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Abstract. We study the properties of generalized solutions in unbounded domains and the
asymptotic behavior of solutions of elliptic boundary value problems at infinity. Moreover, we
study the unique solvability of the mixed Dirichlet—-Farwig biharmonic problem in the exterior
of a compact set under the assumption that generalized solutions of these problems has a
bounded Dirichlet integral with weight |z|*. Admitting different boundary conditions, we used
the variation principle and depending on the value of the parameter a, we obtained uniqueness
(non-uniqueness) theorems of the problem or present exact formulas for the dimension of the
space of solutions.
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1. Introduction
Let Q be an unbounded domain in R", n > 2, Q = R"\ G with the boundary 9Q € C?, where
G is a bounded simply connected domain (or a union of finitely many such domains) in R",
0€ G, Q=0UdN is the closure of Q, z = (z1,...,2,) € R" and |z| = /23 + - - + 22.

In Q we consider the following problems for the biharmonic equation

A%u=0 (1)
with the mixed Dirichlet—Farwig boundary conditions
ou ou 0Au
e bl - 2
u’m ovlir, Tov|p o |p 0 2)
2 2

where Ty UTy = 9Q, I'1 NTy = 0, mes,, 11 # 0, v = (v1,...,v,) is the outer unit normal
vector to 0f2.

As is well known, if € is an unbounded domain, one should additionally characterize the
behavior of the solution at infinity. As a rule, to this end, one usually poses either the condition
that the Dirichlet (energy) integral is finite or a condition on the character of vanishing of the
modulus of the solution as |x| — co. Such conditions at infinity are natural and were studied
by several authors (e.g., [11]- [13]).
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The behavior of solutions of the Dirichlet problem for the biharmonic equation as |z| — oo
was considered in [8], [9], where estimates for |u(x)| and |Vu(z)| as |z| — oo were obtained
under certain geometric conditions on the domain boundary.

Note that standard elliptic regularity results are available in [5]. The monograph covers
higher order linear and nonlinear elliptic boundary value problems, mainly with the biharmonic
or polyharmonic operator as leading principal part. The underlying models and, in particular,
the role of different boundary conditions are explained in detail. As for linear problems, after a
brief summary of the existence theory and LP and Schauder estimates, the focus is on positivity.
The required kernel estimates are also presented in detail.

In [4], the boundary value problems for the biharmonic equation and the Stokes system are
studied in a half space, and, using the Schwartz reflection principle in weighted L? -space, the
uniqueness of solutions of the Stokes system or the biharmonic equation is proved.

We also point out [1]- [3], in which using the methods of complex analysis the Dirichlet
and Neumann problems for the polyharmonic equation are explicitly solved in the unit disc
of the complex plane. The solution is obtained by modifying the related Cauchy-Pompeiu
representation with the help of the polyharmonic Green function.

In the present note, this condition is the boundedness of the weighted Dirichlet integral:

D, (u, Q) 2/ |x|® Z 10%u|? dz < 00, a€R.
Q
|a|=2

In various classes of unbounded domains with finite weighted Dirichlet (energy) integral, one
of the author [14]- [24] studied uniqueness (non—uniqueness) problem and found the dimensions
of the spaces of solutions of boundary value problems for the elasticity system and the biharmonic
(polyharmonic) equation.

By developing an approach based on the use of Hardy type inequalities [7], [11]- [13], in
the present note, we obtain a uniqueness (non—uniqueness) criterion for a solution of the mixed
Dirichlet—Steklov-type and Steklov-type problems for the biharmonic equation.

Notation: C{°(2) is the space of infinitely differentiable functions in € with compact
support in €.

We denote by H™(Q,T), I' C Q, the Sobolev space of functions in Q obtained by the

completion of C*°(£2) vanishing in a neighborhood of I with respect to the norm

1/2
|lu; H™(Q,T)|| = / > o ufdr |, m=1,2,
Q
la|<m
where 9% = 9l°l/9x%" ... 928", a = (au,...,qp) is a multi-index, oy > 0 are integers, and

la| = a1 + -+ ap; if T' = 0, we denote H™(2,T") by H™ ().

H () is the space obtained by the completion of C§°(f2) with respect to the norm
lu); (@)

i loc (£2) is the space obtained by the completion of C§°(€2) with respect to the family of

semi-norms
1/2

[us H™ (2N Bo(R))|| = Z |0%ul? da
QNBy(R) lalsm

for all open balls By(R) :={z : |x| < R} in R" for which QN By(R) # 0.
Let (}) be the (n, k) - binomial coefficient, (})=0 for k > n.
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2. Definitions and auxiliary statements
Definition 2.1. A solution of the homogenous biharmonic equation (1) in § is a function
u € H} (Q) such that, for every function ¢ € C§°(SY), the following integral identity holds:

/ AuApdr =0.
Q
Lemma 2.2. Let u be a solution of equation (1) in Q such that Dy(u,) < co. Then
u@)=P(x)+ Y 8T(@)Ca+u’(x), z€Q, (3)
Bo<|al<B

where P(x) is a polynomial, ord P(z) < mg = max{2,2 —n/2 —a/2}, fo =2 —n/2+ a/2,
[(x) s the fundamental solution of equation (1), Co = const, B > 0 is an integer, and the
function u® satisfies the estimate:

07uP (z)| < CyplzPP=N1 €5 = const,

for every multi-index ~y.

Remark 2.3. As is known [26], the fundamental solution I'(z) of the biharmonic equation has
the form

I(z) = Clz|* ", if4 —n < 0ornisodd,
= Clz|*"In|z|, if 4 —n > 0andnis even.

Proof of Lemma 2.2 Consider the function v(z) = Oy (x)u(z), where O (z) = 6(|z|/N),0 €
C®[R™), 0<0<1,0(s)=0fors<1, 6(s)=1fors >2,while N >1and G C {x:|z| < N}.
We extend v to R” by setting v =0 on G = R" \ (.

Then the function v belongs to C°°(R™) and satisfies the equation

A%y = f,

where f € C°(R™) and supp f C {z : |z| < 2N}. It is easy to see that D,(v,R") < oc.
We can now use Theorem 1 of [10] since it is based on Lemma 2 of [10], which imposes no
constraint on the sign of . Hence, the expansion

v(w) = P)+ Y 0°T(x)Co+0"(x),

Bo<|a|<B

holds for each a, where P(x) is a polynomial of order ord P(z) < mg = max{2,2 —n/2 —a/2},
Bo=2-n/2+4a/2, C, = const and

0702 ()] < Cyplz)> PP O 5 = const .

Therefore, by the definition of v, we obtain (3). The proof of Lemma 2.2 is complete.

3. Main Results
Definition 3.1. By a solution of the mized Dirichlet-Farwig problem (1), (2) we mean
2 1

a function u EIO{lOC (Q,I'1)N }OIloc (Q), ou/ov = 0 on I'a, such that, for every function
02
© €EHpe (2,T7) NCE(R™), 0p/0v =0 on I'y, the following integral identity holds:

/ AulApdr =0. (4)
Q
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Theorem 3.2. The mized Dirichlet-Farwig problem (1),(2) with the condition D(u,) < oo
has n + 1 linearly independent solutions.

Proof. For any nonzero vector A in R”, we construct a generalized solution u4 of the biharmonic
equation (1) with the boundary conditions

Jua(z)|  O(Ax) Oua|  O0Aug

— (A = =0 ’
UA(@}Fl ( x)‘rlv o I o Iy’ v |p o |p, ®)
and the condition
( 2 2
|z |* |z
( 0 for n > 4, (6)
x\ua, = °
|ual? [Vual? 2>
4 + |[VVuyl|® ) de <
/Q<H:c!21n\x!!2 EEEERAS
for 2 <n <4,

for A,x € R", where Ax denotes the standard scalar product of A and z.
Such a solution of problem (1), (5) can be constructed by the variational method [26],

minimizing the functional
1
= / |Av|? dx
2 Jo

in the class of admissible functions {v: v € H?*(Q), v(m)‘rl = (Aa:)‘rl,
_ 8Av

E‘rg ‘F =0, v is compactly supported in ﬁ}

The Vahdlty of condition (6) as a consequence of the Hardy inequality follows from the results
in [11)- [13].

Now, for any arbitrary number e # 0, we construct a generalized solution u. of equation (1)
with the boundary conditions

aue 8'[1,@ 6Au8
e =e, e 0’ = = 07 7
Y ‘Fl € o |, v |p, o |p, (7)
and the condition
2 2
a\ |z 2]
forn > 4,
X(ue7Q) = |u |2 |Vu |2 ) (8)
- + s+ |[VVu| >da:<oo
/ (||x|21n|x|y2 ||z In [|[2
for 2 <n < 4.

The solution of problem (1), (7) also is constructed by the variational method with the
minimization of the correspondlng functional in the class of admissible functions {v : v €
H?(Q), v‘rl e, 81/‘1“1 0, 8u}1“2 = ém”‘rz 0, v is compactly supported in }.

The condition (8) as a consequence of the Hardy inequality follows from the results in [11]—
[13].

Consider the function v = (ug — Az) — (ue — €).
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Obviously, v is a solution of problem (1), (2):

ov ov 0Av
A%y =0, zeq, U‘F:— =0, —| = =0.
L Ov|p, ov|r, ov |r,
One can easily see that v Z0 and D(v,Q) < oo.

To each nonzero vector A = (Ag, A1,...,A,) in R*"1 there corresponds a nonzero solution
vA = (VAg, VA, --.,V4, ) of problem (1), (2) with the condition D(va,€?) < oo, and moreover,
VA = Ug — Ue — Az + €.

Let Ag,A1,...,A, be a basis in R"*!. Let us prove that the corresponding solutions

VAo, VAy, - - -, VA, are linearly independent. Let
Z Civa, =0, C; = const .
Set W =31, C;A;x — Coe. We have
n
W = chuAl — Coue,

i=1

/ 2| 2|[VW|? dx < 0o, n >4,
Q

/Hx\ln\xH_Q\VW]Q dr < oo, 2<n<Ad
Q

Let us show that .
W = ZC’iAix — Cpe = 0.
=1
Let T =" ,CiA; = (to,...,tn), where Ag = —e. Then

/$|2|VW]2 dx—/]a;\z(t%+~--+t721) dx =00, n >4,

Q Q

[ el el 2OW do = [ el 2 44 2) e =00, 250
Q )

if T £ 0.

Consequently, T = Y ' (C;A; = 0, and since the vectors Ag, Ay,..., A, are linearly
independent, we obtain C; =0, ¢ =0,1,...,n.

Thus, the Dirichlet-Farwig problem (1), (2) with the condition D(u, ) < oo has at least
n + 1 linearly independent solutions.

Let us prove that each solution w of problem (1), (2) with the condition D(u, Q) < oo can
be represented as a linear combination of the functions va,,v4,,...,v4,, i.e.

n

U= Z Civa,, C; = const .
=0

Since Ag, A1,..., A, is a basis in R"*! it follows that there exists constants Cy, C1,...,Ch,
such that
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We set
n
U= U — ZCiUAr
1=0

Obviously, the function ug is a solution of problem (1), (2), and D(up,) < oo,
X(UOa Q) < 0.

Let us show that ug = 0, = € Q. To this end, we substitute the function ¢(x) = ug(x)0n(z)
into the integral identity (4) for the function ug, where Oy (x) = 0(|z|/N), 8 € C*(R),0 <6 <1,
O(s) =0 for s > 2 and O(s) =1 for s < 1; then we obtain

/Q (Aug)20y (2) dz = —J1 (ug) — Jo(ug), ()

where
J1(ug) = 2/ Aug Vug VOy(x) dz, Jo(ug) = / ug Aug Aby (x) dx.
Q Q
By applying the Cauchy-Schwarz inequality and by taking into account the conditions

D(up, ) < oo and x(up,§2) < oo, one can easily show that Ji(ug) — 0 and Ja(ug) — 0 as
N — oco. Consequently, by passing to the limit as N — oo in (9), we obtain

/Q(Au0)2 dx = 0.

Therefore, we have
Aug=0, xz€,

wl, = 2| _o Jw| _ 08wl
Orl_aupl ’ 8VF2_ ov FQ_’
Hence, it follows [6, Ch.2] that ug = 0 in Q. The proof of the theorem is complete. ]

Theorem 3.3. The mized Dirichlet-Farwig problem (1), (2) with the condition Dq(u, ) < co
has:

(i) the trivial solution forn —2 <a < oo, n > 4;

(ii) n linearly independent solutions forn —4 <a <n—2,n>4;

(iii) n + 1 linearly independent solutions for —n < a <n —4, n > 4;

(v) k(r,n) linearly independent solutions for —2r +2—n<a< —-2r+4—n,r>1,n >4,

where A
k(r.n) = <r+n> B <r+n— )
n n

The proof of Theorem 3.3 is based on Lemma 2.2 about the asymptotic expansion of the
solution of the biharmonic equation and the Hardy type inequalities for unbounded domains
[11]- [13]. In case (iv), we need to determine the number of linearly independent solutions of
the biharmonic equation (1), the degree of which not exceed the fixed number.

It is well know that the dimension of the space of all polynomials in R™ of degree < r is equal
("t™) [25]. Then the dimension of the space of all biharmonic polynomials in R" of degree < r

is equal to
r+n r+n—4
n n ’

since the biharmonic equation is the vanishing of some polynomial of degree r — 4 in R". If
we denote by k(r,n) the number of linearly independent polynomial solutions of equation (1)
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whose degree do not exceed r and by [(r,n) the number of linearly independent homogeneous
polynomials of degree 7, that are solutions of equation (1), then

k(r,n) = Zl(s,n),
s=0

where

-1 -5
l(s,n):<8—;ﬁl >—<Sj;ﬁ1 ), s> 0.

Further, we prove that the mixed Dirichlet—Farwig problem (1), (2) with the condition
Dy(u,Q) < oo for =2r +2 —n < a < —2r + 4 — n has equally k(r,n) of linearly independent
solutions.
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