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ABSTRACT

In this paper, we are concerned with Abel uniform convergence and Abel point-wise convergence of series of real
functions where a series of functions ). f;, is called Abel uniformly convergent to a function f if for each & > 0 there
isad >0 such that

Ie(®) = fO] <e

For 1-6<x<1 and Vt € X, and a series of functions }f,, is called Abel point-wise convergent to f if for each
teX and Ve >0 there is a d(gt) such that for 1 -6 <x<1

Ife(®) = f(O)] <e.
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1 INTRODUCTION

Firstly, we give some notations and definitions in the following. Throughout this paper, N will denote the set of all positive
integers. We will use boldface p, r, w, ... for sequences p =(p,), r = (1), W = (W,),... of terms in R, the set of all real
numbers. Also, s and ¢ will denote the set of all sequences of points in R and the set of all convergent sequences of
points in R, respectively.

A sequences (p,) of real numbers is called Abel convergent (or Abel summable), (See [1,3]), to £ if for 0 <x <1
the series Yr_o px XX is convergent and

Lim(1—x) ) p,xk =¢
x—->1"
k=0
Abel proved that if lim,_., p, =% ,then Abel -lim, _, p, =€ (Abel).

A series Y.,—oPn Of real numbers is called Abel convergent series (See [1,3]), (or Abel summable) to € if for 0 < x <1
the series Yj_o px x* is convergent and

lim, 1-(1 — X) Tfo S x* =4 where S, = Ti_, p

In this case we write Abel-Y. o P, = £. Abel proved that if lim,,_,.. >.r—o = ¢, then Abel-Y}7_, p, = £ (Abel), ie.
every convergent series is Abel summable . As we know the converse is false in general, e.g Abel-Y o (—1)" = %

(Abel), but Yoy (—1)" % %

2 RESULTS

We are concerned with Abel convergence of sequences of functions defined on a subset X of the set of real numbers.
Particularly, we introduce the concepts of Abel uniform convergence and Abel point-wise convergence of series of real
functions and observe that Abel uniform convergence inherits the basic properties of uniform convergence.

Let (f,) be a sequences of real functions on X and forall t€X let f,(t) =1 — x)Yn—g S, (t) x", where
Su(t) = Xk=0 fr (®).

Definition 2.1 A series of functions Y. f, called Abel point-wise convergent to a function f if for each t € X and
Ve > 0 thereisa (g, t) suchthatfor 1 -8 <x <1

Ife(®) = f(8) <e.

In this case we write ). f, — f (Abel) on X.

It is easy to see that any point-wise convergent sequence is also Abel point-wise convergent. But the converse is not
always true as being seen in the following example.

Example 2.1 Define f,:[0,1]]>R by

-1 n € N and n odd,;
— (1) — ’ ’
@) = (1) —{ 1 n € N and n even

and

0, n odd;
1, n even

(a- x)i(sn(t)—%)x"
n=0

Y

1
lim (1 — x) S, x" = =
x-1" 2

n=0

5.0 = {
Then, for every ¢ > 0,

<E&.

Hence

So Y. f, is Abel point-wise convergent to% on [0,1]. But observe that Y, f; is not point-wise on [0,1].
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Definition 2.2 A series of functions ¥ f, is called Abel uniform convergent to a function f if for each & > 0 there is
a 6 > 0 such that

@) = fO] <e
for1-d<x<land Vt€X.
In this case we write Y. f,, = f (Abel) on X.

The sequence is equicontinuous if for every € > 0 and every x € X, there exists a § > 0 , such that for all n and
all x* € X with |x* —x| <6 we have

I (x") = fu(0)| <.

The next result is a Abel analogue of a well-known result.

Theorem 2.1 Let (f,) be equicontinuous on X. If a series of functions Y, f,, converges Abel uniform to a function f
on X, then f is continuous on X.

Proof. Let t, be an arbitrary point of X. By hypothesis Y. f, = f (Abel) on X. Then, for every € > 0, there is a
6; > 0suchthat 1 —8; <x <1 implies |f,(t) — f(t)] <§ and |f,(ty) —f(ty)| <& for each t € X. Since f,, is

quicontinuous at t, € X, thereisa d, > 0and n € N suchthat |t —ty| < 8, implies |fi,(t) — fi(to)] < i for each
t€eX,so

I£e(® = fe (€)= [(1 = x) Xip Sp(Ox™ — (1 — x) Ximg Sn(to) x|
=10 = 1)) (O = Sueo)x"|
n=0

<A =0 160 = Saleo) 15"
n=0
SA - 0Fzx" =3

Now forall 0 < x <1, for § = mini{¥;,5,} andforall t € X forwhich [t — t,| < §, we have
I = f(t)] = 1f (O = () + £ () = fi (to) + fx(to) — f(to)]
< If@ = L@+ 10 = (&) +f(t) — Ft)] < e

Since t, € X is arbitrary, f is continuous on X.

The next example shows that neither of the converse of Theorem 2.1 is true.

Example 2.2 Define f,:[0,1] = R by
f,(®) =n?t(1 - )"

Then we have Y. f,, : [0,1] — f = 0 (Abel) on [0,1]. Though all f,, and f are continuous on [0,1], it follows from
Definition 2.. 2 that the Abel point-wise convergence of (f,,) is not uniform, since

€, = MaXg<<1 | Dho fr (&) — f(t)| = 0 and Abel-lim ¢, = o # 0.
The following result is a different form of Dini’s theorem.

Theorem 2.2 LetX be compact subset of R, (f,) be a sequence of continuous functions on X. Assume that f is
continuous and . f, — f (Abel)on X. Alsolet ¥7_, f; bemonotonic decreasing on X ; ¥7_o fi (£) = X328 fi (©
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(n=123,..) forevery t € X. Then}. f, = f (Abel)on X.

Proof. put h,(t) =X7_, (fi (t) — f(t)). By hypothesis, each h,, is continuous and h, — 0 (Abel) on X,
also h, is a monotonic decreasing sequence on X . Since continuous functiods h,, on set compact X, it is
bounded on X. As all a series of functions h,, is bound and monotonic decreasing, it is pointwise convergence for
allat € X. Since h, is Abel pointwise to zero for all a t € X, it find pointwise convergece to zero for all a t € X.
Hence for every e > 0 and each t € X there exists a number n(t) :=n(e,t) € N such that 0 < h,(t) <3
for all n = n(t).
Since h, () is continuous a t € X for every £ > 0, there is an open set V(t) which contains t such that |, ¢ (£) —
hyy(t)| < €/2 forall £ € V(t). Hence for given £ > 0, by monotonicity we have
0<h,(® < hyy(® = huy(@ — huy(£) + hyy ()
< |ha@y (@) = hny(®)] + by (8) < €
forevery£ € V (t) and for all n = n(t). Since X < U.ex V(¢) and it is compact set, by the the Heine Borel
theorem it has a finite open covering as
XcV(t)UV(ty)..uV(t,).
Now, let N = max{n(t;),n(t,),n(t3),...,n(t,)}. Then 0 < h, () < € foreveryt € X andforalln = N. So
Y f. = f (Abel)on X.
Using Abel uniform convergence, we can also get some applications. We merely state the following theorems and
omit the proofs.

Theorem 2.3 If a series function sequence ¥, f» converges Abel uniformly on [a, b] to a function f on [a, b]and each
f» isanintegrable on [a, b] then, f isintegrable on [a, b]. Moreover,

Lim [} £(O)de = [} f(6) dt

Theorem 2.4 Suppose that Y f, is a function series such that each (f,) has a continuous derivative on [a, b].
IfYf, —f on[ab]and} f,; = g (Abel) on [a,b], then. f, = f (Abel) on [a, b], where f is differentiable and
fr=g

3 FUNCTIONS SERIES THAT PRESERVE ABEL CONVERGENCE

Recall that a function sequence (f,) is called convergence-preserving (or conservative) on X c R if the transformed
sequence (f, (p,)) converges for each convergent sequence p = (p,,) from X (see [4]). In this section, analogously, we
describe the function sequences which preserve the Abel convergence of sequences. Our arguments also give a
sequential characterization of the continuity of Abel limit functions of Abel uniformly convergent function series. First we
introduce the following definition.

Definition 3.1 Let X c R and let). f,, be a series of real functions, and f a real function on X. Then series of
functions ). f,, is called Abel preserving Abel convergence (or Abel conservative) on X, if it transforms Abel convergent
sequences to Abel convergent sequences, i.e. series of functions Y, f, (p,) is Abel convergent to f(¢) whenever (p,) is
Abel convergent to ¢. If series of functions ), f, is Abel conservative and preserves the limits of all Abel convergent
sequences from X, then series of functions }, f; is called Abel regular on X.

Hence, if series of functions Y, f, is conservative on X, then series of functions ). f,, is Abel conservative on X. But the
following example shows that the converse of this result is not true.

Example 3.1 Let£,:[0,1] > R defined by

e i n odd,;
fO=Dm=f m ot
and
—-n—1
, n € N and n odd;
S, ={ 2,
5 n € N and n even

Suppose that (w, ) is an arbitrary sequence in [0,1] such that lim,_-(1 — x) X _o w,, (t)x™ = L. Then, for every
e>0, |1 = 0)T7e Saw) —(=P)x"| <& Hence Lim(l — x)Tiey ;W) =—; . So Tfy is Abel
conservative on [0,1]. But observe that X, f; is not conservative on [0,1].

The next well-known theorem plays an importent role in the proof of Theorem 3.2 .
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Theorem 3.1 Ifthe series Y5 _, f, is Abel pointwise convergentto f on X and f,(t) = 0 for n sufficiently large
forallt € X then Y, _, f, converges to f forall t € X.

Proof. There exists ng such thatifn > ng then f,(t) > 0 forall t € X. Thus the (Sn)ny,, 1S an increasing sequence
if S,, is bounded then Y., _,f, (t) = f(t) forallt € X. Soforallt € X

Im - ) O =) O
k=0 k=0

If S, is not bounded LimS, = o, so Xa—of, (t) is not Abel point-wise convergent for all t € X (which contradicts
n—-e

the hypothesis).

Now we are ready to prove the following theorem.

Theorem 3.2 Let (f,) be a sequence of nonnegative functions defined on a closed interval [a, b] € R,
a,b >0 . Then a series of nonnegative functions . f, is Abel conservative on [a,b]ifand only if a series of
nonnegative functions ), f,, converges Abel uniformly on [a, b] toa continuous function.

Proof. Necessity. Assume that a series of nonnegative functions Y. f, is Abel conservative on [a,b]. Choose
the sequence (r,) = (r,1,..) for each r € [a,b]. Since A - lim(r,)) =7, A — limS,(r;)) exists, hence
A — 1limS, (r) = f(r) for all r € [a,b]: We claim that f is continuous on [a, b]. To prove this we suppose
that f is not continuous at a point p, € [a, b].Then there exists a sequence (p;) in [a,b] such that lim;, . p;, =
Po, but limf(p,) exists and limf(p,) =L # f(py). Since a series of nonnegative functions ). f;, is Abel
pointwise convergentto f on[a,b],we obtain }; f, — f (Abel) on [a,b],from Theorem 3.1. Hence we write,

fork=1 =lim,-(1 — x) X720 Sp(p1) —f(p)x" =0 & illi_r){losn(l’l) = f(p1)
fork=2 =lim,_;-(1 — x) X5 (S,(p2) —f(P2)x" =0 & }li_fgsn(pz) = f(p2)
fork=3 = limx—>17(1 - x) Z::O (Sn(p3) _f(p3)xn =0 1111_12511(2?3) o f(3)

for k =j =4 limx—>17(1 - x) Z::O (Sn(p]) _f(pj)xn =0 _,lll_rl}csn(p]) = f(p])

Now, by the "diagonal process” as in [5] and [6]

(=2 ) S ~fExM <1 (=0 Salp) =F(p)x" |
n=0 j=1 n=0
So we have

Xll)r{l_(l o x) Z::O (Sn(pn) _f(pn))xn =0 (3.1)
Then,

D S @x" =) S ~f@) + F B = D Sa@) —F PO + D fp)A"
n=0 n=0 n=0 n=0

and hence from (3.1) one obtains

=

Hm( =0 S@)x" = lim (1 - x)zof(pn)xn

n=0

If limf(p,) =L, then
lim (1 — x) Xn=o f(p) x™ = L.
So we find that
lim (1 — x) Xn=o Sa(p) ™ = L. (3.2)

Hence series of nonnegative functions Y., _, f,(p,) is not Abel convergent since the series of functions

Y=o fa(pn) has two different limit value. So, the series of nonnegative functions Y. f,, (p,) is not Abel convergent
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convergent , which contradicts the hypothesis. Thus f must be continuous on [a,b]. It remains to prove that series
of nonnegative functions ) f;, converges Abel uniformly on [a,b] to f. Assume thata series of functions ). f;, is not
Abel uniformly convergent to f on [a,b]. Hence there exists a number &, > 0 and numbers 7, € [a,b] such that
|(1- x)Zzo (Sn(r) —f(r)x™| = 2e,. We obtain from Theorem 3.1 that |S,(r;,) — f(r,) = 2&y . The bounded
sequence 1 = (1) contains a convergent subsequence (7;,), xlil’{l_(l —x) Yiso T, x! = a, say. By the continuity of f,

limf (r,,) = f(a). Sothere is anindex i, such that |f(r,,) — f(a)| < &, i =i, For the same i's, we have

=

= &o-

=0 () ~f@)x
i=0

(=0 S () (@)
i=0

(1= 0 Suln)~Fr)x
i=0

Hence a series of nonnegative functions ani(rni) is not Abel convergent, which contradicts the hypothesis. Thus a
series of nonnegative functions Y, f, mustbe Abel uniformly convergentto f on [a, b].

Sufficiency. Assume that Y. f, = f (Abel) on [a,b] and f is continuous. Let p = (p,) be a Abel convergent
Sequence in [a, b] with A-limp,, = pg. Since Theorem 3.1 and . f, = f (Abel) on [a,b] and, we obtain that
limp, = p,. Since limp, =py and f is continuous, we obtain that there is A —limf(p,) and let

A —limf(p,) = f(py). Lete > 0 be given. We write |(1 — x) X, -0 (f(p,) —f(0o))x"| < % As f, = f(Abel) on
[a,b], we have |(1 — x)Xr—y (f,(t) —f(®))x"] <§ for every t € [a,b]. Hence taking t = (p,) we have

< + <eE.

1 =0 G~ x| +[A = 0 Co)—F R
n=0 n=0

(1 =0 (o)~ Go)x"
n=0

This shows that Y. f, (p,) — f(py)(Abel), whence the proof follows.

Theorem 3.2 contains the following necessary and sufficient condition for the continuity of Abel limit functions of
function series that converge Abel uniformly on a closed interval.

Theorem 3.3 Let Y. fi. be a series of nonnegative functions that converges Abel uniformly on a closed interval
[a,b], a,b >0 to a function f. The A-limit function f is continuous on [a,b] if and only if the series of
nonnegative functions ). f; is Abel conservative on [a, b].

Now, we study the Abel regularity of function series. If series of nonnegative functions ), f;, is Abel regular on [a, b],
then obviously A-lim}; f,,(t) =t for all t € [a,b], a,b > 0. So, taking f(t) = t in Theorem 3.2, we immediately
get the following result.

Theorem 3.4 Let ¥ f, be a series of nonnegative functions on [a,b], a,b > 0. Then series of nonnegative
functions  (f},) is Abel regular on [a,b] if and only if series of nonnegative functions }; f; is Abel uniformly
convergent on [a, b] to the function fdefined by f(t) =t
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