

T{L(w)} + T{RW)} + T{NW)} = T{g(X,t)} (6)
From the properties in the Table (1), equation (6) becomes:

n-1
ak
VT Zv" T | o+ TERG) + TONGD) = T(g(X, ) @

=0

From equation (3) we have:

VM) - ) A0 + TRGDY + TING) = T{g(X, )} (®
k=0
So:
< 1 1 1
Tl = Y v fe () — - TRGD) - - TN} + - T(g(X, 1) ©
k=0

Taking the inverse of the LA-transform for both sides of equation (9), to get:

1 (1 (1
u(x, 1) = Z fen -1 Lrraop - S rwven}+ T (L)) ao)
Now in equation (10) we can get (depending on equation (4) and since the operator R is independent of

o1 {E TR = T {Z TR, w00 = T {5 i, R (e (00) T{tk}} -

- {vinz’?=°R(uk(X)):!} o R(w (X)) k! T {n+k} Yi= OR(uk(X)) (11)

(n+k)'

Also, the nonlinear part N(u) of equation (10), can be written as follows:

NQw) = Z N, £k (12)
k=0
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Where

1 9*N(u(X,t
RZE# t=0 (13)

Then the nonlinear part of equation (10) can be written as:

- {vinqr{zv(u)}} =Tt {%T{i th"]} =T {%i NkT{f"}} - T‘l{ Z } Z N ]
k=0 k=0

[oe]

k! n+k
=) N TSI (14)
k=0

Finally, we can write the inhomogeneous term as follows:

1 [oe]
G, =T {v—nT{g(x, t)}} = gut* (15)
k=0
Where
1 0*%G(X,t)
9k =91 gk le=0 (16)

Substituting equations (11), (14) and (15) in equation (10) we have:

[oe]

k! k! -
u(X,t) = Z fk(X) L Z R(1 (X)) CEasTL ;Nk ot ;gktk 17

For all j = n substituting equation (17) in (5) to get:

19/uX,b) 10/
w(X) = %T =0 = 51307 [ka( ) Z( +k),(R(uk(X))+N)t”+"+Zg tl (18)

t=0

k
Since j =n then — o [Zk o k(X)i—! =0 and

, 0 i>k

J k=j > g
at (k—j)!t k=>j

So equation (18) becomes:
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hence  wj(X) =g; — G ;!n)! (R (uj_n(X)) + Nj_n>, j=n (19)

Then substituting equation (19) in (4) to get u(X, t).
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3. Applications
In this section, we will introduce some examples to illustrate reliability of suggested method.
Example 3.1: Consider the following 15t order nonlinear inhomogeneous PDE:

u, —ul=t2, u(x, 0) = x?2

It is clear that L(u) = 2—1: i.e. n=1, R(w) =0, N(u) = —u2 and since g(x,t) = t? then:

2
T{g(X, 0} = T{t}} =

SO,

G=T71 {%']I‘{g(X, t)}} =T-1 {%%} =2T! {i} _Z =% ¢3

Then by equation (16) we have:
1
g3=§ and g, =0 V k#3

From the ICs u, = x2. Also, by (13) we get:

2
No = %N(u(X, t)le=0 = _(uox) = —4x?
And by equation (19) we have:
w (0 = g1 — S (R(waoy (0) + Ny_y) = 0+ (0 +4x?) = 422

19 N(ux,t) d N(-u2
Ny = _tho = Mh:o =

—2u, U
1! at at xlxt]

— — 2
lieo = —2Ug, Uy, = —32X

u; () = g5 — 2 (R(upe1 (00) + Npy) = 2 (326%) = 16 22

182 N(u(X,1)) 1 0% N(—u?) 1 2
2= o gz =0 = sz le=0 = —5[2 (Uyt)® + 2 Uplyye]), o, = — [(ulx) + Zuoxuzx]

= —[64 x2 + 128 x2] = —192 x?

3—-1)! 1 1 1
Us(X) = g5 — %(R(ug_l(X)) +Nyy) =3 +35(192x%) = 2+ 64 22

1% N(u(X, 1)
3= 31 ¢ t=0 = —3 [6 Uprthyee + 2 uxuxttt]|t=0 =
= —1024 x?

1
— g [12 Wz, + 12U, Uz, | = —(256 x* + 256 x7)

w,(X) = g, — %(R(ull_l(X)) + Nyoy) =5 (1024 x2) = 256 x2

Similarly
us(X) = 1024 x%, ug(X) = 4096 x2, ..., u, (X) = 4*x2 ,k = 7,8,9, ...

Then from equation (4), we have:
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1
ulx, t) = ug(x) +uy () t + uy(x) 62 + - = x2 + 4x2t + x?(4t)% + (§ + x243> 3+ x2(4t)* + -

[oe]

1
=3 t3 + x? 2(415)"

k=1

This is closed to the exact solution:

3 2

t X
u(x,t)=§ +1—4t

Example 3.2: Consider the following 2" order nonlinear PDE:

1
U (x,t) —ulx, t) + Zu,zc =0, u(x,0) =1+ x2,
2
It is clear that L(u) = ZTZ ie. n=2, R(u)=—u, N(u) = %u,zc and since

0,1,2,..

From ICs uy = 1 + x2 and u; = 1. From equation (13) we get:

1 1 1
N() = EN(u(X, t))|t=0 = Zufsz — Z(ZX)Z = 52

N = 19 N(u(X,t))l _ 19 (u,%)l _
LERETRPT: t=0 7" 4 ¢ =07

% 2ug . u;, =0
By equation (19)
u(X) = g, _%(R(uz—z(x)) +Np_p) = —% (-1-x*+x%) =%

1 9% N(ux,t)) _119%uf

N, = =
27 g at2 t=0 7" 4 21 5tz

1 1
le=o =5 (uf, + 2uo, up,) = ; (0+0) =0

us(X) = gs _%(R(u%Z(X)) +N;_p) = —% (=1+0) =%

Similarly

1 1 1
U4_(X) = ; , US(X) = ; ,...,uk(X) :E ) e

Then by equation (4), we have:

u(x,0) =1

g(x,t) =0then g, = 0Vk =

2 2 1 2 1 3 4
ule,t) =ugl) +u () t+ u, () t*+-=x*+1+t+—-t*+—-t>+—t*+

2! 3!

This is closed to the exact solution:

u(x, t) =x%+et

1 1
g2 Lok
41 _x+2mt

Example 3.3: Consider the following 3-dimentions 2" order nonlinear homogeneous PDE

U+ UU — Uy — Uy — U, =0,

2 et

-1
subject to IC: u(x,y,z,0) = P ,Where u = ?(x +y+2)
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du(x,y.zt)

It is clear that L(u) = o

ie. n=1, R(W) = —Uyy — Uy, — Uy, N(u) =uu, and since g(t) = 0 then:

ge=0, Vk=01,2..

By IC: ug = % ; and from equation (13) we get:

1 —4e2k
No = = N(u(®))lt=o = totto, = m
By equation (19)
(1-1)! 2 ek

U =g, — (R(uj—1) + Ny_y) = FERID?

1!

N = 19 N(u®) _ 4e?H(et-2)
170 ae le=o = 9 (el+1)*
(2-1)! et (1-eH)
Uz = g2 =5 R(uz-1) + Noon) = Sus
N, = 19%N(u®) _2e%H(7et-e?t-4)
27 a2 t=0 = 27 (ef+1)5
(3-1)! et (1-4 etye2H
Uz = gz — —— (R(uz_1) + N3_y) = W
N. = 133 N(u®) __2e%H(e3H433 eH-18e2H-8)
373 g3 0T 243 (eF+1)6
(4-1)! eM (1-11 et+11 e2H—e3H
Uy = Ga — (R(ug-1) + Nyy) = ( )

4! 972 (eH+1)5

Then from equation (4), we have:

u(t) =ug+ug t+ uy t2+ -
2e"+ 2 e . et (1—et) , et (l—4det+e®) |

T et+1 0 3(et+1)2 9 (et +1)3 81 (e# + 1)*
et (1—11et +11e2* —e3H)

t*+ ...
972 (et + 1)5
This is closed to the exact solution:
2 e;1+1.’/3
uny 2t = Gy

Example 3.4: Consider the following 3™ order nonlinear inhomogeneous PDE:
Upee — U Uy +u? —u =3 ¥t
subject to ICs: u(x,0) =0, u,(x,0) =e* u, (x,0)=2¢e*

3
It is clear that L(u) = ZTZ i,e. n=3, R(w) =—u, N(uw) = —uwu, +u? andsince g(x,t) = 3 e**t then:

T{g(X, t)} = T{3 ex“} =3 e¥ UL_l
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v 1 v+1 1
1}=3ex’ﬂ“_1{7}= 3ex’ﬂ“_1{— +—}

1 1
— -1 — -1 x
s0,G =T {173 T{g(X, t)}} T {173 3e — Py 2 p—)

2
3t (pt_p_
=3e*(e" -t > 1)

Then by equation (16):

9o=0

1060
gl_ﬂT|t=0_0

_10%6(xD),
gz_ZTh:O_O
1%, 3e*
937317 g3 =0T T3
Ii = 0 k=3,4,5,..

2e*
From the ICs we have: uy = 0, u; = e*, andu, = - = e~.

From equation (13) we get:

No = = N(u(X,0))leco = —tolto, +u3 =0
_1aN(uXx,t))
T e

0 (uu, —u?)
le=0 = T le=o = [utxy — wuy + 2un]),_ ) = —uouy, — wgu, + 2uou; =0

_iaz N(u(X,0)) 3 _iaz (u u, —u?)

2720 otz =07 2 at2 =07 21
— _ _ 2 — _p2x 2x —
= —Ugly, — Uglp, — Ug, Uy + UT + 2 UgU, e*+e 0

2
[~ el = Ullpr — UneUe — UpUye + 2Uf + 2UlUye]),

By equation (19) we have:
(0 = g3 = 52 (R(us 5 (0) + Ny ) =25 =2 0+ 0) =5

163 N(u(X,t))

N. =
373 a3

le=o =0

X

uy(X) = ga _%(R(uzt—s(x)) +Ny3) = %_}_lex ==

4! 3!
Similarly

ex

us(X) = i—! , ug(X) = 65_! o U (X) = (k-1)!’

k=3,45,..

Then from equation (4), we get:

1 1 N
u(x,t) =u0(x)+u1(x)t+ uz(x) t24..=0+teX+t2e* +5t36x+§t4ex+'" =O+Z—(k—1)ltk
. . k:l .

o i k=1 - 2, ¢k
=re _— e —_—
— | |
o] (k—1)! k:ok'
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This is closed to the exact solution:
u(x, t) = te**t
4. Conclusions

In this research, new approach to solve PDEs is proposed. Suggested method basis on combination of LA-
transform with power series is proposed to get the exact solution of non-linear, non-homogenous PDEs. The
experimental results show that the suggested method is computationally efficient for solving those types of
problems and can easily be implemented. The obtained results show that our proposed methods have several
advantages such like being free of using Adomian polynomials when dealing with the nonlinear terms like in
the ADM and being free of using the Lagrange multiplier as in the VIM.
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