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Abstract

In this paper, we discuss the existence of solutions for a stochastic ini-
tial value problem of Hyprid fractional differential equations of Hadamard-
type given by

HDα

(
u(t)

f(t, u(t))

)
= b(t, u(t)) +σ(t, u(t))Ẇ (t), 1 < t < T, 0 < α ≤ 1,

HJ 1−αu(t) |t=1= ξ,

where HDα is the Hadamard fractional derivative, f : [1, T ] × L2(Ω) →
L2(Ω) and b, σ : [1, T ]×L2(Ω)→ L2(Ω), HJ (·) is the Hadamard fractional
integral and ξ be such that (E(‖ ξ ‖2))1/2 < ∞, are investigated. The
fractional calculus and stochastic analysis techniques are used to obtain
the required results.

Keywords: Stochastic analysis, Hadamard-type fractional differential equa-
tions, Hyprid fractional differential equations, Stochastic differential equations.
Mathematics subject classification: 60H20, 60H15, 60H10, 34A08, 34B18.

1 Introduction

In this paper, we study the existence of solutions for a stochastic initial value
problem of Hyprid fractional differential equations of Hadamard-type given by

HDα

(
u(t)

f(t, u(t))

)
= b(t, u(t)) + σ(t, u(t))Ẇ (t), 1 < t < T, 0 < α ≤ 1,
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HJ 1−αu(t) |t=1= ξ, (1)

where HDα is the Hadamard fractional derivative, f : [1, T ] × L2(Ω) → L2(Ω)
and b, σ : [1, T ]× L2(Ω)→ L2(Ω), HJ (·) is the Hadamard fractional integral.

In recent years, stochastic differential equations have become more and more
important and interesting to researchers due to their successful and potential
applications in various fields ([24], [25], [26], [27], [28], [29], [31], [32]), and the
basic theories and results of stochastic differential equations can be found in [24].

By hybrid differential equation, we mean that the terms in the equation are
perturbed either linearly or quadratically or through the combination of first
and second types. Perturbation taking place in form of the sum or difference
of terms in an equation is called linear. On the other hand, if the equation is
perturbed through the product or quotient of the terms in it, then it is called
quadratic perturbation. So the study of hybrid differential equation is more
general and covers several dynamic systems as particular cases ([1]).

Fractional calculus and fractional-order differential equations have been ap-
plied in many fields of science and engineering, such as physics ([4]-[5]), chemical
([20]-[21]), etc. Actually, the concepts of fractional derivatives are not only gen-
eralization of the ordinary derivatives, but also it has been found that they can
efficiently and properly describe the behavior of many physical systems (real-life
phenomena) more accurately than integer order derivatives. Fractional differen-
tial equations involving Riemann-Liouville and Caputo-type fractional deriva-
tives have extensively been studied by several researchers. However, the litera-
ture on Hadamard type fractional differential equations is not enriched yet. the
fractional derivative due to Hadamard, introduce in 1892 [3], differs from the
aforementioned derivatives in the sense that the kernel of the integral in the
definition of the Hadamard derivative contains logarithmic function of arbitrary
exponent. A detailed description of the Hadamard derivative and integral can
be found in (e.g., [2]).

2 Material and Methods

This section contains some preliminary facts that we need in the sequel.
Let (Ω,=,P) be a probability space, where Ω is a sample space, = is a σ-

algebra and P is a probability measure. Let C = C([1, T ],L2(Ω)) be the space of
all second order stochastic processes which is mean square continuous on [1, T ],
this space is a Banach space endowed with the norm ‖ u ‖C= maxt ‖ u(t) ‖2
where ‖ u(t) ‖2= (E(u2(t)))1/2.

Remark 1. For y ∈ L2(Ω), there holds the following Itô isometry property:

E ‖
∫ t

1

y(s)dW (s) ‖2=

∫ t

1

E ‖ y(s) ‖2 ds.

where {W (t)}t≥0 is the Wiener (Brownian motion ) process

Definition 1. ([2]) The Hadamard fractional integral of order β for a contin-
uous function f is defined as

HJ βf(t) =
1

Γ(β)

∫ t

1

(ln
t

s
)β−1f(s)ds, β > 0. (2)
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Definition 2. ([2]) The Hadamard derivative of fractional order β for a con-
tinuous function f is defined as

HDβf(t) =
1

Γ(n− β)
(t
d

dt
)n
∫ t

1

(ln
t

s
)n−β−1

f(s)

s
ds

where n − 1 < β < n, n = [β] + 1 and [β] denotes the integer part of the real
number β.

Theorem 1. ([2]) let α > 0, n = −[−α] and 0 ≤ ν < 1. Let G be an open set
in R and let h : (a, b] × G → R be a functions such that h ∈ Cν,ln[a, b] for any
u ∈ G. then the problem

HDαu(t) = h(t, u(t)), α > 0,

HJ α−ku(a+) = bk ∈ R, (k = 1, 2, · · · , n , n = −[−α]). (3)

satisfies the Volterra integral equation

u(t) =
n∑
k=1

bk
Γ(α− k + 1)

(ln
t

a
)α−k +

1

Γ(α)

∫ t

a

(ln
t

s
)α−1h(s, u(s))

ds

s
.

In particular, when 0 < α ≤ 1, problem (3) is equivalent to the integral
equation

u(t) =
b

Γ(α)
(ln

t

a
)α−1 +

1

Γ(α)

∫ t

a

(ln
t

s
)α−1h(s, u(s))

ds

s
. (4)

For more details (see e.g., [2]). From Theorem (1) we have the following
lemma.

Lemma 1. ([13]) Given u ∈ C([1, T ],L2(Ω)), the integral solution of the initial
value problem

HDα

(
u(t)

f(t, u(t))

)
= y(t), 0 < t < 1,

HJ 1−αu(t) |t=1= ξ,

is given by

u(t) = f(t, u(t))

(
ξ

Γ(α)
(ln t)α−1 +

1

Γ(α)

∫ t

1

(ln
t

s
)α−1y(s)

ds

s

)
, t ∈ [1, T ]

the following lemma (fixed point theorem due to [1]) is the fundamental in
the proof of our main result.

Lemma 2. ([1]) Let S be a nonempty, closed convex and bounded subset of
the Banach algebra E and let A : E → E and B : S → E be two operators
satisfying:

1. A is Lipschitzian with Lipschitz constant k,

2. B is completely continuous,

3. x = AxBy ⇒ x ∈ S for all y ∈ S,

4. Mk < 1, where M =‖ B(S) ‖= sup{‖ B(x) : x ∈ S ‖},

Then the operator equation x = AxBx has a solution in S.
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3 Main Result

For t ∈ [1, T ], we define ur(t) = (ln t)ru(t), r ≥ 0. Let Cr([1, T ],L2(Ω)) be
the space of all continuous processes u such that ur ∈ C([1, T ],L2(Ω)) which is
indeed a Banach space endowed with the norm ‖ u ‖C= maxt{(ln t)r ‖ u(t) ‖2}.

Theorem 2. Suppose that

(A1). The function f is bounded continuous and there exists a positive bounded
function ϕ with bound ‖ ϕ ‖ such that

E(‖ f(t, x(t))−f(t, y(t)) ‖) ≤ ϕ(t) ‖ x(t)−y(t) ‖, t ∈ [1, T ], x, y ∈ L2(Ω);

(A2). There exist a function ψ ∈ C([1, T ],R+) and continuous non-decreasing
function ζ : [0,∞) → (0,∞) such that for all measurable and continuous
functions b, σ the following conditions are satisfied

E(‖ b(t, x(t)) ‖) ≤ ψ(t)ζ(‖ x ‖), t ∈ [1, T ], x ∈ L2(Ω);

E(‖ σ(t, x(t)) ‖) ≤ ψ(t)ζ(‖ x ‖), t ∈ [1, T ], x ∈ L2(Ω).

(A3). There exists a number ρ > 0 such that

ρ ≥ K

‖ ξ ‖
Γ(α)

+
lnT

Γ(α+ 1) ‖ ψ ‖
ζ(ρ) +

M
Γ(α)

‖ ψ ‖ ζ(ρ)︸ ︷︷ ︸
 . (5)

where ‖ f(t, x(t)) ‖≤ K, ∀(t, x) ∈ [1, T ]× L2(Ω),
M = T (lnT )1−αΓ(2α− 1);

(A4). ‖ ϕ ‖
[︸︷︷︸] < 1.

Then the initial value problem (1) has at least one solution on [1, T ].

Proof. According to (Theorem 9.1, [1]) we split the proof into a sequence of
steps.

Define a subset S of C as

S = {u ∈ C :‖ u ‖C≤ ρ}

where ρ satisfies inequality (5).

Clearly, S is closed, convex and bounded subset of the Banach space C; by
Lemma (2), the initial value problem (1) is equivalent to the integral equation

u(t) = f(t, u(t))[
ξ

Γ(α)
(ln t)α−1 +

1

Γ(α)

∫ t

1

(ln
t

s
)α−1b(s, u(s))

ds

s

+
1

Γ(α)

∫ t

1

(ln
t

s
)α−1σ(s, u(s))

dW (s)

s
] (6)

for t ∈ [1, T ].
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Define two operators A : C → C by

Au(t) = f(t, u(t)), t ∈ [1, T ], (7)

and B : S → C by

Bu(t) =
ξ

Γ(α)
(ln t)α−1 +

1

Γ(α)

∫ t

1

(ln
t

s
)α−1b(s, u(s))

ds

s

+
1

Γ(α)

∫ t

1

(ln
t

s
)α−1σ(s, u(s))

dW (s)

s
, t ∈ [1, T ]. (8)

Then u = AuBu. We shall show that the operators A and B satisfy all the
conditions of Lemma (2).

Step1. We first show that A is Lipschitz on C. Let u, v ∈ C. Then by (A1) we
have

‖ (ln t)1−αAu(t)− (ln t)1−αAv(t) ‖ = (ln t)1−α ‖ f(t, u(t))− f(t, v(t)) ‖
≤ ϕ(t)(ln t)1−α ‖ u(t)− v(t) ‖
≤ ‖ ϕ ‖‖ u− v ‖C .

for all t ∈ [1, T ]. Taking the maximum over the interval [1, T ], we obtain

‖ Au−Av ‖C≤‖ ϕ ‖‖ u− v ‖

for all u, v ∈ C. So A is Lipschitz on C with Lipschitz constant ‖ ϕ ‖.

Step2. The operator B is a completely continuous on S. We show that B is
continuous on S. Then after some simple calculations we get

lim
n→∞

(ln t)1−αBun(t) = (ln t)1−αBu(t).

for all t ∈ [1, T ]. This shows that B is continuous on S. It sufficient to
show that B(S) is a uniformly bounded and equi-continuous set in C. First
we have,

(ln t)1−α ‖ Bu(t) ‖ = ‖ ξ

Γ(α)
+ (ln t)1−α

1

Γ(α)

∫ t

1

(ln
t

s
)α−1b(s, u(s))

ds

s

+ (ln t)1−α
1

Γ(α)

∫ t

1

(ln
t

s
)α−1σ(s, u(s))

dW (s)

s
‖

≤ ‖ ξ ‖
Γ(α)

+ ∆1 + ∆2,

∆1 =
‖ ψ ‖ ζ(ρ)(lnT )

Γ(α+ 1)

∆2 =
M ‖ ψ ‖ ζ(ρ)

Γ(α)
.

for all t ∈ [1, T ]. Taking the maximum over the interval [1, T ], the above
inequality becomes

‖ Bu ‖C≤
‖ ξ ‖
Γ(α)

+ ∆1 + ∆2, ∀u ∈ S.
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This show that B is uniformly bounded on S.

Next, we show that B is an equi-continuous in C. Let τ1, τ2 ∈ [1, T ] with
τ1 < τ2 and u ∈ C. Then we have

‖ (ln τ2)1−α(Bu)(τ2)−(ln τ1)1−α(Bu)(τ1) ‖≤ ‖ ψ ‖ ξ(ρ)

Γ(α)
‖ Ξ1+Ξ2−Ξ3−Ξ4 ‖

where

Ξ1 =

∫ τ2

1

(ln τ2)1−α(ln
τ2
s

)α−1
ds

s

Ξ2 =

∫ τ2

1

(ln τ2)1−α(ln
τ2
s

)α−1
dW (s)

s

Ξ3 =

∫ τ1

1

(ln τ1)1−α(ln
τ1
s

)α−1
ds

s

Ξ4 =

∫ τ1

1

(ln τ1)1−α(ln
τ1
s

)α−1
dW (s)

s
.

And after some calculations, we will see that the right hand side of the
above inequality tends to zero independently of u ∈ S as τ2 → τ1. There-
fore, it follows from Arzelá−Ascoli theorem that B is a completely con-
tinuous operator on S.

Step3. Let u ∈ C and v ∈ S be arbitrary elements such that u = AuBv. Then
we have

(ln t)1−α ‖ u(t) ‖ = (ln t)1−α ‖ Au(t) ‖‖ Bv(t) ‖
= ‖ f(t, u(t)) ‖‖ Υ ‖

where

Υ =
ξ

Γ(α)
+ (ln t)1−α

1

Γ(α)

∫ t

1

(ln
t

s
)α−1b(s, u(s))

ds

s

+ (ln t)1−α
1

Γ(α)

∫ t

1

(ln
t

s
)α−1σ(s, u(s))

dW (s)

s

Therefore,

(ln t)1−α ‖ u(t) ‖≤ K
[
‖ ξ ‖
Γ(α)

+ ∆1 + ∆2

]
Taking the maximum over [1, T ], we obtain

‖ u ‖C≤ K
[
‖ ξ ‖
Γ(α)

+ ∆1 + ∆2

]
≤ ρ, u ∈ S.

Step4. According to lemma (2), now we show that Mk < 1. This obvious by
(A4), since we have

M = ‖ B(S) ‖= sup{‖ B(x) : x ∈ S ‖}

≤ ‖ ξ ‖
Γ(α)

+ ∆1 + ∆2, k =‖ ϕ ‖ .

Thus all the conditions of Lemma (2) are satisfied and hence the operator equa-
tion u = AuBu has a solution in S. In consequence, the problem (1) has a
solution on [1, T ].
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