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ABSTRACT

In this paper we study the growth of entire functions represented by homogenous polynomials of two complex variables.
The characterizations of their order and type have been obtained.

Keywords: homogenous polynomials; order and type; lower order and lower type.

Council for Innovative Research

Peer Review Research Publishing System

Journal: JOURNAL OF ADVANCES IN MATHEMATICS
Vol .11, No.9
www.cirjam.com , editoriam@agmail.com

5673 |Page January 11 2016


http://member.cirworld.com/
http://www.cirjam.com/

g

ISSN 2347-1921

1-INTRODUCTION

If v:C?>—R", be a real — valued function such that the following conditions hold:-
i) v (z+2)=0(2)+u(2) v z,2€ C2
@iy v (2)< [Av(z)vAre C.

(ili) v (z) =0 & z=0, Then v is a norm .

Letf(z1.22) =X n=0Pmn (Z1,22)  cooennen. (*) be the Taylor series expansion of f (z,,z,) in terms of homogeneous polynomials
Pmn(Z1,22): C>—C of degree (m+n). We have:

M (ry,r) =supy ()< | f (21, 22) 1, t=1,2. U = max (uy, Vo), I the maximum modulus of f (z;,2;) V vy, v.€ R" with respect to the normv .

Define:

Cm‘nzsupv(zt <1 |pm,n (er ZZ) |
The order, lower order and typeof entire functions aredefined respectively by:-

loglogM (r1,r7)

=lim su -
p 71,7250 p logiiry,12)

. . cloglogM (rq,r
A=lim,, , _infglesM (urz)
1200 og iy, rz)
— 1 logM (ry,12)
T=lim,,,,  sup ~oT+h)
logM (ry,r2)

t=lim,. ,, inf =

In [2], D. Kumar,and K.N. Arora proved the following results
p=lim,, ;.o SUP —1—logmm £ mal (1.1)

log ey o [P ¥

epT=limy, 10 SUP (LR (1.2)

=p 1
(cmp)m+n

Where

_—_1_
(m™n™)m+n if

>
) m,n> 1

Amn =

=0 if m.n=0

Analogously, the lower order and lowertypeare defined by:

A= 1My, 4y sop inf 2Bl M Emn] (1.3)
log | [ F7
ept= limm+n_minf% (1.4)

(Cm,n)m +n

In this paper we consider have system of entire functions as follows:

fi(21,22)= Tip o Pon (21,22) =12,k (15)

Then we obtain some relations between the function represented by (*) and the system of entire homogenous polynomials
(1.5) and study the relations between the coefficients in Taylor expansion of entire homogenous polynomials and their
type. Also we continue the work of H.H. khan and R.Ali [3] , Where they generalized and improve the results of
R.K.Srvivastava , vinod Kumar [5] and S.SDalal [1] .

2-Main Results.
Theorem 2.1

Let fi (21,22)= Xmn=0 p,(,?n (21,2, ) where i=1,2,...... ,k be (k) entire homogeneous polynomials of finite regular
growth py,pa,...... ,Px respectively and

5674 |Page January 11 2016



ISSN 2347-1921

a® 2.1)

m n am,n

In order these functions have the same order is that satisfy the following condition

| (l) m+n

= }=0(log{(m+n)0m})

|C7$11;11)|m+n

Log {——

Proof

Since f;, i=1, 2,...., k have regular growth then

. logiim+n)a] . logifim4n)al, ]
1im,, 4 —y00 SUP —————32= =p;=A=1lim,, 4y 0 iNf —————27=
log (Cvg?n )m +n log (Cr(nl?n )m +n

Since the functions f; (zy,z,) fori=1,...,k have the same order then p=p=A=A for i=1,2,....,k

-1

O l log|C(l) m+n
I lim SUp—————=—
mtn-0 plog [(m+n)a(l)] p

=1
1)|m+n

1 . "
ogim+myal 0] p ' 459 condition (2.1) then

i log |C(L
lim,, 47 00 SUP

=
(O] m+n (i-1)|m+n
g G, | g |G| =0, Hence

logifm+n)am n]

| (l) m+n
———1}= 0 (log{(m+n)0n»}) as mtn—co.
(i-1)|m+n
[ema’|

Log {

Let us prove the converse

Let fi(z12,) ,i=1,2,.....k have orders p;, i=1,2,.....k respectively then by using condition (2.1) we have

—1 —1
11 . SO 5 sup o [T
o i Moo SUP ] men—e SUD e ) )]
J -1 -1
i logQﬂCrg?nlm_*'n/'C(l 1)|m+n .\
minse” P logiitm+n)am ] : PRRH -
Theorem 2.2

Letthe system of homogenous polynomials fi(z;,z;) for i=1,2,.....k , have the regular type and the same order such that
=il

(D) llm sup C,(,i‘)_nm =0 for i=1,2,.....k

+n—oo

22)

@) al ~ap, for i=12,..k

In order these functions have the same type is that satisfy the condition

1)
Log { c0 (l) |} =0 (m+n) as m+n —o

Proof:-

The functions fi(z;,z,) , i=1,2,.....k have the regular type therefore
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. . 1 (m+n)a 1 (m+n)a,, Q)
lim,, 4n e inf ———==t=T=lim,, 1o SUp — ——=5~
ep (C(’) )m o ep (C(‘) )m o
. . 1 (m+n)a ) _ _ . 1 (m+n)a(l D
lim,, ;,, L inf ———=— =ti1=Ti1= limy, o SUP —_—
ep (Cé; nl))m +n ep (Cr(nt nl))m +n

Let the functions f(z1,2,) , i=1,2,.....k have the same type that is to say

) )

1
. 1 (min)ay’, 1 (m +n)a
lim sup —5 =T=lim,, 1, o SUP —_—

m+n—oo ep (C(’) ym+n ep (c&‘ nl))m+n

Hence if we take into account the condition (2) in (2.2) then we have:

dim—Efloglen,”] = loglenn] 3=0
At last
[enn”]
Log{| (l) } =0 (m+n) as mt+n —oo

Let us prove the converse.

Let the functions f(z1,2,) , i=1,2,.....k have type T;and T;; respectively .

ci-D

Then log T;- log T,l—p hm Iog{|m(l')‘ 3} =0. Hence Ti1=T; .

n—oo m+n

Theorem 2.3

Let each function of system (1.5) be an entire homogenous polynomials of order p; (0<p;<co ) and type T;(0<Ti< o)
i (0< ti<w), i=1,... k respectively, if

1) @@ ~apafor i=12,...k

(2) Conn~ [T (eS0T

(3) Wiy“_"};”~ ?1[(m+n)a — where >0, Y 1, =1(2.3)
(Cmn)m+" ( (l) ) m+n

Then f (z,, z,) is entire function and [T¢_, (t,)" <t<T< [ ,(T,)" , Where T, t are type and lower type of f (zy, z,)
respectively.

Proof

It can be easily seen [4] that the necessary and sufficient condition for fi(z,,z,) to represent an entire polynomialsof two
complex variables ( z; , zp)is that :

lim (c())m+n =0 for i=12,....K

m+n—oo

Also from conditions (1, 2) in (2.3) we get

® 1
lim Sup(—)m+n <[ -1 11m sup[(c’(”ij" Tilm+mHence f (zy, zp) is an entire polynomial .
m+n—oo n-—-oo Um'n

From (1.2) we have

[%] < Titefor i=12,....k
ep (c(l) Y m+n
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(m+n)a

Hence [T 1[—{ m" }]”<1_I (T + €)"(2.4)

mn

(m+n)a

Similarly [Ti,(t: — &)"<IT¢ 1[—{ "‘" }]”<H —1(T; + &)™

)

Taking into account the condition (3) in (2.3)

(m+n)amn

[T (6 — )i<II 1[ { - n)a N <TTi (T, + &)

Passing to limits as m+n —o we obtain

k()" <t<T< [IF.,(T)™ . Thus the theorem is proved.
Theorem 2.4
Let f, (21,22)= Xmn=o p,(nl)n (zl‘zz ) 2 (21,22)= X n=o pfﬂ (21,2, ) be two entire polynomials of finite non —zero
orders

p1,p2 and finite non-zero types Ty, T, respectively then the function
f(21,22)=2m n=0 Pmn (21,22) With

= M0
Cmpn ~ (am,n 'bm,n)zr Ayn ~%mon (25)
1
Where ¢ m,n =SUDy (z¢ )<t |pm,n (er ZZ)| y Ampn zsupu(zt <1 |pr(n31 (th Z2)| and

b =SUDy (5, y<1 [P (21, 2,)| is an entire function such that

2

2 1 1
(pT)P < (py T1)?"*. (p; T»)2"%, Where p and T are order and type of f(z4,2,) respectively and
2 - 2.6)

Proof
We can prove as the proof of theorem 2.3 that f(z;,2,) is an entire function where

1
Cnm ~(@mnbmn)z,and «a ,(n)n ~,, , . Further, using (1.2) for the function fy (z; ,2,) , f, (21, Z,) , we have

il
1M,y 400 SUP {((m + M)l o7« (@)™} =ep Ty 2.7)
- @) oo -l
11n‘lm+n—>oo Sup {(Tl’l + n)am‘n)ﬂz * (bm,n)m"'"} = epZTZ (28)

From (2.7) and (2.8), we get for an arbitrary £>0.
L 1 L
((m+n).al) 11+ (@ )mn<(ep (T, +€)1 for men>k; .

1 1 1
((m+n).apy )72 % (byy)mm<(epy(T, +)oz ,for min>k,

(l)

Thus for (m+n)>k=max (k; ,k; ) and 2/p:pL + pl and using the condition «,,, ~a,,, We have
1 2

(O + 1) )7 (G- b )V < (epr(Ty + €)1 (epy (T, + €))7

1
Therefore, if ¢ ~(@mabmn)? , We have obtain
1
lim supif((m + n) & n)? (Cmn)'"+"] <(epiTh )Zpl(epsz )2’)2

m+n-

Or
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1 1 1
(epT)r < (e p1 T1)?"'. (e p, T,)2°2,Where p and T are order and type of f (z3,2,) respectively, Hence

2

(pT)? < (p1 TP, (p2 To)P2.

Corollary
fi(z1,22) = X n=o0 p,(,?n (zlyzz ), i=1,2,.....k be (k) entire polynomials of finite non-zero orders py, pa,....... Pk and finite
non-zero types T4, To,.......... , Ty respectively ,Then the function

f(z1,22)=2m n=0 Pmn (71,22) With

. 1
Cmm ™~ ]'[f-‘zl(a,(,?_n)ﬂs an entire function such that

K 1
(pT)? < I1*.,(p;T;)*i ,Where p and T are order and type of f (z,,2,) respectively and

k

gk 1
P 2121 /pl
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