
ISSN 2347-1921                                                                                   
                                                                                                    

5673 | P a g e                                                        J a n u a r y  1 1  2 0 1 6 
 
 

On the growth of system of entire homogenous polynomials of several 
complex variables 

MushtaqShakirA.Hussein(1) and Aseel Hameed Abed Sadaa
(2) 

 
(1)

Department of Mathematics, College of science, Mustansiriha University 
(2)

 Department of Mathematics, College of Basic Education, Mustansiriha University 
 
 

      ABSTRACT  
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1-INTRODUCTION       

If υ:C2→R+ , be a real – valued function such that the following conditions hold:- 

(i) υ (z+z')≤υ(z)+υ(z')               ∀ z,z'∈ C2. 

(ii) υ (λz)≤  𝜆 υ 𝑧 ∀λ∈ C.   

(iii) υ (z) =0 ↔  z=0 , Then  υ is a norm . 

 

Let f (z1,z2) = 𝑝𝑚,𝑛 
∞
𝑚,𝑛=0 (𝑧1 , 𝑧2 )     ………(*)   be the Taylor series expansion of f (z1,z2) in terms  of homogeneous polynomials   

pm,n(z1,z2): C
2→C of  degree (m+n). We have: 

M (r1,r2) =𝑠𝑢𝑝𝜐 𝑧𝑡  ≤𝜐  𝑓(𝑧1 , 𝑧2) , t=1,2.   υ = max (υ1, υ2),Is the maximum modulus of f (z1,z2)  ∀ υ1, υ2∈ R+  with respect to the  norm υ . 

Define: 

Cm,n=𝑠𝑢𝑝𝜐 𝑧𝑡  ≤1 𝑝𝑚,𝑛(𝑧1 , 𝑧2)  

The order, lower order and typeof entire functions aredefined respectively by:- 

ρ = lim𝑟1 ,𝑟2→∞
sup

𝑙𝑜𝑔𝑙𝑜𝑔𝑀 (𝑟1 ,𝑟2)

log ⁡(𝑟1 ,𝑟2)
 

λ = lim𝑟1 ,𝑟2→∞
inf

𝑙𝑜𝑔𝑙𝑜𝑔𝑀 (𝑟1 ,𝑟2)

log ⁡(𝑟1 ,𝑟2)
 

  T= lim𝑟1 ,𝑟2→∞
sup

𝑙𝑜𝑔𝑀 (𝑟1 ,𝑟2)

(𝑟1
𝜌

+𝑟2
𝜌

)
 

   t=lim𝑟1 ,𝑟2→∞
inf

𝑙𝑜𝑔𝑀 (𝑟1 ,𝑟2)

(𝑟1
𝜌

+𝑟2
𝜌

)
 

In [2], D. Kumar,and K.N. Arora proved the following results  

  ρ= lim𝑚+𝑛→∞sup
log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛 ]

log  𝑐𝑚 ,𝑛  
−1

𝑚 +𝑛

    (1.1) 

eρT= lim𝑚+𝑛→∞sup
(𝑚+𝑛)𝛼𝑚 ,𝑛

(𝑐𝑚 ,𝑛 )
−𝜌

𝑚 +𝑛

 (1.2) 

 

Where  

αm,n =   
 𝑚𝑚 𝑛𝑛  

1
𝑚 +𝑛

 𝑚+𝑛 
 if   m,n≥ 1 

       =  0  if    m.n=0 

Analogously, the lower order and   lowertypeare defined by: 

 

λ= lim𝑚+𝑛→∞ inf
log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛 ]

log  𝑐𝑚 ,𝑛  
−1

𝑚 +𝑛

 (1.3) 

eρt= lim𝑚+𝑛→∞ inf
(𝑚+𝑛)𝛼𝑚 ,𝑛

(𝑐𝑚 ,𝑛 )
−𝜌

𝑚 +𝑛

 (1.4) 

In this paper we consider have system of entire functions as follows: 

fi(z1,z2)=  𝑝𝑚,𝑛
(𝑖)∞

𝑚,𝑛=0 (𝑧1, 𝑧2 ) , i=1,2,……,k  .                                                                               (1.5) 

Then we obtain some relations between the function represented by (*) and the system of entire homogenous polynomials 
(1.5) and study the relations between the coefficients in Taylor expansion of entire homogenous polynomials and their 
type. Also we continue the work of  H.H. khan and R.Ali [3] , Where they  generalized and improve the results of 
R.K.Srvivastava , vinod  Kumar  [5] and S.SDalal [1]  .   

2-Main Results. 

Theorem 2.1 

Let fi (z1,z2)=  𝑝𝑚,𝑛
(𝑖)∞

𝑚,𝑛=0 (𝑧1,𝑧2 ) where  i=1,2,……,k  be ( k)  entire homogeneous polynomials of finite  regular 

growth   ρ1,ρ2,……,ρk  respectively and   
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𝛼𝑚,𝑛
(𝑖)

~𝛼𝑚,𝑛                                                                                                                                  (2.1)  

In order these functions have the same order is that satisfy the following condition  

Log {
 𝐶𝑚 ,𝑛

(𝑖)
 

−1
𝑚 +𝑛

 𝐶𝑚 ,𝑛
(𝑖−1)

 

−1
𝑚 +𝑛

}=o(log{(m+n)αm,n})   

Proof 

Since fi, i=1, 2,…., k have regular growth then 

lim𝑚+𝑛→∞sup
log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛

(𝑖)
]

log (𝐶𝑚 ,𝑛
(𝑖)

)
−1

𝑚 +𝑛

 =ρi=λi=lim𝑚+𝑛→∞ inf 
log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛

(𝑖)
]

log (𝐶𝑚 ,𝑛
(𝑖)

)
−1

𝑚 +𝑛

 

Since the functions  f i ( z1,z2)  for i=1,…,k have the same order  then   ρ=ρi=λi=λ  for  i=1,2,….,k 

Or lim𝑚+𝑛→∞sup
log  𝐶𝑚 ,𝑛

(𝑖)
 

−1
𝑚 +𝑛

log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖)

]
 = 

1

𝜌
 

             lim𝑚+𝑛→∞sup
log  𝐶𝑚 ,𝑛

(𝑖−1)
 

−1
𝑚 +𝑛

log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖−1)

]
 =

1

𝜌
  , using condition (2.1) then  

log  𝐶𝑚 ,𝑛
(𝑖)

 

−1
𝑚 +𝑛

− log  𝐶𝑚 ,𝑛
(𝑖−1)

 

−1
𝑚 +𝑛

log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛 ]
 =0, Hence  

Log {
 𝐶𝑚 ,𝑛

(𝑖)
 

−1
𝑚 +𝑛

 𝐶𝑚 ,𝑛
(𝑖−1)

 

−1
𝑚 +𝑛

}= o (log{(m+n)αm,n})  as m+n→∞ . 

Let us prove the converse  

Let  fi(z1,z2) , i=1,2,….,k  have orders  ρi , i=1,2,….,k respectively then by using condition (2.1) we have  

1

𝜌𝑖
 -

1

𝜌𝑖−1
 = lim𝑚+𝑛→∞sup

log  𝐶𝑚 ,𝑛
(𝑖)

 

−1
𝑚 +𝑛

log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛 ]
  - lim𝑚+𝑛→∞sup

log  𝐶𝑚 ,𝑛
(𝑖−1)

 

−1
𝑚 +𝑛

log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛 )]
 

 

lim
𝑚+𝑛→∞

sup
log ⁡{ 𝐶𝑚 ,𝑛

(𝑖)
 

−1
𝑚 +𝑛

 𝐶𝑚 ,𝑛
(𝑖−1)

 

−1
𝑚 +𝑛

 }

log ⁡[(𝑚+𝑛)𝛼𝑚 ,𝑛 ]
 =0, Then    ρi= ρi-1 . 

Theorem 2.2 

Letthe system of homogenous polynomials fi(z1,z2) for i=1,2,….,k , have the regular type and the same order such that  

(1) lim
𝑚+𝑛→∞ 

sup  Cm ,n
(i)

 

−1

𝑚 +𝑛
  =0    for     i=1,2,…..,k 

                                               (2.2)  

(2) 𝛼𝑚,𝑛
(𝑖)

~𝛼𝑚,𝑛      for     i=1,2,…..,k 

 

In order these functions have the same type is that satisfy the condition  

 

         Log {
 𝐶𝑚 ,𝑛

(𝑖−1)
 

 𝐶𝑚 ,𝑛
(𝑖)

 
} =o (m+n) as   m+n →∞ 

Proof:- 

The functions  fi(z1,z2) ,   i=1,2,….,k have the regular type  therefore  
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 lim𝑚+𝑛→∞ inf
1

     𝑒𝜌

(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖)

(𝐶𝑚 ,𝑛
(𝑖)

)
−𝜌

𝑚 +𝑛

= ti=Ti= lim𝑚+𝑛→∞sup
1

     𝑒𝜌

(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖)

(𝐶𝑚 ,𝑛
(𝑖)

)
−𝜌

𝑚 +𝑛

 

 lim𝑚+𝑛→∞ inf
1

     𝑒𝜌

(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖−1)

(𝐶𝑚 ,𝑛
(𝑖−1)

)
−𝜌

𝑚 +𝑛

  = ti-1=Ti-1= lim𝑚+𝑛→∞sup
1

     𝑒𝜌

(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖−1)

(𝐶𝑚 ,𝑛
(𝑖−1)

)
−𝜌

𝑚 +𝑛

 

Let the functions   fi(z1,z2) , i=1,2,…..,k have  the same type  that is to say  

 lim
𝑚+𝑛→∞

sup
1

     𝑒𝜌

(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖)

(𝐶𝑚 ,𝑛
(𝑖)

)
−𝜌

𝑚 +𝑛

 =T= lim𝑚+𝑛→∞sup
1

     𝑒𝜌   

(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖−1)

(𝐶𝑚 ,𝑛
(𝑖−1)

)
−𝜌

𝑚 +𝑛

 

Hence if we take into account the condition (2) in (2.2) then we have: 

 lim
𝑚+𝑛→∞

𝜌

𝑚+𝑛
{𝑙𝑜𝑔 𝑐𝑚,𝑛

 𝑖−1 
 − 𝑙𝑜𝑔 𝑐𝑚,𝑛

 𝑖    }=0 

At last  

         Log {
 𝐶𝑚 ,𝑛

(𝑖−1)
 

 𝐶𝑚 ,𝑛
(𝑖)

 
} =o (m+n)                 as   m+n →∞ 

Let us prove the converse. 

 

Let the functions   fi(z1,z2) , i=1,2,….,k  have  type  Ti and  Ti-1  respectively . 

 

Then    log Ti – log Ti-1 = ρ  lim
𝑚+𝑛→∞

1

𝑚+𝑛
 log {

 𝐶𝑚 ,𝑛
(𝑖−1)

 

 𝐶𝑚 ,𝑛
(𝑖)

 
} =0 . Hence Ti-1=Ti  . 

Theorem 2.3 

Let each  function of system  (1.5) be an entire homogenous  polynomials of order ρi (0<ρi<∞ )  and  type  Ti ( 0< Ti< ∞ ) 

,ti ( 0< ti<∞), i=1,…,k respectively, if  

 

(1) 𝛼𝑚,𝑛
(𝑖)

~𝛼𝑚,𝑛 for     i=1,2,…..,k 

 

(2) Cm,n~  (𝑐𝑚,𝑛
 𝑖 )𝑟𝑖𝑘

𝑖=1  

 

(3) 
(𝑚+𝑛)𝛼𝑚 ,𝑛

(𝑐𝑚 ,𝑛 )
−𝜌

𝑚 +𝑛

 ~  [
(𝑚+𝑛)𝛼𝑚 ,𝑛

(𝑖)

(𝑐𝑚 ,𝑛
(𝑖)

)
−

𝜌
𝑚 +𝑛

]𝑟𝑖𝑘
𝑖=1                where   ri>0 ,    ri 

𝑘
𝑖=1 = 1(2.3) 

Then f (z1, z2) is entire function and  (𝑡𝑖)
𝑟𝑖𝑘

𝑖=1 ≤t≤T≤  (𝑇𝑖)
𝑟𝑖𝑘

𝑖=1   , Where T, t are type and lower type of f (z1, z2) 

respectively.  

Proof  

It can be easily seen [4] that the necessary and sufficient condition for fi(z1,z2) to represent an entire polynomialsof two 

complex variables ( z1 , z2)is that : 

 lim
𝑚+𝑛→∞

(𝑐𝑚,𝑛
(𝑖)

)
1

𝑚 +𝑛  =0                          for     i=1,2,…..,k 

Also from conditions (1, 2) in (2.3) we get  

 lim
𝑚+𝑛→∞

sup(
𝑐𝑚 ,𝑛

𝛼𝑚 ,𝑛
)

1

𝑚 +𝑛  ≤   lim
𝑚+𝑛→∞

sup[(
𝑐𝑚 .𝑛

(𝑖)

𝛼𝑚 ,𝑛
(𝑖) )𝑟𝑖]

1

𝑚 +𝑛𝑘
𝑖=1 Hence f (z1, z2) is an entire polynomial .  

From (1.2) we have  

1

𝑒𝜌
[

(𝑚+𝑛)𝛼𝑚 ,𝑛
(𝑖)

(𝑐𝑚 ,𝑛
(𝑖)

)
−

𝜌
𝑚 +𝑛

 ] < Ti+εfor     i=1,2,…..,k 
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Hence   [
1

𝑒𝜌
{

 𝑚+𝑛 𝛼𝑚 ,𝑛
 𝑖 

 𝑐𝑚 ,𝑛
 𝑖 

 
−

𝜌
𝑚 +𝑛

 }]𝑟𝑖𝑘
𝑖=1 < (𝑇𝑖 + 𝜀)𝑟𝑖𝑘

𝑖=1 (2.4) 

      Similarly   (𝑡𝑖 − 𝜀)𝑟𝑖𝑘
𝑖=1 < [

1

𝑒𝜌
{

 𝑚+𝑛 𝛼𝑚 ,𝑛
 𝑖 

 𝑐𝑚 ,𝑛
 𝑖 

 
−

𝜌
𝑚 +𝑛

 }]𝑟𝑖𝑘
𝑖=1 < (𝑇𝑖 + 𝜀)𝑟𝑖𝑘

𝑖=1  

       Taking into account the condition (3) in (2.3)   

 

  (𝑡𝑖 − 𝜀)𝑟𝑖𝑘
𝑖=1 < [

1

𝑒𝜌
{

 𝑚+𝑛 𝛼𝑚 ,𝑛

 𝑐𝑚 ,𝑛  
−

𝜌
𝑚 +𝑛

 }]𝑟𝑖𝑘
𝑖=1 < (𝑇𝑖 + 𝜀)𝑟𝑖𝑘

𝑖=1  

   Passing to limits as  m+n →∞ we obtain  

 (𝑡𝑖)
𝑟𝑖𝑘

𝑖=1 ≤t≤T≤  (𝑇𝑖)
𝑟𝑖𝑘

𝑖=1    .   Thus the theorem is proved. 

Theorem 2.4 

Let  f1 (z1 ,z2)=  𝑝𝑚,𝑛
 1 ∞

𝑚,𝑛=0  𝑧1,𝑧2  ,   f2 (z1,z2)=  𝑝𝑚,𝑛
(2)∞

𝑚,𝑛=0 (𝑧1,𝑧2 )  be two entire polynomials of finite non –zero 

orders 

   ρ1,ρ2 and finite non-zero types T1,T2 respectively then the function  

f(z1,z2)= 𝑝𝑚,𝑛
∞
𝑚,𝑛=0 (𝑧1,𝑧2 )   with    

     cm,n  ~ (am,n  . bm ,n)
1

2 ,   αm,n
(i)

 ~αm,n                                             (2.5) 

  Where   c m,n =𝑠𝑢𝑝𝜐 𝑧𝑡  ≤1 𝑝𝑚,𝑛(𝑧1, 𝑧2)  , am,n =𝑠𝑢𝑝𝜐 𝑧𝑡  ≤1 𝑝𝑚,𝑛
(1)

(𝑧1, 𝑧2)  and  

        bm,n =𝑠𝑢𝑝𝜐 𝑧𝑡  ≤1 𝑝𝑚,𝑛
(2)

(𝑧1 , 𝑧2)   is an entire function such that  

(𝜌𝑇)
2

𝜌 ≤ (𝜌1 𝑇1)
1

2
𝜌1 . (𝜌2 𝑇2)

1

2
𝜌2 , Where ρ and T are order and type of  f(z1,z2) respectively and  

           2/ρ = 
1

𝜌1
  +  

1

𝜌2
 .  (2.6) 

Proof  

     We can prove as the proof of theorem 2.3 that f(z1,z2) is an entire function  where 

      𝑐𝑚,𝑛  ~(𝑎𝑚,𝑛𝑏𝑚,𝑛)
1

2, and   𝛼 𝑚,𝑛
(𝑖)

 ~𝛼𝑚,𝑛  . Further, using (1.2) for the function f1 (z1 ,z2) , f2 (z1 , z2) , we have  

 

lim𝑚+𝑛→∞ 𝑠𝑢𝑝 {((𝑚 + 𝑛)𝛼𝑚,𝑛
(1)

)
1

𝜌 1 ∗  (𝑎𝑚,𝑛)
1

𝑚 +𝑛 }𝜌1    = e𝜌1𝑇1 (2.7) 

 

lim𝑚+𝑛→∞ 𝑠𝑢𝑝 {(𝑚 + 𝑛)𝛼𝑚,𝑛
(2)

)
1

𝜌 2 ∗  (𝑏𝑚,𝑛 )
1

𝑚 +𝑛 }𝜌2    = e𝜌2𝑇2 (2.8) 

      From (2.7) and (2.8), we get for an arbitrary ε>0. 

((𝑚 + 𝑛). 𝛼𝑚,𝑛
(1)

  )
1

𝜌 1 ∗  (𝑎𝑚,𝑛)
1

𝑚 +𝑛 <( e𝜌1( 𝑇1  + 𝜀))
1

𝜌 1    ,for  m+n >k1   . 

(( 𝑚 + 𝑛). 𝛼𝑚,𝑛
(2)

  )
1

𝜌 2 ∗  (𝑏𝑚,𝑛 )
1

𝑚 +𝑛 <( e𝜌2( 𝑇2  + 𝜀))
1

𝜌 2    , for  m+n >k2   . 

Thus for (m+n)>k=max (k1 ,k2 ) and  2/ρ = 
1

𝜌1
  +  

1

𝜌2
  , and using  the condition  𝛼𝑚,𝑛

(𝑖)
 ~𝛼𝑚,𝑛   we have  

[((𝑚 + 𝑛)𝛼𝑚,𝑛)
1

𝜌 ((𝑎𝑚,𝑛 . 𝑏𝑚,𝑛 )
1

2)
1

𝑚 +𝑛 ]2 < (𝑒𝜌1( 𝑇1  + 𝜀))
1

𝜌 1 (𝑒𝜌2( 𝑇2  + 𝜀))
1

𝜌 2  

Therefore, if        𝑐𝑚,𝑛  ~(𝑎𝑚,𝑛𝑏𝑚,𝑛 )
1

2   , we have obtain      

lim
𝑚+𝑛→∞

sup⁡[((𝑚 + 𝑛)𝛼𝑚,𝑛)
1

𝜌 (𝑐𝑚,𝑛)
1

𝑚 +𝑛 ] < (𝑒𝜌1𝑇1  )
1

2
𝜌1 (𝑒𝜌2𝑇2 )

1

2
𝜌2  

Or 
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(𝑒𝜌𝑇)
1

𝜌 ≤ (𝑒 𝜌1 𝑇1)
1

2
𝜌1 . ( 𝑒 𝜌2 𝑇2)

1

2
𝜌2 ,Where ρ and T are order and type of f (z1,z2) respectively, Hence  

(𝜌𝑇)
2

𝜌 ≤ (𝜌1 𝑇1)𝜌1 . (𝜌2 𝑇2)𝜌2 . 

Corollary  

fi(z1,z2) =  𝑝𝑚,𝑛
 𝑖 ∞

𝑚,𝑛=0  𝑧1,𝑧2  ,  i=1,2,….,k  be (k) entire polynomials of  finite non-zero orders ρ1, ρ2,…….,ρk, and  finite 

non-zero types T1,T2,……….,Tk  respectively ,Then the function   

f(z1,z2)= 𝑝𝑚,𝑛
∞
𝑚,𝑛=0 (𝑧1,𝑧2 )   with   

      𝑐𝑚,𝑛  ~  (𝑎𝑚,𝑛
(𝑖)

)
1

𝑘𝑘
𝑖=1 Is an entire function such that  

    (𝜌𝑇)
𝑘

𝜌 <  (𝜌𝑖𝑇𝑖)
1

𝜌 𝑖𝑘
𝑖=1   ,Where ρ and T are order and type of f (z1,z2) respectively and  

𝑘

𝜌
= 1

𝜌𝑖
 𝑘

𝑖=1  
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