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Abstract

The purpose of this paper is to explore the concept of the regional boundary asymptotic gradient full order
observer (RBAGFO-observer) in connection with the characterizations of sensors structures. Then, we present
various results related to different types of measurements, domains and boundary conditions for distributed
parameter systems (DPSs) in parabolic systems problem. The considered approach of this work is derived from
Luenberger observer theory which is enable to estimate asymptotically the state gradient of the original system
on a sub-region of the domain boundary 9Q in order that the RBAGFO-observability notion to be achieved. We
also show that there exists a dynamical system for the considered system is not BAGFO-observer in the usual
sense, but it may be regional RBAGFO-observer.
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1. Introduction

There are many situations in modern technology in which it is necessary to estimate the state of a dynamic
system using only the measured input and output data of the system [1]. An observer is a dynamic system $
which to estimates the state of another considered system S using only the measured input and output letter.
If the order of S is equal to the order of S, the observer is called full-order state observer [2-4].

The asymptotic observer theory explored by Luenberger in [5] for finite-dimensional linear systems and
extended infinite-dimensional distributed parameter systems govern by strongly continuous semi-group in
Hibert space by Gressang and Lamont as in [6]. The study of this approach via another variable like sensors and
actuators developed by El-Jai et al. as in ref.s [2-7] in order to achieve asymptotic observability.

One of the most important approach in system theory is focused on the reconstruction of the state of the system
from the knowledge of dynamic system and the output function on a sub-region w of a spatial domain Q this
problem is called regional observability problem has been received much attention as in [8-10].

An extension of this notion has been given in [11-12] to the regional gradient case. The regional asymptotic
notion has been introduced and developed by Al-Saphory and El- Jai in [13-14]. Thus, this notion consists in
studying the asymptotic behavior of the system in an internal sub-region w of a spatial domain Q.

Thus, the asymptotic regional state reconstruction studied and developed in [15-16] and extended to the
regional asymptotic gradient full-order observer (RGFO-observer) which allows estimating the state gradient of
the original system.

The purpose of this paper is to study and examine the concept of RBAGFO-observer by using the choice of
sensors. The principle reason for considering this case is that, in the first time, the existent of a dynamical system
which is observed asymptotically the gradient of the system state on some boundary region I c dQ [17]. In
second time, it is closer to a real situation, the treatment of water by using a bioreactor where the objective is
to observe the concentration of substrate at the boundary output of the bioreactor in order the water regulation
is achieved (for example see figure 1).
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Fig. 1: Observation of substrate concentration at the boundary output of the reactor.

The outline of this paper is organized as follows: Section 2 is devoted to the problem statement and some basic
concept related to the regional boundary gradient stability (RBAG-stability), regional boundary asymptotic
gradient detectability (RBAG-detectability). Section 3, we focus on RBAGFO-observer so we introduced and
characterize the existing of RBAGFO-observer to provide RBAGFO-estimator of gradient state for the original
system in terms of sensors structure. In the last section, we have been applied these result to the two (DPSs) for
different zone and pointwise sensors case.

2. Problem Formulation and Preliminaries
This section present considered system and formulation of the problem with some definitions and
characterizations, which is related to the present work.

2.1 Problem Statement

Let Q be an open bounded subset of R™ with boundary dQ and ' be a region subset of dQ. We denote Q =
Q X]0,0[ and X = 9Q x]0, co[. Consider the parabolic system which is described by the following state-space
equation

(50 =AxED+Bu®)  Q
x(£,0) = xo(k) 0 (1)
Zmt=0 5

augmented with the output function

v (.,t) =Cx(.,t) (2) * The separable
Hilbert spaces are X, U and O where X = H'(Q) is the state space, U = L?(0, T, RP) is the control space and 0 =
L?(0,T, R9) is the observation space, where p and q are the numbers of actuators and sensors.

e A= ijz,%(aij %) with a;; € D(A) (the domain of A) is a second-order linear differential operator, which
J J

generates a strongly continuous semi-group (S,(t) )¢ On the state space X and is self-adjoint with compact

resolvent [18].

» The operators B € L(RP,X) and C € L(X,RY) depend on the structure of actuators and sensors as in [19]

(figure 2)
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Fig. 2: Mathematical model: domain Q, region I, and sensors Locations.
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» The mathematical model in figure 2 is more general and complex than the the spatial case of real model in
figure 1.

« Under the given assumptions above, the system (1) has a unique solution given by the following form [20-21].
xX(&,8) = S4(Ox%0(8) + [ Sa(t — $)Bu(s) ds 3)

* The problem is how to reconstruct a dynamical system may be called estimator for the current state gradient
in a given region on T, and to give a sufficient condition for the existence of a RBAGFO-observer.

« The initial state x, and its gradient Vx, are supposed to be unknown, the problem concerns the reconstruction
of the initial gradient Vx, on the region I of the system domain 9Q.

» Now, we consider the operator K given by the form

K:X -0 4

x = CS,()x
where K is a bounded linear operator as in [7, 22, 24]. And the adjoint operator K*of K is defined by
K*:0 - X, and represented by the form

K'y* = [, Si(s)C"y" (s)ds 5)

« The operator V denotes the gradient is given by
V:H'(Q) - (H'(Q) )"

{x - V,= (;—;, ""a%) (6)

and, the adjoint of V denotes by V* is given by

{V*:(H’(Q))" - H'(Q) @)

x—> Vy=v
where v is a solution of the Dirichlet problem

{Av= —div(x) Q
v=20 a0

©)
* The trace operator of order zero is described by [23]
Yo H'(Q) - H?(00) )

which is a linear, subjective, and continuous [20]. Thus, the extension of the trace operator [23] which is denoted
by y defined as

y: (H' Q)" - (H'?(0)" (10)
and the adjoints are respectively given by y,*, y*.

« For aregion I of 00, we define the gradient restriction operator by the form
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X (H'2(0Q)" — (H2 (M) (1m
where the adjoint of yr denotes by xr is defined by
xr: (H2(D)" — (H2(0)" (12)

« Finally, we denote the operator Hp+; = xryVK* from O into (H'/2(I'))™ and the adjoint of this operator given
by Hf-, = KV'y"xr.

» For a sub-region I' of the boundary regional boundary gradient Iz ="
Now, the problem is how to build an approach which observe (estimates) regional state gradient on a region
™ of the boundary dQ ¢ Q asymptotically by using a dynamic system (an observer) in full order case only may

be called full-order observer in region . The important of an observer is that to estimates all the gradient of
state variables, regardless of whether some are available for direct measurements or not [1].

2.2 I'*G-observability and I'* AG-detectability

This sub section devotes the relation between the concept of RBG-observability and RBAG-detectability on ™.
As well known the observability [19-22] and asymptotic observability [1-5, 7, 24] are important concepts to
estimate the unknown state of the considered dynamic system from the input and output functions. Thus, These
notions are studied and introduced to the DPSs analysis with different characterizations by El-Jai, Zerrik and Al-
Saphory et al. in many paper for example [8-18, 28-31] in connection with strategic sensors.

+ The systems (1)-(2) are said to be exactly regionally boundary gradient observable (ET"*G-observable) on '™ if
Im H = ImypVK* = (H'/2(T")"

* The systems (1)-(2) are said to be weakly regionally boundary gradient observable (WTl"G-observable) on I
if

Im H=Imy-VK*=(H"/? ()"
It is equivalent to say that the systems (1)-(2) are WI*G-observable if
Ker H* = kerK V*y = {0}
« If the systems (1)-(2) are is WI*G-observable, then x,(¢, 0) is given by
xo = (K*'K)"'K*y = K1y,
where KT is the pseudo-inverse of the operator K [9-10].

A sensor (D, f) is a regional boundary gradient strategic (I"G-strategic) on I'" if the observed system is Wl G-
observable.

« The measurements can be obtained by the use of zone or pointwise sensors, which may be located in Q or
00 [24].

« Then, according to the choice of the parameters D; and f;, we have different types of sensors:

« It may be zone, if D; € Q and f; € I?(D;). In this case, the operator C is bounded, and the output function (2)
may be given by the form
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y(@©) = [, 2§, 0f(§) d§ (13)

« It may be pointwise, if D; = {b;} with b; € Q and f = §(.—b;) where § is a Dirac mass concentrated in b [14,
21, 28]. In this case, the operator C is un bounded, and the output function (2) may be given by the form

() = f, x(€,0)8,,(¢ — b)) dé (14)

« It may be boundary zone, if T; € dQ and f; € L°(T;), the output function (2) may be given by the form
y(@©) = [ x(n.t) fi(n) dn (15)

Definition 2.1: The semi-group (S,(t)):s0 is regionally boundary asymptotically gradient stable (MAG-stable)
on ", if and only if for some positive constants M+, a;+, we have

”XF*YVSA(-)”L((H7/2(r*))n‘H7(§))5 Mp e vt = 0.

Remark 2.2: If the semi-group (S,(t))ss0 is I"AG-stable on (H"2(I"))", then for all x, € H'(Q), the solution of
the associated system satisfies

t'm”)(r*vvx(-;t)”(HUZ(r*))n = Jm”)(r*VVSA(t)xo”(HI/Z(r*))n
=0 (16)

Definition 2.3: The system (1) is said to be "AG-stable on I'" if the operator A generates a semi-group which is
*AG-stable on the space (H'/2(I")".

Definition 2.4: The system (1)-(2) is said to be regionally boundary asymptotically gradient detectable (M"AG-
detectable) on I, if there exists an operator Hp,z:R7 — (H'/2(I") )™, such that the operator (A— H4C)

generates a strongly continuous semi-group (SHI'*AG(t) ) t=0, Which is T"AG-stable on (H/2(r") ) ™

Proposition 2.5: If the system (1)-(2) is "G-observable on ", then it is ["AG-detectable on *. This results gives
the following inequality: 3 kr+pg > 0, such that

Il yYVSal. )XIl(Huz(r*))n < kpacllCSaC)xll 20,00y, (17)
forall ze (H2(r )™ .

Proof: We conclude the proof of this proposition is conclude from the results on observability considering
xr*VK*. We have the following forms [21, 24]

1. Imf C Img.
2. There exists k > 0, such that
f*x* |lg= < k|lg*x*||z forall x* € G*

From the right hand said of above inequality kpag llg*x* ||+ there exists M pg, wriag > 0 With kpag < Mrpg,
such that

krag lg™xll g < Mr*AGe_w'—*AGt”x*”F*

@@ 32




Journal of Advances in Mathematics Vol 18 (2020) ISSN: 2347-192 https.//rajpub.com/indx.php/jam

where E,F and G be a reflexive Banach spaces and f € L(E,G), g € L(F, G). If we apply this result, considered
E=G=HI)" F=0, f=1dy12pn

and
9 =SiOxryver

where S,(.) is a strongly continuous semi-group generates by A, which is ["AG-stable on I, then it is ["AG-
detectable on ™. Thus, the notion of I"AG-detectability is a weaker property than the [*G-observability [25-26].

3. Sensors and I'"AGFO-Observer

In this section we present the sufficient conditions which are guarantee the existence of regional boundary
asymptotic gradient full order observer (I"AGFO-Observer) on I which allows to construct a [*AGFO-estimator
on I of the state yyVTx(¢,t).

3.2 Definitions and characterizations

Definition 3.1: Suppose there exists a dynamical system with state z(,, t) € Z given by

Z(6,6) = A2(5,0) + Bu(t) + Hp 45 (Cx(5,0) — C2(,0)) Q

2(§,0) = z,()
Z(n,t) =0

(18)

M QI

In this case the operator Fy,zin general case [13] is given by Fp+,; = A — H+,;C where T =1 the identity

operator. Thus the operator A — Hy,;C generate a strongly continuous semi-group (SA—HF*AGC(t))tEO on

separable Hilbert space Z which is I"AG-stable.

Thus, 3 MA-Hr*AcC Qa-Hpe o0 > 0 such that

—QOA-H « C
S, .||<M_ e racCt vt > 0.
4=ty c O] < Macs,., >

and let Gy € L(U,Z), Hr 4 € L(O,Z) such that solution of (18) similar to (3)

Z(f! t) = SA—H *

MAG

c(O2() + 5 Sacny. ,yc(t = D) Bu@) Hryey (D) dr.

r*AG
Definition 3.2: The system (18) defines "AGFO-estimator such that
2(§,0) = xVTx (¢, t) = Ix(§,0) € (H2(M)"
where x(&, t) is the solution of the systems (1)-(2) if
!I_I;DOHZ( )] t) - x(f; t)”(H7/2(r*))‘n = 0:

and yr VI maps D(A) into D(A — Hp+,;C) where z(§,t) is the solution of system (18).

Remark 3.3: The dynamic system (18) specifies ["AGFO-observer of the systems given by (1)-(2) if the following
holds:
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1-There exists Mpgro € L (R, (H7/2(F*)) ”) and N agro € L((HW(F*)) ™ such that

= MragroC + Nragro = Iracro
ii- A= Fracro = HreagroC and Gragro =B.
3- The system (18) defines I"AGFO-estimator for x(¢, t).

The object of AGFO-observer is to provide an approximation to the original system state gradient. This
approximation is given by

X(t) = MppgroY(t) + Nreagro 2(0).

Definition 3.4: The systems (1)-(2) are regionally boundary asymptotic gradient full order observable (I"AGFO-
observable) on ™, if there exists a dynamic system which is "AGFO-observer for the considered system.

3.2 I'*AGFO-Observer reconstruction method

In this case, we need to consider yragroVT= Ir*acro @and Z = X, then the operator observer equation becomes
as Fragro = A — HpagroC Where A and C are known. Thus, the operator Hp+agrg must be determined such that
the operator Fp:agrois [TAG-stable. This observer is an extension of asymptotic observer as in [14-16, 24-31].
Now consider again system (1) together with output function (2) described by the following form

(5= Ax(&,6) + Bu(t) Q
x(§,0) = x0($) Q (19) Let I be a given
x(n,t) =20 2
y() = Cx(.,t) Q

sub-domain of Q and suppose that Ipageo € LIH'(Q)™), and yreagroVTX(E, t) = xracroVx(&, t) there exists a
system with state z(¢, t) such that

z(§,t) = xracroVTX($,t) = Trpgrox(§, t) (20)
(wWith Tragro = Iragro Where Ip+,¢ is the identity operator with respect to MAGFO-estimator. Then
2(§,t) = I pgro X(§, t) = x(§,1) 21)

From equation (2) and (21) we have

1=l

If we assume that there exist two bounded linear operators
Mppgro: ® = ((H'2(T)"

and
N agro: ((H'2(C)™ = (H2()"

such that
MppcroC + NragroTracro = Iracro

then by deriving z(¢,t) in (20) we have
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a d

a_f ¢, t) = Iracro a—f(f. t) = Xr'acroVTAX(E,t) + X agroVTBu(t)
=Xr VI acroA MracroY (6, 1) + X1 VI acroANracroz(§, t)
+xr VI acroBu(t)

Since the operator Tracro = I agro then we have

0z
E(f' t) = ANpacro 2(§, t) + Bu(t) + AMppgroy (€, t)

Therefore

0z
E(f' t) = Fr¢z(§,0) + Gregu(t) + Hre¢ y(., )
and Since A— FF*AGFO = HI’*AGFOC and Gr*AGFO =B then we haVe

2 (6,1) = A2(5,£) + Bu(t) + Hpero(CX(§, 1) — cC(£,1)) Q
2(§,0) = 7y($) Q (22)
2(n,t) =0 T

Let us consider a complete sets of eigenfunctions ¢,; in (H'())" orthonormal to (H'/2(I)" associated with
the eigenvalue 1, of multiplicity r, and suppose the system (1) has unstable mode. Then, the sufficient condition
of an TAGFO-observer is formulated in the following main result.

Theorem 3.5: Suppose that there are g zone sensors (D, f;)1<i<q and the spectrum of A contains J eigenvalues
with non-negative real parts. Then the dynamic system (22) is ["AGFO-observer on '™ for the system (19), that
is lim[z(f, t)—2(, )] =0,if:

1-There exists

Mppsro € LRY, (H2(F)) ™ and Np-pgro € L ((H7/2(r*)) ”) such that

MrproC + Nreagro = It acro-
2- A= Frpero = HrepcroC » Greacro = B.
3-g=m
4-rank G, =m, vmm=1,..,J] with

Ymj (), fi(.) >12(pp)
G = (Gm)ij= Ymj(by)

(md fi() > 2T

wheresupm,, =m <oandj=1,..,mp,.
Proof:

First step: The proof is limited to the case of pointwise sensors. Under the assumptions of section 2, the system
(1) can be decomposed by the projections P and I — P on two parts, unstable and stable. The state vector may
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be given by x(&,t) = [x;(&,t), x2(&,t)] " where x4(§, t) is the state component of the unstable part of the
system (1) may be written in the form

ZL(E,6) = Apxy (§,£) + PBu(t) Q
x1(§,0) = x91(§) 0 (23)
x1(77, t) = 0 O

and xz(§,t) is the component state of the stable part of the system (1) given by

22 (&,6) = Aox2(§,1) + (I - P)Bu(t) Q
x2(§,0) = x02(%) Q (24)
xZ(n!t)zo @
The operator Asis represented by a matrix of order (Z{nﬂmm,ﬁfn:,mm) given byA; = diag

[A, . A1, 22, ., 22, ., Ay, ., 4y ]and PB =[G4, G2, ..., G;'|. The condition (4) of this theorem, allows that the suit
(D, fi) 1<i<qOf sensors is ["G-strategic for the unstable part of the system (1), the subsystem (23) is WI'G -
observable [11] and since it is finite dimensional, then it is E["G observable [27]. Therefore it is asymptotically
[*AG-detectable, and hence there exists an operator H/.,. such that (4; — H,, C)which is satisfied the
following:

m

1 SO, i1
AT=H@s , .C’ “AT=Hpe ,

c>0 such that
MAG

gl @yl t
e(A7 Hl Ot <M o AT-H e
- Al-H ¢
HI(T)H" r*AG

and then we have
“a1-nl.c
”x7('1t)”(1.17(r*))n < MA7_H|J*AGCe r ||Px0(')||(H1(|-*))n

Since the semi-group generated by the operator A,is stable on (H/?(I))" then there exist
M ¢ > 0 [5] such that

_y2 Yy Ay s 2
A2 HI'*AGC A2 HI'*AG

A

% a2-H2.,
x2C Ol ey, < Myryr, e 7T as“ONA = Pl 72y

1
rac¢

t T2, c®
+ [3 My, ve MHRactUHE o U = PYxo(l g2y ellu(@)llde

T
Al-HL , .C

and therefor x(&,t) - 0 when t — . Finally, the system (23) are asymptotically "AG -detectable.

Second step: From equation (21), we have z(¢,t) = x(&, t)with the observer error is given by the following form
e(§,t) =z(§,t) —2(5, 1)

where 2(§,t) is a solution of the dynamic system (22). Derive the above equation, and by using equation (19)
and condition 2, we can get the following forms

de dz 9z dx 0z

= Ax(§,t) + Bu(t) — Freagro 2(§, 1)
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— G- u(t) — Hragro Cx(§,t)
= Ax(§,t) — (A — Hragroc C)Z(§, 1) — Hroagro Cx(§,1)
= (A = HragroC)(2(8, t) — 2(8, 1))
= (A= Hppgro €) e(€, 1)
Thus, from the first part of this proof we obtain
e(§,t) = (A — Hrpgro €) €(0,1)
is asymptotically "G -stable with
e(0,t) = zp(§) — Zp($)
Then we have
aA-H

_ .t
lle, t)ll(H7/2(r*)),,)S Ma_p., poc® r*acroC

1zo(€) — 2p(&) “(HVZ(F*))")

thereforelim e(¢,t). Now, let the approximate solution to the gradient state of the original system is

2(§, ) = Mpagro ¥(., t) + NragroZ(§, 1)
with

Mrpcro = 0and Nragro = Iracro,
then we have

2,0 =2(,1)

Now, we can calculate the error of gradient state estimator

racro(§,t) = x(§,8) = X(§, 1) = x(&,8) —x(§, 1) + x(&,8) — X(&, 1)

=2, t) —2(§,t) = e(§,t) = (A— Hppgro €) e(0,1)

is asymptotically " G-stable with

e(0,t) = (&) — Zo($).

Consequently, we get

limlx(.,6) = R, Ol 172y = ImIXC,6) = 28, Oll 172y = O

Then, the dynamical system (22) is I"AGFO-0bserver to the system (19).

Corollary 3.6 From the previous results, we can deduce that:

1. Theorem 3.5 gives the sufficient conditions which guarantee the dynamic system (22) is a I"GFO-observer for

the system (19).
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2. If a system which is an QGF0O-observer, then it is I"AGFO-observer for system (19).

3. If a system is ["GFO-observer, then it is ['*GFO-observer for every subset I of I*, but the converse is not
true [28]. This is an important case because there are many problems in real world can reconstruction the current
state gradient but is not in the usual sense which is presented in the following example.

Example 3.7. Consider a two-dimensional system described by the diffusion equation

3_: (67' EZ' t) = AX(E;, 62' t)
x(fh EZ' t) = xO(ED 62)
Z—;‘(m,m,t) =0

(25)

®© 2Dl

where Q =]0,7[x]0,1[. The operator A = A generates a strongly continuous semi-group (S, (t)):s¢ on the Hilbert
space H'(Q) given by

Sa(®x = Tvm=0€™™ X, Q) 410y Prim

With
Anm = —(n2,m2) 2, @ (§1,€2) = 2anm cos(nmé;) cos(nmé,) and
2, = (1= Ay) /2.

Consider the dynamical system

(Z2(81,82) = DX(§1,628) — HagroC(x(87,62,t) — 2(§1,62,1)) Q
x(§7,62,0) = x0(§7,€2) Q (26)
g—j(m,m.t)=0 ©

Where H € L(R9,Z),Z is a Hilbert space and C: H'(Q) — R is a linear operator. Consider the boundary sensor
(To, f) defined by

Fo = {0} x]0,7[ and f(n;,12) = cosmn,
Thus, the output function can be written by
y(@© = Jr, x(1.m2,Of (7, n2)dnrdn; 27)
If the state x; is defined in Q by

x9(€7,82) = cos(m§;) cos(2ms)y),

then the system (20)-(22) is not WQG-observable, i.e. the sensor (I, f) is not Q-strategic and therefore the
system (20)-(22) is not QAG-detectable [7]. Thus, the dynamical system (21) is not QAG-observer for the system
(20)-(22) (see [29]). Here, we consider the region I =]0,7[x {0} c 9Q (figure 3) and the dynamical system
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= «©Q

O I 1
Fig. 3: Domain Q, region I'" and location Iy, of zone sensor.

Z_); (67' 52' t) = AX(€7, €2v t)

—HpacrorC(x (€71, 5, 0) — 2(&7, €5, 1)) Q_
x(§1,62,0) = x0(§7,¢€2) Q
g—z(m.m.t):O ©

(28)

where H € L(R?, H/2(I™)) . In this case, the system (20)-(22) is WI"G-observable and the sensor (I, f) is I"G-
strategic [26]. Thus, the system (20)-(22) is " AG-detectable [13]. Finally the dynamical system (20) is "AGFO-
observer for the system (20)-(22) [30].

4. Application to asymptotic [*AGFO -observer in diffusion system

In this section we consider the distributed diffusion systems defined in the domain Q. Various results related to
different types of sensor have been extended. In the case of two-dimensional, we take where Q =10,a;[ X ]0, a,[
and I =10,a,4[ x {a,} is a region of dQ the boundary of Q. The eigenfunctions of the dynamic system (16) for
Dirichlet boundary conditions are given by

O (17, 112) = (L) " cos nmw (Z—;) cos mm (”2) (29)

aaz az

associated with eigenvalues

2 2
A = —("—2+’”—2)n2, nm=1 (30)
aj az

If we suppose that aZ/a3 ¢ Q, then the multiplicity of the eigenvalues A, is 7, = 1 for every n,m = {7, ..., ]},
then one sensor (D, f) may be sufficient for I'* AGFO-observer [24].

4.1. Zone case in rectangular domain

This subsection related to give sufficient conditions which is characterized some cases of the IAGFO -observer
in the rectangular domain of system (12) with various sensor locations cases.

4.1.1. Internal zone sensors case

Consider two dimensional system defined in Q = [0,a;] x [0, a,] by parabolic equation

%(57'521 t) = :_:;(57'62' t) +Z_:2§(€7'€2' t) Q

x(£7,82,0) = x0 (§1,$2) Q
x(M,m2t) =0 X

31

augmented with output function measured by internal or boundary zone sensors
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y(.,8) = [, x(§1,82,0f(§1,§2)d§:dE; (32)

where the zone sensor is the located inside the domain Q, over the support
D =&, —11,&,+ [ x|&, = 12,8, + L[ € Q, and f € (D)

as in (figure 4).

L2 "

Fig. 4: Rectangular domain , region " and location D of internal zone sensor.

In this case the system (31)-(32) have an associated dynamical system is given by the following form

0z _ 8%z 9%z
E (67' EZ' t) - 3_f$ (67' 62' t) + % (67' 62' t)

_HI’*G(CZ(fh 52' t) - J’(t))
2(§1,€5,0) = 29(&7,&2)
kz(nhnZ't) =0

(33)

M Ol

Thus have the following important result.

Proposition 4.1: Suppose thatf; is symmetric about & = ¢,;and f>is symmetric abouté = &y, then the
dynamical system (33) is I"AGFO-observer for systems (31)-(32) if npg,/a; and muy,/a; € N, for every n,m =

{1,..7}
4.1.2. One side boundary zone sensor case
Now, the measurements are given by the following output function

y(©) = [ Z0m2,Of (. ndnma, (34)

Where T, c dQ is the boundary support of the sensor and f € L?(). In the case, where the support of the

sensor (Ty, ) is one of side as in (figure 5)

<2

0 Na, ay

Fig. 5: Rectangular domain Q, region ' and location T, of boundary zone sensor.

Then, we have the following result.
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Proposition 4.2: Suppose that " ¢ dQ and f is symmetric with respect to n; = 1, , then the dynamic system
(33) isT*AGFO -observer for the systems (31)-(32) if nn,/a; €N, foralln, n={7,..,J}

4.1.3. Two side boundary zone sensor case

In this case the output function (2) is given by

ox
y® = 5 @nn20fM1,n2dnm, (35) when the
support of the sensor is on two sides boundary, i.e.,

/_-Z [0,7770 + l7] X {O} U {O} X [0,7'720 + lz] = r7 Urz C BQ,

as in (figure 6),

Fig. 6: Rectangular domain (, region ™ and location ™ of boundary zone sensor.
then, we obtain the following result.

Proposition 4.3: LetT; UT, c dQ, the function flr, is symmetric with respect to n; = 7,,, and the function f|,
is symmetric with respect to n, = ’7_02' then the dynamic system (33) is T"AGFO -observer for the systems (31)-
(32) if nn,o/a7 ¢ N, foralln, n={71,..,J}

4.2.1. Pointwise sensors case

Consider again the systems (31)-(2) augmented with output function measured by internal pointwise sensors.
In this case, the output function is given by the following form

y() = x(&7,€2,t) (&5 — by, & — by)dE;dE, (36)
where b =(by, b,) is the location of pointwise sensor in Q as defined in (figure 7).

b

a-

O b, oy

Fig. 7: Rectangular domain Q, region "™ and location b of internal pointwise sensors.
Then we obtain the following result.

Proposition 4.4: Let the sensor is located in b = (b, by), then, the dynamic system (33) is ["AGFO -observer for
the systems (31)-(36), if nb;/a; and mb,/a, & N, for every n,m = {1, ...,J}.
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4.2.2. Filament pointwise case

Suppose that the observation is given by the filament sensor where o = Im(y ) c Q is symmetric with respect
to the line b =(b;, b,) as in (figure 8). More precisely, the sensor is line of pointwises inside the domain Q, then
the output function still given by equation (31

«I>

FEE o ST <> I

O £y €y

Fig. 8: Rectangular domain, region ' and locations o of filament pointwise sensor.

Proposition 4.5: Let the sensor is located in b = (b, by,), then, the dynamic system (33) is ["AGFO -observer for
the systems (31)-(36), if nb;/a; and mb,/a, &€ N, for every n,m = {1, ...,J}.

4.2.3 Boundary pointwise case

Suppose that the sensor (b, 6,) is located on b, where b = (by, b,) € dQ with b = (0, b,) as in (figure 9).

b

«Q =

O ay

Fig. 9: Rectangular domain, region I'" and location b of boundary pointwise sensor.

In this case, the output function is given by
y(, ) = [, x(7,m20)8,(7,m2 — b)dnma(y (., t)

7]
= Joa s 1,12, f (77,12) dnydn (37)

where b = (0, b,). Thus, we obtain the following result.

Proposition 4.6: Let the sensor is located in b = (0, b,), then, the dynamic system (33) is I"AGFO-observer for
the systems (31)-(37), if mb,/a, ¢ N forallm = {7, ...,J}.

Now, from the previous results in this paper, we can deduce the following results.

Remark 4.7: We can extend these results to the case of two dimensional systems with circular domain in
different sensor structures as in [13, 16].

Remark 4.8: We can extend the above results of the two dimensional systems (31)-(2) to case of one dimensional
systems case with Q =]0,a[ as in ref.s [8-17, 25].

Remark 4.9: We know that the previous results have been developed with Dirichlet boundary conditions, then
we can extend with Neumann or mixed boundary conditions as in [10, 31].
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5. Conclusion

The concept have been studied in this paper is related to the IMAGFO-observer in connection with sensors
structure for a class of distributed parameter systems. More precisely, we have been given a sufficient condition
for the existing an "AGF0O-observer which allows to estimate the gradient state in a subregion I'". For future
work, one can be extension these result to the problem of regional boundary asymptotic gradient reduced order
observer in connection with the sensors structures.

Acknowledgments. Our thanks in advance to the editors and experts for their efforts.
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