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Abstract. This paper deals with the some oscillation criteria for the three dimensional neutral delay difference system of
the form

A(Xn"'pnxn-k):bnyg

A(y,)=¢cn zE‘
Az,)=-apx" n=1,2,...,

n-1+1’

Examples illustrating the results are inserted.
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1.Introduction
Consider a three dimensional neutral delay difference system of the form
A(Xn+PXnk ) =00y
Ay,,)=¢cn ZE (1.1)
A(zp)=-apx!_,, n=1,2,..,
subject to the following conditions
(¢1). {b,} and {c,} are nonnegative real sequences such that >’)>>_; b, = >*_; ¢, = oo,
(cy).{a,} is a positive real sequence,
(c3).a,B and y are ratio of odd positive integers,
(cq)l and k are positive integers and {p,} is a positive real sequence such that
0<p,<1foralln=1.

System (1.1) can be rewritten as

Aw, =b,yq
Ay, = CnZE (12)
AZn = —a (1 - pn—l+1)ywz_]+1

where Wy =Xn +pn Xn-k. The corresponding sequence{(xn,Yn,zn)} will be called a solution of (1.1). A solution {(Xn,Yn,zn)} is said
to be oscillatory if all of its component sequences {x»}{yn} and {zn} are oscillatory, Otherwise it is said to be nonoscillatory.
System (1.2) is said to be almost oscillatory if every solution {(wn,yn,zn)} of system (1.2) is either oscillatory or

limy, e Wy = limy e vy = limy, ez, = 0.

Let 8 = max {k 1}. By a solution of equation (1.1). we mean a real sequence {x,} defined for all n>ny, — 6 satisfying
equation (1.1) for all n> ny. A solution {xn} is said to be oscillatory if it is neither eventually positive nor eventually negative
and nonoscillatory otherwise.

6751 |Page
November 2016 www.cirworld.com


mailto:kthangavelu14@gmail.com
mailto:ganesan_saraswathi@yahoo.co.in

8

ISSN 2347-1921
Volume 12 Number 10
Journal of Advances in Mathematics

If pn=0. {bn} and {cn} are positive and a« = g = 1 then system (1.1) is equivalent to the third order neutral delay difference
equation

1 (1 y
Al —A _A(Xn + ann—k) + AnXp141 = 0.
C b,

n

whose oscillatory behaviour has been studied in, for example, [1-4] and the refrences cited therein. Also the oscillatory
theory is considered for two-dimensional and three-dimensional difference systems (see, for example, [5-10] and the
references cited therein).This observation motivated us to consider the three-dimensional neutral delay difference systems
and to investigate its oscillatory behaviour. In section 2, we present some basic lemmas which will be used to prove the
main theorems, and in Section 3, we obtain the sufficient conditions for the oscillation of system (1.2). Examples are
provided in Section 4 to illustrate the main results.

2. SOME BASIC LEMMAS
In this section, we state and prove some basic lemmas, which will be used in establishing our main results.

Lemma 2.1. Let {(xn,yn.Zn)} be a solution of system (1.1) with {x,} nonoscillatory for n>ny > 1. Similarly {(wn,yn,zn)} is a
solution of system (1.2) with {w,} nonoscillatory for n=n, = 1. Then {(Wn,yn,2n)} is nonoscillatory and {{wn}, {yn}.{zn}} are
monotone for n> N > n,

Proof. Let {(wnynzn)} be solution of system (1.2) with {w,} nonoscillatory for n> ny. Then without loss of generality
assume thatw, >0 for n> N > n, and hence from the third equation of system (1.2), we have Az, < 0 for n> N. Thus {z.} is
nonincreasing sequence for n= N. Since {b,} and {cn} have positive subsequences In view of condition (c1), applying
similar argument to the second and the first equation of (1.2). we see that {yn} and {wn} are monotone for n> N. Hence
{(Wn,yn,zn)} is nonoscillatory and the proof is complete.

Lemma 2.2. Let {(xn,Yn,zn)} be a solution of system (1.1) with {x»} nonoscillatory for n=> n, > 1. Also let {(Wn,yn,zn)} be a
nonoscillatory solution of the system (1.2), then there are only the following two cases for n> 1 sufficiently large.

() sSgn Wy =Sgn Yn =Sgn z;
() sgn Wn =Sgn Yn #SgN Zp
holds.

Proof.Let {(wnyn.zn)} be a nonoscillatory solution of system (1.2). Without loss of generality we may assume that w,>0
for n> N. Then from Lemma 2.1 we have {y»} and {z,} are monotone for n> N. Since {yn} is monotonic, we have either
2,>0 or Zy<o for all n= N. We shall show that z,<0 cannot hold. Suppose it holds then there exists an integer N;> 1 and a
constant d>0 for n>N1. Now from the second equation of (1.2) we have

AYn < —dfc, n= Nj.

Summing the last inequality from N; to n-1 and then taking n— «, we find that y»—» —« as n— «. Then there is an integer
N2> N; and a constant n such that ya<n < 0 for n> N,

AWn = T]abn, n= NZ.

Where wpn =Xn +pn X« for n= N, Now taking summation from N> to n-1 and then making n— «, we see that w,— —, as
n— <. This contradicts the fact that w, >0 for all n= N. Hence z,>0 for all n= N. The proof for the case wy <0 eventually is
similar. This completes the proof of the lemma.

Lemma 2.3. Let {(xn,Yn,zn)} be a solution of system (1.1) with {X,} nonoscillatory for n> n, > 1. Similarly {(Wn,yn,zn)} be a
nonoscillatory solution of system (1.2) and let lim,,_, w, = L; lim, . y, = L, and lim,_,. z, = L3 Then L; < = implies L
:L3 =0.

Proof. By lemma 2.1, there exists an integer N such that {wy},{yn} and {z,} are monotone for n> N. So their limits are
either finite or infinite. Assume that L;>0 for i=1,2,3 is similar. From lim,_,. y, = L, there exists an integer N; > N. Such

thaty, > Lz—z for n> N; Hence from the first equation of (1.2), we have
Aw,=(2)° by
If pn =0, we get
A%, =()* b
If pn# 0, Now summing the last inequality from N1 to n-1, we obtain

Laya yn—1
Wy 2 WN, + (7) s=Ny bs
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where w,, = x,, + p,x,_,. Which implies w;,, - « as n — «. This contradicts the fact that lim, . w, = L; < «. Therefore
L, = 0. Similarly considering the second equation of (1.2) and proceeding as above we obtain L; = 0. This completes the
proof of the lemma.

Lemma 2.4. (See[11].) If X and Y are nonnegative, then X*+(1 — 1)Y* —AXY*~1 >0, 1> 1. Where equality holds if
and only if X=Y.

Lemma 2.5. Let {(xn,yn.zn)} be a possible solution in (1.1) satisfying the case(l) of lemma 2.2 Then
X, = (1= pw, n=1.
Where w,, =x,, + ppxp_r.

Proof. Proceeding as in Lemma 2.2, we have x, >0 and y, > 0 for n= N > 1. From the first equation of the system
(1.2) we have

Aw, = b, y¥ n= N.
Therefore w,, > 0 and nondecreasing for all n> N. From the definition of w,,, we obtain
X = (1= pp)wy, n= N
This completes the proof of the lemma.

3.0SCILLATION RESULTS

In this section, we establish sufficient conditions for the oscillatory and asymptotic behaviour of the solutions of system
1.2).

Theorem 3.1. Consider the difference system (1.2) subject to the conditions

Yo—1cn(E ag)f = e B.D
Yi=1an (L= pni41)” (] b (=t )Y = = (3.2)

and
afy < 1. (3.3

Then every solution {(w,, ¥, z,)} of system (1.2) is almost oscillatory.

Proof. If {(w,,,,2,)} is an oscillatory solution of system (1.2), then there is nothing to prove. Therefore assume that
{(wy, ¥, z,)} is nonoscillatory solution of system (1.2). Then choose an integer N> 1 such that for all n> N, the solutions
{(wy, v, z,)} Of system (1.2) satisfies either case(l) or case(ll) of Lemma 2.2.

First assume that the solution {(w,,, y,, z,,)} satisfies case(l) of Lemma 2.2 for n> N. Without loss of genereality assume that
w, > 0 for n> N. Summing the second equation of (1.2) from N to n-1, we obtain

Yn — YN = ?;16 Cszf-
and
Vo =Y bezf, nz=N =N (3.4)

Using the monotonocity of {z,} in (3.4), we have

=z CiThe) ., n= N (3.5)
Summing the first equation of (1.2) from N; to n-1 and then using (3.5), we obtain

wy > Xioh bz (Bizhe)®,  n= N >N (3.6)

From (3.6) and the monotonocity of {z, }, we have

a

n-1 s—1
Wy, = Z,‘flzl by (Z ct) , n=Np,

s=Ny t=N
ap -1 -1
Wn_i41 = 2, Xi=q, bs (XE=y €)%, nz=N
n—l s—1 a\ ¥
4 aBy
Wy 141 = Zn Z by z Ce ) n = Nj.
s=Ny t=N
Where
Y Y
Xn—l+1 2 (1 - pn—l+1)yWn—l+l
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X e = A= pa) 20 (S0 by (Bishe)?)’, n= Ny (3.7)

Multiplying (3.7) by a,, using the third equation of (1.2) and then summing from N; to n-l, we obtain

a\ v
n—l n—l s—l t—l
—Az,
Yz ) al-per | Y nl g (38)
s=N; Zs s=N; =N, j=N
For z,,, <u <z, ,we have
Zn
du - —-Az, >N 39
f b = e nz N (3.9)
Zn+1
Combining (1.2) and (3.9), we obtain
o du bl n—l s—l ay’
f uaBy 2 Z an(l_pn—l+1)y Z bs th
0 n=N, s=Ny t=N

which is a contradiction in view of (3.2) and (3.3). Thus case (I) cannot occur, and hence the solution of (1.1) satisfies case
(1) of Lemma 2.2.

Now from the first equation of (1.2), we see that {w, } is nonincreasing for n> N, and therefore lim,,_.. w, = L; < «. Hence
from Lemma 2.3, we have lim,_.y, = lim, .z, =0

We shall prove that lim,_,.. w, = 0. Let lim, . w,, = L; > 0. Then there exists an integer N; > N, such that w,,,; >d; >0
for n> N;. Now summing the third equation of (1.2) from n to « and then using w,, = w,_;;; and w, > d; for n> N,;. We
obtain

znzdi'Zas, n= N
Ss=n

Since B is a ratio of odd positive integer, we have from the last inequality
2 2d" 3, a)f, n=N. (3.10)

Summing the second equation of (1.2) from N; to n-1 and then using (3.10) we obtain

n-1 0 B
Yn ZYN1+dfy z Cs(Zat) ) TlZNL

s=Ny t=s

In view of (3.1) the last inequality implies for n — « that lim,_,.. y, = «, which is a contradiction. Therefore lim,_,. w, = 0.
This completes the proof of the theorem.

Theorem 3.2. With respect to the difference system (1.2) assume condition (3.2) holds. If
afy =1 (3.11)
Yo—1@n (1= pp )’ O L] by Bzt c)®) e == (3.12)
where 0<e < 1, then the conclusion of the Theorem 3.1 holds.

Proof. Let {(w,,y,,2,)} be a nonoscillatory solution of system (1.2). We see that Theorem 3.1 satisfies one of the two
cases of Lemma 2.2 for n> N. First we consider case(l). In this case, we have inequality (3.7). Using (3.11) in (3.7) implies

— — 14

X1 2 (L= pps1) 2 (B02h, b (Eizh c)?) ,n = Ny > N. (3.13)

Raising (3.13) to (1-¢€)™ power we obtain
_ _ _ _ (1—€) _

(A = pr) 00z (Bt b Bzt ) 7 <G50 n= Ny (314

Since {xn} is monotonically nondecreasing, there exists an integerN, > N; and a constant d; > 0 such that
X' 1 =di, n=N, (3.15)
Now (3.15) implies
1-€
(xr_1s1)  Sdpx!_., n=N,. (3.16)

Where d, = d; >0, combining (3.14) with (3.16), we obtain

y(1—€)
2 = P OO (B0h, bs(Tizh ) ) S dax)yyy n = No(3.17)
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Multiplying (3.17) by a,z5™t, using the third equation of (1.2), summing from N, to n-1 and then using the fact that {z,} is
positive and nondecreasing we have

i Nza 1 -ps- l+1)y(1 2 [Zt N1b (Z =N ]) ] dZZS Nz( AZS)

< dZZf\_’z < o, n= NZ.

which contradicts (3.13). Therefore, case(l) cannot occur and for case(ll), we proceed in the same way as in the proof of
Theorem 3.1. This completes the proof.

Theorem 3.3. With respect to the difference system (1.2) assume condition (3.1)
afy > 1. (3.18)
Zio1bn (1= p)(Z22 )" Cprp1 @)% = oo (3.19)
hold. Then the conclusion of theorem 3.1 holds.

Proof. Let {(w,,v,,2,)} be a nonoscillatory solution of system (1.2). Then proceeding as in the proof of Theorem 3.1, we
see that {(w,, y,,2,)} satisfies one of the two cases of Lemma 2.2 for n> N. First consider case (I). In this case, from the
third equation of system (1.2) and using the nondecreasing behaviour of {x,}, we have

Zy 2 X)_4q Deen A5, 1= N. (3.20)

Further, summing the second equation of system (1.2) from N to n-1 and then using the nonincreasing behaviour of {z,}
we obtain

Vo = n+1(ZS k) m=N. (3.21)
From (3.20), (3.21) and the first equation of system (1.2), we have
Aw, = by (2254 )" (Bonsr @) xg?)
Xy 2 (1= pa)dw,
> (1= p)ba (T2 &) Cin i a5,

(o0 1S = kb (L - pIEizh ) (Binia)® 2N (322)

s=1+2
For x, < u < x,41, we have

Xn+1

du Ax,
i 2 apy (3.23)
4 Xn—1+2

Combining (3.22) and (3.23), we obtain

o s—l @ 0 af
J- 2By Z bs(1 —ps) Z Ce ( Z at) ’
n t=s+1

t=N

which is a contradiction in view of (3.20) and (3.21). Therefore, case(l) cannot occur and for case(ll), the proof is similar to
that of Theorem 3.1. This completes the proof.

Theorem 3.4. With respect to the difference system (1.2) assume conditions (3.1) and (3.12) hold. If there exists a
positive nondecreasing sequence ¢,, such that

' m ~ 1 (A¢n)y+1 > B
,#Lr}osup n_zno (an¢n 0+ b))

and

n-—l @

n = b, (1 —p,) Z c | >0, foralln =n, (3.24)

s=ng
Then the conclusion of Theorem 3.1. holds.

Proof. Let {(x,, . 2,)} be a nonoscillatory solution of system (1.1). Then proceeding as in the proof of Theorem 3.1, we
see that {(x,, y,,, z,,)} satisfies one of the two cases of Lemma 2.2 forn>= N > 1.

y, = dnin n>=N >N+1.

n-l
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Then for n= N;, we have

AV, = Viyr =V

A 2z, Ax)
AV, = _and)n + ¢n Vg1 — ¢}T/l = y n-l
Prs1 Xn—1%n-14+1

Using the mean value theorem to the function y(t) = t¥, we have

-1 .
A _{yx,}:_l Axy_ if r=1,
n—-1"

3.25
yx,}::llen_l, if r<1. (3:25)

From (3.24), (3.25) and in view of the behaviour of {x,} and {z.} we obtain

AV, = —ay ¢, + 220,y — VT > - (3.26)

bn+1 Xn-141Pn-1
Now from the first equation of (1.1),(3.21) and (3.11) we have
Ax, = (1 — p,)Aw,
Where

1
Aw, = bn(Z?;)lV Cs)aZ:H_l
1
Ax, = (1= p)b(X02hco) 2, n=N. (3.27)
1
=NnZy ., N=N.

Since {zn} is nonincreasing. Using (3.27) in (3.26), and simplifying we obtain
1

1+
BV, = —anpy + 57V — 22 Y T n2 Ny (3.28)
n+1

14, nt
4
n+1

Set
v
X:(y(l)nr]n_l)lw E‘ A= Ly > 1.
¢n+1 Y

and

Y:(1+yy) (&)y [y%(¢nnn—l)%¢n+l ’

14 Pn+1

in Lemma 2.4 to conclude that

1
A, v _ Gn¥Nn-1 1+7 < 1 (A¢n)y+l n>N
Grir 1+% LT A+ ek "
n+1
and therefore
1 (Ap)"H!
AV, < —a ‘o n = Nj.
n n¢n (1 +]/)y 7]1/1_1(!)1}: 1
Summing both sides of the last inequality from N; to m > N;, we obtain
1 (g )r*?

Vins1 — VN1 = Z?:Nl [an¢n - A+y)Y 7]%44’%

— = as n— «. which is a contradiction to the fact that 1, > 0 for m> N;. Therefore, case(l) cannot occur and hence the
solution of (1.2) satisfies case(ll). The proof for case(ll) is similar to that of Theorem 3.1 and this completes the proof.

4 EXAMPLES

Example 4.1. Consider the difference system
1 1 1
A (X“ + EX“‘l) = (n—l + Z(n—l)) In
Ay, ==z, (4.)
—-(n-1
Az, (n—1)

T+ D(n+2) -1
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All conditions of Theorem 3.1 are satisfied and hence all solutions are almost oscillatory. In fact {(xn,Yn,Zn)} ={§,_—1 —1} is
one such solution of the system (4.1).

n 'n+1

Example 4.2. Consider the difference system

1
1 4 3
A (Xn + an—l):g (n+ Dy,
1
Ay, = ~Zp (4.2)

3
—(2n+5)

Az, = (m+2)(n+3)) Xn-1

All conditions of theorem 3.2 are satisfied and hence all solutions are almost oscillatory. In fact {(Xn, ynzn)}={(-

n (=DM e :
1), Ty } is one such solution of the system (4.2).
REFERENCES

1. R.P.Agarwal, Difference Equations and Inequalities, Second Edition.Marcel Dekkar. Newyork, 2000.

2. R.P.Agarwal and S.R.Grace, Oscillation of certain third order difference equations, Computers Math. Applic.
42(3-5), 379-384(2001).

3. J.R.Graef and E.Thandapani, Oscillatory and asymptotic behaviour of solutions of third order delay difference
equations, Funk.Ekv.42(7/8). 355-369.(1999).

4. B.Smith and W.E.Taylor, Jr., Nonlinear third order difference equations:
Oscillatory and asymptotic behaviour, Tamkang J.Math. 19,91-95,(1988).

5. J.R.Graef and E.Thandapani, Oscillation of two-dimensional difference systems, Computers Math. Applic. 38
(7/8), 355-369, (1999).

6. B.S.Lalli, B.G. Zhang and J.Z.Li, Oscillation of Emden-Fowler difference systems, J.Math.Anal.Appl.256,(2001),
478-485.

7. W.T.Li, Classification schemes for nonoscillatory solutions of two-dimensional non-linear difference systems,
Computers Math. Applic. 42(3-5).341-355.(2001).

8. W.T.Li and S.S.Cheng, Oscillation criteria for a pair of coupled nonlinear difference equations, Internat. J. Appl.
Math. 2(11).1327-1333, (2000).

9. Z.Szafranski and B.Szamanda, Oscillatory properties of solutions of some difference systems, Rad. Mat. 6, 205-
214,(1990).

10. E.Thandapani and B.Ponnammal, Oscillatory properties of solutions of three-dimensional difference systems,
Mathematical and Computer Modelling 42(2005),641-650.

11. G.H.Hardy, J.E.Littlewood and G.Polya, Inequalities, 2" Edition, Cambridge Univ.Press, Cambridge,(1988).

Dr. K. Thangavelu did his Ph. D at University of Madras Chennai. He is a head of PG and
Research Department of Mathematics at Pachaiyappa’s College. He is a Multi talented person.
Also he manage many position at one time like Director, Chairman, University V.C nominee for
academic council, Member for the affiliation committee of several well known colleges of the
University of Madras and so on. He published 2 text books for Undergraduate Course and 10
International journal papers. He guided more than 16 M.phil students and now guiding 2 M.phil
and 8 Ph.D students. His Research interest is Difference and differential equations Algebra and
Functional equations.

G.Saraswathi did her M.phil Mathematics at University of Madras, Chennai. She is a research
scholar of P.G and Research department of Mathematics at Pachaiyappa’s college, Chennai. Her
research interest is Difference and differential equations, Dynamical systems and Mathematical
modelling.

6757 |Page
November 2016 www.cirworld.com



