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Abstract

The main idea is to construct a new algebra and find new necessary and sufficient conditions equivalent to
the existence of fixed point. In this work, an algebra is constructed, called A- ordered Banach algebra, we define
convergent in this new space, Topological structure on A — ordered Banach Algebra and prove this as Housdorff
space. Also, we define new conditions as A — lipshtiz,, A — contraction conditions in this algebra construct,
we prove this condition is the existence and uniqueness results of the fixed point. In this paper, we prove a
common fixed point if the self-functions satisfy the new condition which is called ¢ — contraction .

Keywords: Fixed point, Ordered Banach algebra, lipschitz mapping, and contraction mappimg
Introduction

It is known Banach contraction principle and a number of generality in background of metric spaces play a
fundamental role for several complications of functional analysis, differential and integral equations.

Gahler (1963) [ 6] presented the notion of 2-metric spaces as a generalization of an usual metric space. Gahler
proved that geometrically d(a, b, ¢) represents the region of a triangle formed by the point a, b, c €X equally its
vertices.

An usual metric space is a continuous function, but Ha, Cho and While (1988) [15] examined that a 2- metric
space is not a continuous mapping. Dhage (1984) [5] introduced the notion of a D- metric space as a generality
of a 2- metric space; and studied the topological properties of D- metric space

Mustafa and Sim (2006) [17] introduced a newfangled metric called G-metric space . They show the topological
constructions of Dhages [4] work unacceptable, after Sedghi, Shobe and Zhom (2007) [20] presented concept,
which is named D*- metric space, but Fernardcz ,Sle, Saxena, Malviya and Kuman (2017)[13] generalized an S-
metric space to A-metric space.

Many researchers have their consideration to generalizing mertic (see Yan and Shao Yuan on (2011) [25],
Sastry, Srinivas, Chandra and Balaiah (2011) [14], Kim and Soo (2012)[20], Dey and Saha (2013) [4],

Liu and Xu (2013) [8] introduced some concepts of a cone metric space over Banach algebra. Some researchers
then developed many concepts as, Nashine and Altun, (2012)[9], Tiwari and Dubey (2013) [22], Arun and
Zaheer (2014) [3]. But Nashine and Altun (2012) [10] defined cone metric spaces and proved some fixed point
theorems of contractive maps in such a space using the normality condition. Also, Rahimi & Soleimani (2014)
[12] used the notion ordered cone metric space.

But some scholars have attention about fixed point theorem such as Badshah, Bhagatand and Shukla(2016)[23]
how introduced some fixed point theorem for a-¢- metric mapping in 2- metric spaces and Ma, Jiang and
Hongkaisun (2014) [24] state fixed point theorem on C*-algebra valued metric spaces.

The point x- that satisfies the equation x = T (x) is called a fixed point of the function T which is considered the

root of the equation above. To find this root, we first find an initial holding value of xo. Then, we calculate the
value of the function T in xo to get another root called x; thatis x1 = T (xo) ; and then repeat the process can get
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a new approximate value x> = T (x1). Thus, a sequence of root values can be generated by applying the formula
Xn+1=T (xn) forn=20.1.2, ..

The fixed point a in the equation above represents the distance of the intersection point of the curves of y = x,
y =T (x) for each axis x, y . If xo is the initial fixed point, then T(xo) is the length of the column from xo on the x
axis until it intersects the curve of the T- function and since the points on the rectangle y = x are equal to the
distance from both axes y and x, so the line passing at the point (xo, T (xo)) rectangle the x-axis will intersect the
line y=x in the x- axis, represent x; where

X 1=T(Xo)
In a similar way, we find the remaining points where x, . 1= T (xn). Here, we ask the following question: How do
we choose the function T to ensure that the generated values are converged from the repeated formula x, .+ 1 =

T (xn)?

To answer the question , we can prove the existence and uniqueness of fixed point under some new conditions
by constructing a new algebra called A — ordered Banach algebra .

1- A- Ordered Banach Algebra
We start this section by a definition of Banach algebra.

"Definition (2.1)[2] :let E is a linear space over field of real numbers .E is called Banach algebra if E is Banach
space with an operation of multiplication is defined as following :for x, y, z € 4, forall « € R

1) (xy)z = x(y2)

2D)x(y+z)=xy+xzand (x+y)z=xz+yz

3) a(xy) = (ax)y = x(ay)

Dllxy I<lhx Uyl

We consider a Banach algebra has an identity, that is ex = xe for all xeE. (Multiplicative identity)
If there is an element yeA such that = yx = e, yeE is called inverse of x and denoted by x~*."

"Proposition 2.2 [19]: Let E be Banach algebra has a unitee, x€E. If the condition spectral radius
o.(x)<1(for all € > 0), then

(e—x)"1'= Z at
i=0
"Remark 2.3 [19]: Let E be Banach algebra with spectral radius o.(x) of x satisfy o.(x) < ||x]|]."
"Remark 2.4 [2]: If 6. (x) < 1,then || x™ ][> 0 as n —» ",
“Lemma 2.5 [2]: If E is a real Banach algebra with cone € and if o < u < ¢ for each o < ¢, therefore u = 0."
“"Lemma 2.6 [2]: Let C be a cone and a < b + ¢ for ceC, then a < b.

A sub set C of E is called a algebra cone of E if

1) C non- empty closed and {0,e} c C
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2) aa+pbeCforalla,p>0
3) x.yeC
4) Ccn(=C)={o}"

" We can define a preference ordering < with respect to C by x < y iffy — xeC. x < y with stand for x < y and
x £ y the cone C is called normal if there exist N > 0 such that, for all x, yeE

o<x<y=lxIsNIlyl"

Now, we define a new construction called A- ordered Banach algebra.

Definition 2.7: Let X be a non-empty. A function A;:[0,0) X X X X — E is called an A- metric on X if

1) A, x, y)=0 forx,yeX,A >0

2)x =yifandonly if A(A,xy) =0

3)A(A,xy) = A4,y X)

HAL,xy) < A(w,y,a) for,u > 21> 0and x,y, aeX

SNAA+p,xy) S AL xy) + Ay, a)

The triple (X,E,A) is called A- ordered Banach algebra.

Example 2.8: Let X be locally compact Housdorff space , C(X) = {f|f:X = R, continuous function}, and
C*X)={f €eCX):f(x) =0 for all x € X}, define multiplication in the natural way. Therefore C(X) with
supermom norm is ordered Banach algebra. It is obvious that (C(x), X, A) is A — ordered Banach algebra where
A:[0,00) X X X X = C(X) by A(A,a,b) = sup| f(a) — f(b) | e

2- Topological structure on A — ordered Banach Algebra

Definition 3.1: Let (X,E,C) be A —ordered Banach algebra . For all xeX , for all ¢ >0 ,the set By(1,x,¢c) =
{yeX:A(4,x,y) < c}is called A-ball with and radius ¢ > 0 and admits x .

And put 8 = {B,(4,x,¢): xeX,and ¢ > o}.
Theorem 3.2: Let (E, C) be ordered Banach algebra, then (X, E, A) is a Housdorff space.

Proof:- Let (E,X,A) be aA— ordered Banach algebra. Let x,yeX withx #y, A u>=0,we takec =
AA+u,x,y),U=B (/I,x,g), V=B (,u,y,%).

Then xeU and yeV. We support U NV # @. There exist aeU N V.
But A+ ux,a) A4 x,a) +A(w,y,a) < §+§ =c.
That is ¢ < ¢ and this contradiction.

Then, (X, E, A) is a Housdorff space.
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Definition 3.3: Let (X, E,A) be a A —ordered Banach algebra. A sequence {x,} in (X,A) converges to a point x
if for every c € E with ¢ > o, there exist a positive integer N, such that A(4, x,,, x) < ¢ for n = N,, we denoted
by lim x, =x ( x, & x as (n - «)).

n—-oo

Definition 3.4: Let (C,E,A) be a A —ordered Banach algebra. A sequence {x,} is said to be Cauchy sequence if
for each ¢ > o there exists a positive integer N, such that A(4, x,,, x,,) < ¢ for alln, m = N,.

Examples 3.5: Let (X,C(X),A) a A — ordered Banach algebra in example (3.2) , take the set of rational numbers
Q

Define A= [0,00) X X x X = C(X) is in example. Let {x;} be a sequence defined by a, = (1 + %)t. We note that
x.€Q for each teZ, note that AR, x;, xx) = |f(xt) — f(xp) | e~

t
= | (1+%) —(1+%)"|e’1 ast k — o
A(A, x¢,x,) = 0
That is for each ¢ > 6, there is N, € Z* such that A(4, a;, a;) < ¢ forall t, k = N,.
Thus, {a.} is a Cauchy sequence, but a;, —» e as = o, e € Q. Hence, {a,} is not convergent.

Definition 3.7: Let (X,E,A) and (X',E’,A") are A- ordered Banach algebra. A mapping f: X — X' is said to be
continuous at x € X when ever {x,} convergent to x, then {f(x,)} is convergent to f(x).

Definition 3.8: Let (X,E,A) be A —ordered Banach algebra, (X,E,A) is called complete if for each Cauchy
sequence is convergent in X.

Definition 3.9: Let (X,E,A) be A —ordered Banach algebra. A map T:X — X is called Lipchitz if for all ¢ > o,
there exist a vector NeC with o.(N) < 1 for each x, yeX ,

A\ T, Tp) < N.A(y,a,b) forall x,yeX and 1 < pu

Example 3.10: Let ([0, 0), C(X),A) be a A- ordered Banach algebra. Define T: X — X as follows T(a) = %

AT, Ty) = sup | £(To)_f (T,) | e?
=sup|foT(@) —foT®)|e*=sup|f(2)-F(2)|e?
=3sup|f(@ —fb) |
A(w,a,b) = sup| f(a) - f(b) | e*
Thatis T is a Lipschitz map in X

Definition 3.11: Let (X, E, A)be A —ordered Banach algebra. A sequence {x,} is said to be m- sequence if for all
m > 0, there exists tex; such that x, < m foralln > t.

Lemma 3.12: Let (X, E,A)be A — ordered Banach algebra. {mx,} is a m- sequence for all ¢ > o if the sequence
{x:} is a m- sequence inC.

Proof:- Suppose {x,} is a m- sequence for all ¢ > o, there exists teZ* such that x, < ¢ forn > t. For all ¢ > o
,mx; < mc by take i: t.
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3- Main Results

Definition 4.1: Let (X,E,A) be A- ordered Banach algebra. T: X — X holds the contradiction condition if
AL T Ty) S t"AGE, X1, %)

Theorem 4.2: Let (X, E, A) be A- ordered Banach algebra. Suppose T: X — X holds the A-contradiction condition

AT, T,) < myA (G) X, Tx) +m,A ((%) : Tx,y) +msA ((%) X, Ty> +mA((5).9Ty)

where 0 < Y1, m; < 1, for i=1,2,3,4 Then T is a unique fixed point in X.
Proof: choose xpeX, x; = Ty, and x,,,.1 = Ty,
Take 0 <m; <1, fori=1,2,34

First we see,

A, xpi1, %) = A4, Ty, Ty, ) < A ((%),xn, Txn) + m,A (G),xn_l,T ) + mzA (( ) xn,Txn_l) +

(s )+

A A A A
<ma((§) momne | £ () ) s (5 ) ()

S MyA((A/4), X, Xpgq) + MoA <(A) Xn— 1:xn) + m3A((A/4), X, Xny1) + Myl <( ) Xn—1, xn)]

< o+ 18 ((3), % s ) + 0o +m (B ((5) 20500 )

A A
< tlA (Z) » X Xn+1 + tZA((Z) » Xy xn—l)
............. < tfA (( A ) xo,xl) +tIA (( /1) xl,xo)

if follows that

A A
AA, Xpy1, X)) S ETA ((2") Xo» x1> +t7A ((2") xl,xo)

A
A ) = @ + ) A ((5) 203
Put k = (t1 +t}),
1+¢

|k| < For0<e<1
1+€

It is clearly see that o.(k) < 1

A(A' xn+1lxn) < k ( n— 1'xn'xn 1) + + knA( on— 1,X1,X0)

A4, X, Xpom) < K™A (zn —, X, Xy 1) + k"*mA(zn =, X1,X0)
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When n,m — oo we have lim A4, X, Xpim) = O
n,m-oo

Thus {x,} is Cauchy sequence in (X, E,A)

Since (X, E,A) is Banach algebra

That is (X, E, A)is complete.

Then {x,} is convergent to x*eX such that x,, - x*

Next, we claim that x* is a fixed point of T

Actually,

AC, Ter,x) < AR Ty, x) < K[A (5,25, Ty, ) + A (3T, T )]
= kA (%x xnﬂ) + AC, Ty, o)

< k[mA (%,x*, Tx*) + m,A G,an, Tx*)

A« A A *
Ml (3,0 Tay ) + MaAG Bnst, Taga )] + KA, X, x)

n+1

< kmyA G,x*,Tx*) + k%m,A (%/1, xn+1,Tx*) + k?m,A Gl,x*,xnﬂ) + kmsA, (%A,x*,xnﬂ) +

k*m,A (%,Tx*,x*) + kzmzA(%,x*,xn)] + kA(%,an,x*)
2 A * 2 2 A *
= (emy + k2my)A (5,67, Ty ) + (KPmy + k2m)AC, 2,07
- A«
+(k*my + kmz)A (Z’x 'xn+1) +kAG, X7, Xni1)

then

(1 —km; — k®>m,)A (%,x*,Tx*) < (k2my + k?my)A G,xn,x*) + (k?m, + kms + k)A G,x*, xn+1) +

TN C I S (4.3)

(k%?m, +k2m4)A(%,xn,x*)+(k2m2 +kmsg +k)A(%,x*,xn+1)+kA(%,x*,xn+1)

A(G x0T ) <

(1—-kmq—k2my)

We can see easily A(4,x%, Ty+) = o is the mapping T which has a fixed point x*

At last, for uniqueness, if there is y*other fixed point, then

A, x*,y*) = A, Tyr, Ty-)

S mA (%,x*,Tx*) + m,A (%,x*,Ty*) + m3A (%,y*, Tx*> + m4A(%,x*, Ty*)

A

A A
S mA <—,x*, Tx*) + m,A (Z' x*,y*) +m,A <Z,y*, x*

4
< (my +my)AA, X% y7)

Since 0 < (m, +m,) < 1, we deduce from lemma that x* = y*
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Definition 4.3: Let (E,C) be ordered Banach algebra with algebra cone C. Take @ be the set of all functions
@: E3 > E satisfying the following properties:

1) p(e,e,e) =csxe
2) Let a, beE be such that if either a < @(a, b,b) ora < ¢(b,a,b) ora < ¢(b,a,a)

Definition 4.3: A self-mapping T on A- ordered Banach algebra (X, E, A)is called ¢-contraction, if there exists a
map @ed satisfy

AAT,T,) < (AR x,9), A%, T, A(L Y, Ty ) Vv 4.1

Theorem 4.4: Let (X, E,A)be A- ordered Banach algebra and T a ¢- contraction. If there exists 1 > 0 such that
for all xeX.

A(A,xo, Ty, ) = sup {A(A, x, T,): xeX}, then T has a unique fixed point

Proof: Suppose x,#T,. We take x=x, y=T, in (51). then AX, Ty, T?,) <
(A2, %0, Tyy ), A4, %0, T2, ), A(A, Ty, T2,))

Since A(4, Ty, T2y, ) < k. [A(4, %o, Ty, )]. But given that

A4, xq, TXO) = sup{A(4,x, T,) : xeX}

Hence T, = xo

For uniqueness, let y, be other fixed point of T thatis T, =y,
Now, A(4, xg, ¥o) =

< ‘P(Algl(xwYO)'Ag(xo'Txo):A%(Yo:Tyo))

< (P(Al_l(xo' Yo)» A&(xo' Xo), A&()’o, Yo))
3 3 3

<@ (A (g,xo,yo) , 0,0)

There for Ay (2, x9, o) < 0 or A3(xq,vo) = 0. Implies x4 # y,

That is the fixed point is unique and this complete the proof

Theorem 4.5: Let S and T be self-mapping on A- Banach algebra (X, E, A)satisfy the condition
DA T Sy) < 0((A(,x, ), A4, x, Ty),A(2,,S,))  forall x, yeX

If there exists yeX such that

ALY, T)) S AL Z,57) oo (4.2)

Then there exist a unique common fixed point of S and T

Proof: Let T, = x,, put x = xo, y = T, ,,we obtain
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DA Ty, S(Te, ) < @(A(A, %0, T, ), A(R, X, Ty, ), A(A, X, S(Ti, )

By (3) we get

A, Ty, S(Tyey)) < kAR, x0, Tyey) < A(A, X, Ty,

This contradict of (4.1)

To prove that x, is also a fixed point of S, let S, = x,, therefore.
A(A,x0,Sx,) = A, Ty, Sxp) < @IAQ, x0, %), A4, %0, Ty, ), A(2, X0, Sy, )]
Or A(2,x0,Sx,) < ¢(0,0,A(4, %, Sy, )) that is A(4,x,S,,) < 00rS,, = xg
For uniqueness, let y, be another fixed point of S and T that is

T

v = Sy, = Yo, then

A4, x0,¥0) = AA, Ty, Ty) < @[(AQA, xo:)’o)rA(/L xOITxo)!A(/L }’O:Tyo)]
Or A;(4,x0,¥0) < (P(A()w X0, Yo), A4, X9, X0), A(4, ¥, }’o))

< ¢(A(4 X0, %0, 0,0)

That is A(4, x4, ¥o) < 0 implies x4 = y,.

Corollary 4.6: Let S and T be self-mapping of A- ordered Banach algebra (X, E,A) satisfying the following
conditions:

1) There exists integer n and m such that

A, T™,,S™) < @[A(4, x,¥),A(4,x, T",), A(4, y,S’"y] for some @ped
2) If there exists a point yeX such that A(4,y,T",) < A4, x,S™,)
Then there exists a unique common fixed point of S and T

Theorem 4.7: Let (X, E, A) be a A- ordered Banach algebra such that
A(A, Ty, Ty) < min {AA(4, x, Ty,), uA(u,y, T, }

If there exists function F defined by F(x) = 14,(4, x, T,) for each xeX such that F(x) < F(T(x)), then, T has a
unique fixed point

Proof: Suppose for some x, xo # Ty,. Then F(Ty,) = AQA, Ty, T(T(x,)) < min {AA(4, x, Ty, ), pA(w, Ty
A(TXO'TXO) =0

Ty, } since

0’

A, Ty, T(T(x0)) < AA(4, X0, Ty,
F(Ty,) =< F(xo) which is contradiction
Hence T,, = xo

For uniqueness, let y be another point of X different from x, such thaty, =T, , then
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A, x0,¥0) = A(X, Ty, Ty, ) < min {AA(2, xo, Ty, ), AA(4, ¥, Ty, )}

= min {AA(4, xg, X0), AA(4, ¥4, o)} = min {6, 6}

A4, x,¥0) < O

Hence A(4, xy, ¥o) < 0 which implies that A(4, x,,y,) = 0 or y, = x,

The proof is complete.

Theorem 4.8: Let T be a self-map on a compact A- ordered Banach algebra(E, 4, C) satisfy Lipsctiz condition
Then, T has a unique fixed point.

Proof: Suppose T satisfy Lipsctiz condition. Then, T is a continuous map on X we define a function from X into
xas F(x) = A4, x,T,) for all xeX.

Since T and A are continuous, it follow F is continuous on X . Since X is compact there exists a point yeX such
that F(y) = inf {A(4, x, T,): xeX}.

We support thaty # T,,.

Otherwise, that a fixed point by Lipscitiz condition
We haveA(A, T,, T?) < kA(u, ¥, T). 0 <A <y

So that F(T,) < T(y) which contradiction.

Then, y =T,

Uniqueness follows from Lipscitz condition.

Proposition 4.9: Let (X,E,A)be a complete A- ordered Banach algebra. Assume that the mapping T:X - X
satisfy.

AT, T")) < kA(A,x,y) , For each x, yeX ,for n € Z*,where k a vector with is g, (k) < 1. Then, T has a unique
fixed point

Proof: T"(T,+) = T(T"x*) = T"x* = T(T* 1x*) = T" }(x*) = - = Tx".
So, Tx* is also has fixed point of T" then Tx* = x*
x* is a fixed point of T.

Theorem 4.10: Let (X,E,A) be a compact A- ordered Banach algebra. Suppose the mapping satisfy A —
lipshtiz condition in the following:

AT, T)) < k[BA(B, Ty, ¥) + uA(p, Ty, x)] , for all x, yeX, where k is a vector with ke(0,1). Then, T has a unique
fixed point in X. Another sequence {T}!} converge to the fixed point.

Proof: choose x,eX and set x, = T{,t > 1, we have fort <m

A Xp g1, X)) < BAB, Xy Xes1) + UA, X 1) X))
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S BAB, X, xp41) + UIBAB, Xps1, Xew2) + HAW, Xp42) X)) ]
< BA(xe, Xpy1) + UBA(X 1, Xew2) + MP[BA(X 42 Xps1) + HA(X 43, X))

< BACxe, Xer1) + UBA(X 41, Xey2) + P BA(K st Xev2) + 1P BACXess, Xer1) + UHA(Xe 44, X))

S BIA, xp, Xpg1) + AL, Xpyq, Xegn) + HPAQ, Xpyn, Xpgz) + oo+
AR, x4, %0)] + 1A, Xp s X)) ]

< BIKEAA, x4, %) + kAR, x4, %) + -+ + W™KTMA(A, x4, X0)
FuttHEHMYIAL, x4, %0)]

< BEUL + pk + -+ p™k™] A, x4, x0) + utEETA(A, x4, X0)

< BRUZEL kAR, %1, X%0) + H™HRFMAA, X1, %0)

< BEIEIE u kAR, X1, %0)]

< BRI, 1 kA, x4, %0)

< BEAZE, kA, x4, %)

< Bkt(e — uk) A4, x4, x0)

A, xir ) | < (8K [l Ce = k)| [ ACA 2, 20) |

Since ||k™|| - 0 asn — oo, where ||A(4, x,, x,,) || > 0asn > o
Which implies A(4, x;, x,,) = 0 as (t, m = 0)

Hence, {x.} is a Cauchy sequence. since X is complete, there exists x*eX such that x, - x* as n - oo, therefore

lmAQA, Ty, x°) < k[BAA, Ty, Tor) + HAQA, Tye, )]

t’
< BE[A(A, xp, x7) + A4, X7, xp11)] + HAA, Ty, x¢)

< [l el T aca, e

| AR, Tyer, x)

|+ 1G22 11+ il 18k x|
Which implies T« = x* and so x* is fixed point
To prove uniqueness, let b be another fixed point of T.

Then A(L x*,b) = AL, Ty-, Ty) < k[BACA, Tye, b) + pAA, Ty, x)]

= k[BAA, x",b) + uA(A, b, x*)] =k[A + m]A(A, x*, b)
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Then, [1— k(B + u]A(A, x",b) < 0.

Since ke(0,1) and B, u > 0 = A4, x*,b) =0sox* =b

The proof is complete.

5-Conclusion

In this paper, we introduce a new concept which is called A- ordered Banach algebra. Also, we define
lipshtiz condition in this pace ,¢ — contraction, A — contraction and A — lipshtiz condition. In the new work,
we prove fixed point theorems satisfying these maps in A- ordered Banach algebra. Our conditions and results
are new in comparison with those of the results of cone metric space .These results can be extended to other
spaces.
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