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Abstract

In this work we will add the radiation pressure effect of varying mass body to the model of varying mass
Hamiltonian function, including Periastron effect. The problem was formulated in terms of Delaunay variables.
The solution of the problem was constructed based on Delava — Hansilmair perturbation techniques. Finally we
find the first order solution for the problem as time series by calculating the desired order for the D operator
and variables..
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1) Introduction

The two-body problem with variable mass was considered mathematical problem since none of the physicists
worked in it, until Jeans, 1924 [1] was the first to pose this as astrophysical problem basing his studies on the
theories of Eddington on the relationship between luminosity and star mass.

Physically different cases of the problem of two bodies with variable masses are classified by Razbitnaya,[2] ,
where he listed twenty-two of Meshcherskii equation for two basic classes: the generalized two-body problem
with both bodies moving in the inertial system, and the confined two-body problem, with the central body at
rest in the inertial system. Their obtained when the masses vary according to the hypothesis of Mescherskii [3].

Berkovich [4,5] has published several research papers on the properties of the Gylden-Meshherskii equations,
and the feasibility of converting them into the form autonomous equations. He analyzed the integrable cases
and established all possible laws of mass change under which the unperturbed Gylden-Meshcherskii problem is
reducible to the autonomous form.

Salmassi [6], introduced paper to discuss the second order adiabatic invariants in the two-body problem with
slowly varying mass. in his search, he used action and angle variables, adiabatic invariants to order one are
found.

An ample list can be found in the published works of Polyakova [7] and Prieto [8]. The specific case which lead
to slow isotropic mass loss, many researcher have been their focus like, for instance, Hadjidemetriou [9, 10], Van
Der Laan and Verhulst [11], Verhulst [12, 13], Verhulst and Eckhaus [14]. The vast majority of these, in search of
the stellar application, have taken the so-called Eddington-Jeans law , Jeans [15] as a law of the variation of
mass.

m=—am" €)
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where a and n are real numbers, the first of them positive proximate to zero and n varying between 1.4 and
4.4. So, for example, Hadjidemetriou used this to integrate the Lagrange equations, first numerically and then
analytically, considering the problem as one of two-body perturbation.

Prieto & Docobo [16, 17], found an approximate analytic solution of the two-body problem with slowly
decreasing mass which is obtained through the integration of the Hamilton equations using Deprit's method of
perturbations. The solution, resolved from the law of mass variation, Eqn. (1), is put into practice in a specific
case and compared with Mestschersky's exact equation; n=2; and with that which results from numerically
integrating the equations.

Considering this problem of celestial mechanics, it has been addressed by, Docobo, Blanco and Abelleira [18],
Andrade and Docobo [19], and others.

In [20], Andrade analyzed the dynamics of binary systems with time dependent mass loss and periastron effect
i.e, a supposed enhanced mass loss during periastron passage- by means of analytical and numerical
techniques.

Andrade and Docobo [21] studied the dynamics of binary systems with small parameter perturbation model,
the time-dependence of the whole set of orbital elements, concluded, could be calculated over long timescales
and even for high eccentricities. In these models, they studied the following time- and distance-dependent
mass-loss law:

At Py) = A(6) — B2 @)

Where the first term represent time-dependent mass loss, and the last one introduces the periastron effect

where "r" is the distance between the two components, P8 is the total angular momentum and B is another
small parameter close to zero.

Rahoma et al., [22], presented a scientific paper about the two-body problem with varying mass in case of
isotropic mass loss from both components of the binary systems. The law of mass variation used gives rise to a
perturbed Keplerian problem depending on two small parameters. The problem is treated analytically in the
Hamiltonian frame-work and the equations of motion are integrated using the Lie series developed and applied,
separately by Delva [23] and Hanslmeier [24]. A second order theory of the two bodies eject mass is constructed,
returning the terms of the rate of change of mass up to second order in the small parameters of the problem.

Amirah [25], she worked on providing research for the two bodies with slowly varying mass, was obtained taking
into consideration the periastron effect. The solution was obtained through constructing a second order
canonical transformation using “Hori’'s” method developed by “Kamel”. The elements of the transformation as
well as the inverse transformation were obtained too. The final solution of the problem was derived using "Delva-
HansImeier” method. During the analysis, there was a secular perturbation in the argument of periastron due to
the varying mass. The equation for the variable associated to the variable mass was derived. The equations for

calculating the perturbed orbital.
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2) Materials and Methods
1-The Hamiltonian of The Problem

The Hamiltonian for the two-body problem expressed in term Delanuay variables, which derived firstly by Deprit,
A.[26], is:

H(g. 0.0y t) = —1 +L0esinE 3)

2Q?

where the usual Delaunay Variable defined by:

q1 = Mean anamoly . g, =w . q3=1
Q1 = ua . Q2= QW1—e?. Q3= Qycosl
q;s are considered as the coordinates, while Q;s are their corresponding conjugate momenta.

The variation of p may be retained from one of the two masses m_1 or m_2, and this is the case of one
body eject mass. We will concern with the first case.

The Hamiltonian H represented by Eq. (3) is depending implicitly on time through the variable mass ¢ and its
time derivative g . By modifying Docobo’s law for the rate of change of mass assigned by eq. (3) and use
Jeans law described by Eq. (2), we get:

) = —ap — B2 (2)’ )

4
Q1 r

Substituting from Eq. (4) into Eq. (3) yields:

_ 12 B0 anE — g2 (%) (5)
H= ¥, + p Q.e sinE —f @ (r) sinE

Since the variable mass, y, and its time derivatives can be expressed as a Taylor series expansion, then the
Hamiltonian (5) can be expressed as:

H= =2 4 & pmet (e = 5 i3m (n+ (e - t0)? —
202 ' @2 0 0 202 0 0

aQ eul ! sinE + a?Q, eput™ 2 (n—1)(t — ty) sinE —
Q z Q z
p ik (g) sin E +,8aQ—§ eud (t —ty) (%) sinE

Q3 1
H=H=H0+Ha+HB+Haﬁ‘ (6)
Where;
2
Ho
Hy= ———
207

2
H, = Q— uett (t = ty) — 7 "+ Dt —t)? — a Q eud ! sinE + a?Qq epd™ 2 (n —1)(t — t,) sink,
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- g% ?

Hg = BQfe'uO(r) sinE
Q: a2 .

Hyp = ,80(@—:3 eul (t—ty) (;) sinE

The potential due to radiation pressure Ugcan be derived assuming the conservative force relation:

[ 1 —
Ur = 37 ROY) [0 — (= to) + 5 a3 n(t — £o)?] ™
. _ a _ A So 2 2
With, ® = - and R(y) = ;?(1 + a)r§ cos*y

In last equation, %, ¢, and S, are the area to mass ratio for the spacecraft, speed of light and the luminosity of

the radiated object with radius r, respectively. While @ and y are the reflection coefficient of the spacecraft
surface and the angle of incident of the radiation with the normal to the surface respectively.

After performing the Hamilton for the varying mass, represented by Eqn. (6), and the radiation pressure,
represented by Eqn. (7), the final Hamilton function can written as:

H=T+U

H=H0+H0‘+HB+HQB +UR (8)

11-Method of Soluation

There are several cases in celestial mechanics, the series development of the disturbing function is a difficult
problem and complicated. To avoid this the procedure can be performed with an operator. A special linear
differential operator, the Lie operator, produce a Lie series; The convergence of the Lie series is the same as a
Taylor series, because it is considered another analytical from of a Taylor series.

e Delva-Hanslmeier Method

Consider the Hamiltonian, ' (x,y,X,Y) is function of the angle variables, X,Y and there conjugate
momenta x,y . Then the equation of motion are:

. dx O0H X_dx'_ oH

¥ T ox P TIRE
. dy O0H dy 0H
y=—=— Y="=———
dt  dy dt dy

The linear Lie operator has the general form:

ddx ddy ddx ddy 0

= oxdt Taydt Tox dt Tay dt ot

The solution #(x,y,X,Y,t),5(x,y,X,Y,t), X(x,v,X,Y,t) and Y(x,y,X,Y,t) are then given by the Lie series:
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X(x,y,X,Y,t) = [{exp(t — to)D}x]z=z,

Z[Df —t ~ o)

¥y, y,X,Y,t) = [{exp(t — to)D}yly-5,

—t)/
= Yl

j=0

X(x,y,X,Y,t) = [{exp(t — t)D}X]3_,

- - 0 J
= Z[Djx]fo (tjilt)

where D/%, D73, DI X, and DY are to be evaluated for initial conditions
Xo (X0, Yo, X0, Yo, to)- Yo (X0, Yo, Xo, Yo, to), Xo (X0, Yo, Xo, Yo, to) @and Yy (xo, ¥o, Xo, Yo, to)

111- Algorithms for Computation

> The first step
1- Formulate the Hamiltonian of the problem under concern, H (X, y) . Where (X, y) are 2 n vector.
2- Using the Hamilton canonical equations of motion to obtain the rate of change in the canonical
elements:
d _oH(xy) dy _ dH(xy)
—=———>and —=———"—>
dt oy, dt ox,
> The second step
1- Constructing the Lie operator "D" for the problem.
0 dX o dy. 0 9)
_9_ Z oW, e
dt OX; dt 6yi dt ot
2- Constructing the solution of the problem in the form of Lie series
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where § is any one of the canonical variable and §o its value at time to.
> The third step
Apply the above two steps into the system of equation to get the solution for the problem.
3) Results and Discussion

In this part we will apply the steps of the Delva-Hanselmier method, by finding the equation of motion for
problem under concern. The solution will be evaluated during the steps was described in the last part.

1- Development of the Hamiltonian.

If we assume that B and o has the same order of magnitude (M. Andrade; 2003) then the second order
Hamiltonian of the problem can written as:

H=H0+Ha+Hﬁ+Haﬁ +UR

Such that;

2
HO - _ Hoz
2 Q7

Hy, = Y2, a'(A; t* + B; T"1SinE)
Hp = Ag®?® sinE
H(l,[)’ = Aﬁa Z'CI)Z sin E

Ur = CDZiZ:O aiARP. iTi

Where;
T =(t—tp)
p=1

-

1
A = Y T
1

Ay =— E#(zyn(TH'l)
B =- 0 eﬂg_l

B, =04 3#5 n-2 n-1)
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Q
Aﬁ=_ﬁQ_§eﬂo

Q
Aﬁa = .Baq_i e Uy

1

Agp. o = g—g R(y)
Agp1 = _g_% R(®)

41
ARP.zznﬂ(Z)n lﬁ R(y)

11- Evaluating D operator.

To evaluate the D operator, first we will find the variation in the orbital elements using Hamilton’s
equations of motion.

. oH . oH
@ =5, andle—a—qi i=12
> Evaluation of ¢

To calculate ¢; we use Hamiltonian's equation of motion.

Then;

0H _ 0[Ho+Hg+Hg+Hqp +UR] (10)

D= %0, 90

After calculating the required dervatives in (10) we get:

4 = Y20 [V @2 sinE + $hy 117 @ sin2E + T1_o[ 11" @3cos JE + ;P @] (1)

Where;
1 _— 1
I—g ) = Yiialt 1Bi:Q1 Iﬁ )= Agio, T TApa,

159 = —2e (A + Ap, 7)

10 =32, aieip) =0
159 =~ (Ap + 7 Ag,) I =a+tAp, =21y
1{00) =—Yioa'tleA'pp; = _el.go) rgo) = N0 a' T A'Rp. ¢
[E)(O) = /;_(33 + X5 aiAi;Q1 Tt [‘1(0) =Yio a't' Ap, i:Q1

With ;
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_ "2 n+1
Al;Q1 - Q_f#g

1
Az, = Q_%#(Z)n(n +1)

— -1
Bl:Q1 = —eluy

By, = eug" ?(n—1)

B' =B Q%__Q_%n—l B! =B QZZ_Q_Z2 2n—2(n_1)
1~ 1eQi?,_ leﬂo ’ 2 = ZeQ%_ Q%.U'O

_ Q2 Q;
Apio, =B (3‘3@#0 - E#o)
, Q3
Ap =Ag 705 =~F s Ho
Q Q3
Apaio, = —Ba (39Q_§H3 - éﬂg)
Q3 Q3
A;?a = Aﬁaﬁ = ﬁaq_iﬁ Ko
x Q3
A'gp. i = _Q_%ARP. i
2
ARP.O;Q1 = _Q_lglloR(V)

2
Agp. 1,0, = Q_E.USR(Y)

2n-1

_ K
Agp. 2,0, =M OQ% R(y)
> Evaluation of ¢,

Again using Hamilton equation of motion to calculated,,

OH __ O[Ho+Hq+Hpg+Hqp +UR]
T, Q2

After calculating the required derivatives in (12) we get:

(12)

G = 3o [1° ®?ISinE + $i, 117 7 sin2E + 31y 117 ®3cos JE + +13,0  (13)

Where;
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P =3k, alt' "B, 110 = Ao, + T Agaso,

50 = -2 (Cg—1Cg) 1P =32, alti'B}', P =0
P = (G+iC) . IR =G -G,

1760) =X 0@ Crp, ] 17( =—Xioa'A"rp. ¢

1(0 P
3, =32, a'lio, T
With ;
Q Q2 Q%
Cﬁ:AﬁQ—}z—ﬂQ—%eﬂo ,C Aﬁa ﬁ(lz E[J.g

C _Aﬁ = ﬁ Ho C[,?a A/?a Qz ﬁa_ ﬂg

eQ2 Q5

n

@ Q Uy Q
RP,0 — ARPO ~ R()’) / gP,l = Qz ARPl == eonz R(®y)

" _ Q2 — n—-1 Q2
RP2 = go2 Agp2 =N Ug 2e0? R(y)

Crpi =€ A"gp,
Ao, =0 .i=12 , By, =2
LQ2 -t ’ ! 1iQ2 7 ¢, Ho

2 2
BZ;QZ #On '

— _ & n-1 " o__ Q2 Q_Z 2n-2 _
2eqZ 201.110 By =B, z 201110 n—-1)

By =B,

Ag.o, =B (_Q%ﬂo +%ﬂo) o Apag, = Pa (Q%llo -5
Arp. g, =0 , =012

Evaluation of Q,

Again using Hamilton equation of motion to calculate er

oH _ d[Ho+Hq+Hpg+Hqp +UR] (14)

Ql=__=

0q, 0q1

After calculating the required derivatives in (14) we get:

)

=YL 0['(1) ®@Hcos E + 52 d*cos 2E | +3X3.,Z '( ®IsinE + 0 (15)
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forj = 1, E must equal g

where;
1 i_i— 1

Eg ) = —YialtB; , 5(1 ) = —(Ap + t4pes)
2 2 =(2)

B =~ 1Y) P =0=5%

E};(O) - Zi2=1 ai[qj"’[i_l] + W o + LI”S‘IﬂT + Z%:o ai[—q"sﬁ'[i_l‘b]
With;
. Q3 ] o3
lpiz—lAiu_z.I,:l.z &lp3=_(l_1)BlF
1.1.14 = Aﬁe , LPS = Aﬁae

Q3
We = Aﬁaﬂ_; W7 = edgp.

3

Wgyi = iARP.i% , =012

Agp. iq, = 0.fori=0,1,2
Evaluation of @,

Again using Hamilton equation of motion to calculate Qz,

: 0H
Q=—-—=0

g2

111- The first order soluation

(16)

The linear Lie operator D, in terms of Delaunay elements, has the general form:

_dg; 0 dg, @ dQ, @ dQ, 9

=t aq, T dt g, T dt 90, T dt aQ, | ot

(17)

Applying the operator D to g4, q,, Q,, Q;and t yields the first order solution for the required variable. Then,

dq aq . ~
> Dgy ="+ =0+ 1

Where 71 is the mean motion. Using (11) yields:

(t=to))

G1(q1, G2, Q1, Q2 t) = Z}:O[Djﬁl]dlzﬁlo T q10 + Dq1lg,=q,7
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= quo + |22 117 @2 sinE + X2, 1} 7 sin 2E + ¥l 11 @3cos JE + (18)

ri” o] + 1l T
q1=q10

d .
> Dq, = % =q
Using (13) yields:

(t=to))

G2(q1,q2,Q1,Q2,t) = Z}:o[Dj[jz]ﬁz:qu I

(19)
= G20 + Dqz2lq,=4,7
= G0 + |X3eo 1V @2 sinE + T, 117 @ sin 2 +
Yo ¥ ®@3cosE+ 17|  t
q42=qz20
de .
> DQ = d_tl =1
Using (15) yields:
= i (t—to)/
Q1(q1,q2,01,Q2,t) = Z}ZO[D]Ql](?F@O j_!o
(20)
= Q10 + D0Q1lg=0q, T
= Qo + |Zi1=0[5§1) D2 HDcos E + 5 dcos 2E |+ X3, ::JQ) ®IsinE +
~=/(0)
z T
Q1=Qo
do .

» DQ;= d_tz =0
] i= (t=to))
Q2(q1, 42,01, Q2. ) = Z}:o[D}QZ]()zo TO (¢0)

= QZO

4) Conclusions

The Hamiltonian function for the motion of spacecraft's around radiated varying mass body was constructed.
Perturbation method depending on Lie series and Lie operator was outlined. The algorithm for the sequence of
computation was introduced. According to our model, the D operator was derived in terms of Delaunay
variables. The solution of the problem, for first order, is obtained. For farther computation, we suggest to apply

our model for space craft known its state vector, S, , at time ¢, to predict its state vector, S, , at any time t.
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