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ABSTRACT

In this paper, we will study the effect of some epidemic concepts such as immigrants and vaccine on the dynamical
behaviour of epidemic models. The existence, uniqueness and boundedness of the solution are investigated. The local
stability analyses of the system is carried out .The global dynamics of the system is investigated numerically.
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1.INTRODUCTION

Because of many infectious disease causing death and varying total population, the study of epidemic models become
one of the important area in the mathematical theory of epidemiology. Epidemic model with vaccination is one of the most
important models in decreasing the spread of many diseases. In [8] Kribs-Zaleta and Velasco- Hernandez presented a
simple two dimensional SIS model with vaccination exhibiting backward bifurcation. Farringten [2] derived relation
between vaccine efficacy against transmission and analyzed the impact of vaccination program on the transmission
potential of the infection in large populations. In [3] Gumel and Moghadas proposed a model for the dynamics of an

infectious disease in the presence of a preventive vaccine considering non-linear incidence rate . Liu et al. [4,13]

1+1
1A

proposed more realistic models that assume non-linear incidence rate given byﬁwith kK,?,a,h >0. Eunha
+a

Shim [11] assumed that the total population is asymptotically constant, and supposed the incidence rate %where ﬂ is

S|

1+bl +cl?®
of immigrants on the dynamical behaviour of SVIS model is considered analytically. And the sufficient condition for the
existence and stability of the endemic equilibrium point is obtained .The global dynamics of the model is studied by solving
it numerically for different sets of initial values and for different sets of parameters values.

the transmission rate. In this paper, we will study the SVIS model with non-linear incidence rate . The effect

2 Model formulation

Consider an SIS disease when a vaccination program is in effect and there is a constant flow of incoming immigrants. A
population of size N{t} at time t is partition into three classes of individuals; susceptible, infections and vaccinated, with

sizes denoted by 5(5}: “:t} and V(t}, respectively which represented in the block diagram given by Fig. (1) can be
represented by the following system of non-linear ordinary differential equations.

¥i
7 (1-plA pA
) — . . gV .
Susceptible B35 Vaccination s | Infection ul
— > — al
G251
v 1+ bl +cl?
M |
Fig 1. Model
Li5—;1+(1 YA+ BV +yl B3l 5
dt PIATBYV Yl TS~ B
dv GBIV
3t PP T Trerrar AV W )
dl 8,51 B, IV
A+ —T2 2 (a+y+pl
ity e Ay sy A C RS G

The assumption we have in this model is as follows: A is the constant natural birth rate, with all newborns coming into the

susceptible class. There is a constant flow of A new members in to the population per unite of time, where fraction of p
(0=p=1) oA

with immigrants is infective . The rate at which the vaccine wears off is , Z is infection constant rate
coefficient for susceptible individual and the rate at which the susceptible population is vaccinated is }5’3. There is a
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=
constant per capita natural death rate u=0 in each class, and fraction rz0 of infectives recovers in unit time. The

0=og=1 ag=10
al

vaccine has the effect of reducing by a factor of G, where nd means that the vaccine is completely

effective, while g=1 means that the vaccine is totally infective. The disease can be fatal to some infectives and we

define @ to be the rate of disease related death. The parameters bc are fiting parameters of the response function,

—7 -
where b= -2y Cand = G.Obviously, due to the biological meaning of the variables S(t}‘ V(t}‘ I(t} system (1) has

the domain Rf ={(S,V,) e R*,S>0,V >0, > Owhich is positively invariant for system(1) and all the solutions
of system(1) with non-negative initial conditions are uniformly bounded as it is proved in the following theorem.

Theorem (2.1): All solution of system (1) with non-negative initial condition are uniformly bounded.

(S®,v(©, (D)

Proof: Let be any solution of the system (1) with non- negative initial condition

an an
N(E) = 5(8) + V() +I(0) —=A+A—,L¢(5+V+I}—afso;+_¢¢N£A+A

Since then &t
A+ -
- N(t) = LYy comne
Which has an integrating factor and hence a solution is - where
4+ 4+ > _ 4+
¢ = N(0) — &4 N(E) = L2 (1 _ gmrt) 4 N(0)eHt N =2
that means H . Therefore, B as ,

3
hence all solutions of system (1) that initiate in the region Ry are eventually confined in the region:

5:{(5,?,;*}:N=5+V+f=#}

Thus these solution are uniformly bounded and then the proof is complete.
3 Existence of Equilibrium point of system (1)

In this section, we find all possible equilibrium points of system (1) shows that there are at most two non- negative
equilibrium points, the existence conditions for each of these equilibrium points are discussed in the following:

1) IL‘T S q then the system (1) has an equilibrium point called a disease free equilibrium point and denoted by
E= {5’ V’ﬂ}, where:

& (A+A) ptBy) 7= Belatal

plptfatfe) | and plptBatBe)

2) If I ﬂ, then the system (1) has an equilibrium point called endemic equilibrium point denoted by E* (5517, fs},
where 2V and I* represented the positive solution of the following set of equations:

A+{(1—pA+/V +yl pa51 §=0 (2.d)

R A T R =
g IV

S——2 RV -V =0 2.5

B3 1+ bl + cI? By u (2.B)
8,51 B, IV

A+ _ (e +y+I=0 2.

PAY T e T i n e o @ty s 2.9)

A+A—puS—wW—(a+wiI=0

By adding Eg. (2.a), Eg. (2.b) and Eq. (2.c) we get that is
S*=Z[(A+4) —p(V* +1%) — al*]
“ 3)
Clearly 3™ = 0jf 0 < pVe+ 1) +al* < (A+ A}, from Eq.(2) we get:
S*(1+ bI* + cI*?
o B ) “

T 0Bl + (B + (1 + BI* +cI*D)

5754 |Page Fabruary 02, 2016



ISSN 2347-1921

Substituting the value of Eq. (3) in Eq. (4) we get:
_ BsG*[Dg— DyI7]

 ploBal* + DyG¥]

Where G* =1+ bI* +cI**,Dy=A+A, , Dy=p+a Dy=PF +fs+H g Da=a +y+u, Clearly from
equation (3) we get that Vez=0,

=

(5)

Now by substitution Eq. (3) and Eqg. (5) in Eq. (2.c) and then simplifying the resulting term gives the following polynomial
equation:

AP + A + AP + AP + A1+ Ay = 0 ©)

Where

A = —c?uD;D,

Ay = c?upAD; — cfzD1(By + afSs + i) — cuD3(2bD; + o f5;)

Az = cupA(2bD; + af;) + B2(cDg — bDy)(By + 0fis + ) — uD3 Dy (2¢ + b7) —

Gﬁz'[.ubﬂa + ﬁm-_}

A = 2cpupAD; + pbpA(0B; + bD3) + 6B, Do + B2 (bDo — D1)(Bs + 03+ ) — uD3(26D; + 0s,)
Ay = ppA(af; + 2bD;) + 2Dy (B, + 03 + 1) — uD3 D,

Ag = ppAD;

Straightforward computation shows that Eq. (6) has a positive root namely I provided that one set of the following sets of
conditions holds

Ay = 0,43 = Oyith A3 = 0 (7.2)
Al = ﬂ_. A: = ﬂ_..-'q.a = ﬂ_. with Aq_ = ﬂ (7b)
Al :—b CIJAE ‘::: ﬂ -'W|th Aq_ '::: ﬂ (7C)

= = & ®
Substitution the value of ! in Eq. (5) gives the value of v and then substituting the value of v and ! in Eq. (3) gives the
=

value of 3 .

4 Local Stability of system (1)

In the following section the local stability analysis for the above equilibrium points is studied as shown in the following
theorems.

Theorem (4.1): The disease free equilibrium point Eof system (1) is locally asymptotically stable in the
platy+u)

Int.Riif Bz < [A+A)

Proof: Therefore, the variational matrix about the equilibrium point E given below:

N —i— ff3 By '}"_}5’25
JE)=| B ~B-u 0BV
0 0 .S +afV—(a+y+u
Clearly the eigenvalue of‘rl[}':;}a1reﬂ’-L =Tk< ﬂ, Az = _(‘u +h +ﬁ3} =0 and
P (+ By + BB (A + A) —pla +y + )l + B3 (A+ A)o— 1)
: wlp + By + B3)
(aty+u)
By <R
since 0 =0 =1, Aa =0y (atd)
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= = ® ®
Theorem (4.2): Assume that the positive equilibrium pointE T
inequalities hold:

=1 @)

Byp” < B4 62 9.2)
B13° < 61163 (9.b)
O23" < 2033 9.0)

Here we have:

B.I* af,I*

=—————— U+ P b =F +fy Oy =————=+p+
M= vl HT P =Rt b T+br+ T ETh
Ba1* B25%(1—cI*%)
tha = - =tV — —|;
14+ bI*+cl (1+bf*+cf*‘:}
2 oB,1* o, V(1 —cI*?)
23 2

T1+br+d? (1 4pr 4 o)

Ba(1— cI**)(S* + aV¥)
(14 bI* +cI*%)?

B3z = (@+y+p—
3
Then it is locally asymptotically stable in the Int. R+.

Proof: The linearized system of the system (1) can be written as
div  du

—=—=J(E*)I
dt dt J(E9)
Here. W =511 - i = (ui,ugjug}withul =5 —5*’ U, =V- V*,
E T .E”:'c = o T —
us =1 S . Moreover, (&%) (ﬂz;}axa ; Lj=123 is the variational matrix of system (1) at E¥ in which
Bol* BaS*(1—cl*?)
Ay == s H—Fa Gz =F &3 =Y

1+ bI* + cI*?  (L+bI* + cI*?)?

o, I* g B,V (1— cI*?)
@z =Py A =—|—T7 "7 32+-“+ﬁ1]’ Q3 = — "
1+ bI*+cl '['l+bf*+r:f*‘:}
- - - -
B _ _ ofgl _ Bal1-eI"}(57+sk™)
Q31 = praer?’ U2 T Teprear® %8B T T (prear? (a+y+p)
Now, consider the following function
P ! "+1 “+1 z
= — 14~ — ™ —a*
2t T2 T2
. o3 —
It is clear that P:Ri >R is a continuously differentiable function that satisfies that P(0,0,0) =0 and

P(uy,usuz) #0 for all (uq,u3,u3) # (0,0, ﬂ}_

Hence P is a positive definite function. Now, by differentiating p with respect to time t, gives:
dP duy dily dug
dt

dt ! dt 2 dt 3
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rml

i=1,23
Substituting the value of dr ' in the above equation, and after doing some algebraic manipulation, it gives
that:
daP 1 1 5 1 1
- = —= 311'1»{1 + El" UUs — % E'ﬂun _— 811'1,[1 + 813'1»[1'1»{3 - = 333'1»{3 — _€¢ + E‘nau 2lg
dt 2 2 2
— = B33
o Vazlls

dP .'— 2 1, — — 2 1 e — g

{'\- Br11y — uy) =S (VBiyug — /Baaus) —= (JOauz — /Ba3us)’?
dt 2 2

£ <

Obviously, due to condition (9.a)-(9.d), it is obtained that &t , therefore the origin and then E%is locally asymptotically

3
stable point in the Int. R+.

5 Globally stability of all equilibrium point

In this section, the global dynamics of system (1) is studied with the help of Lyapunov function as shown in thefollowing
theorems.

Theorem (5.1): The disease free equilibrium point E of system (1) is globally asymptotically stable in the sub region:

[+ +
e=1GV.D:0<I<C, 0<I<K, ﬁ+ {‘“ )+ fs)
SV
"J
Where
Bs¥ of gl
o —b+ﬂ|b5—4c[1—7} i —b+ﬂ|b5—4c[1—m}
1 Zc ‘and 1 2e

L(s,v,D) = ;2=

Proof: Consider the function
By differentiating L with respect to t along the solution of system (1), we get:
dl. §-8§ d5+v—fﬁ av_ di
dt  § ‘dt  V ‘dt dt

LiL“‘;E[+5 P gV 4yl ——2 ]
di WS+ i3 ﬁﬁl By 14 L+ bl + cI® WS — B3
il [U+v S+ BsS Lild v v]+ Fadl
vﬁf; WV =Pt Bas — T e ~ AV T W1 T e
TPz
TR GRAAL =
dL ﬂu+ﬁa (u+5) (ﬁ’ ﬁa) - B ( Ba 'r)n
== s-§ v—7) + B (s-5)(v-17)+[(—2— 1) 5
- s }ﬁ 7 2 i AR R Ve s e
Gﬁgv
+(m ‘1““})" 1

Now for any (s,v.0) in @ and by Eq. (11) we get

& B s R gy (BB o5 v-)

g{ ‘:.H'HS’E Mth)is g }_‘:.U- B1) (v -7)° +Eq|w+ﬁ1§$+ﬁa}(5—§:}(b’—ﬁ}
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dL w+B) o o [W+B), -
— == |—\5-5)- | ———\V-=-V =0

G <| [T [ -n)
dL - -

dt is negative definite and hence Lisa Lyapunov function with respect to E hence, Eis globally asymptotically

stable in the sub region ¥.

Theorem (5.2):Assume that the endemic equilibrium point E*(5%,V7, ‘Ts}of system (1) is locally asymptotically stable then
it is globally asymptotically stable in the sub region 4 that satisfies the following conditions:

[ B

(B+2) ] =::—[(y.+,5’3}5+ﬁ~i’][(.u+ BLG + aB,1] (12.0)
VG B.5m ]2 1 B (5 + aV*)

| § 50 +JE2 < 57 [(H '|_JEH}"':F +JE2I] Tl'G G* (12 b}
r oB, Vit 1 Boro (5% + aV*)
_Gﬁg—W] ﬂiﬁ[(}i+ﬁ1}5+++ﬁﬁgf]|}‘1§—T (12.¢c)
Where & =1+ bl +cI?, G*=1+bI* +cI*", r(a+ }r+,u}andr2 =1—clI*

Proof: Consider the function

STJ_—S* VTE—V* ITE—I*
F(5*V*I¥) = dry + dt, + dTq
" T1 e Tz o T3

By differentiating F with respect to t along the solution of system (1), we get:

dF _5—S§* Pas™I" Fadl ]
+ B )5 —5)+ /W V) +y(J —I* A 2
== [ (e + Ba3)( )+ ( oty (F— 1068 1+ bl* +cl*® 1+bl+cl?
V-V g VEIT abaVi ]
& e T
+ [ (a+ £ )RR V*) + 8505 = 5°) + T3 28— et
I— jri-c [ ﬁ:.ﬁ'*fs 5ﬁ2V8F ﬁ:jf
—a+y+ I —-19)— 33 7 Z
T[Sy BRI - e e T e
g8, VI ] (13)
1+ bl +cl?
dF —(§— §%)? o) V*} F
s e T [ + T s sow v [S 4
(1 = 1) 152?":(5*+5V*3' > [T’ BaSgu ’5’2]
B e ST TE=SW-I)e="%e T 6
[ GﬁEV*Tz]
+(V —v*){I f}[ c Voo (14)

Now from Eq. (14) and Eg. (12.a)-(12.c) we have:
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a = - |I(H+ﬁ3}§ +ﬁgf & |I(f"l+ﬁ1}5 + Gﬁ:f &
E_?J o5 (5_5}_*\|| - -7
: 'llﬁHﬁE}GJrﬁ:f(S 5%) ||T1§_M I—1°
ol 25 TN 21 -1
1 ||I(.14+,|5’1}G+5ﬁ2f _— ||Tlg_w s
G N v W= }_xl 21 (1-19)

dF

= =
So 2t js negative definite and F is a Lyapunov function with respect to E hence, E is globally asymptotically stable in

:

the sub region™”.
6 Numerical analysis

In this section the global dynamics of system (1) is studied. System (1) is solved numerically for different sets of initial
conditions and different sets of parameters we choose the following set of parameter values
A=500,p =0A4=100,5 =012,5, = 0.00001,55 = 0.2,

15
b=25¢c=15y=014p=012,0 =06, =0.2 1)

For this parameter values, it is observed that the condition of theorem (4.1), theorem (5.1) is satisfied and trajectories with
Iy = (150,200,800) 1, = (300,400,200) I, = {(200,700,800)

initial conditions ;
E =(2727.2727,2272.727272,0)

converge to the disease free

equilibrium point where all three populations coexist in the form of a stable

equilibrium point. This indicates that the free equilibrium point 3 is globally asymptotically stable. See Figure 2.

800 Initial point
(2000, 700,800)
600 Initial point

(150,200,800)

T - Globally stablg point
(2727.27,2227.73,0)
200
Initial point \Y
0 -l

(300,400.2&)J

2000 2500 S900

2000

500

[

: - ) i . . . —_— " Iy, I 5 )
Fig 2. This figure depicts the trajectories of the model equation (15) with the initial conditions 2™ and" 2. In this

case, all solutions converges to the disease free equilibrium point.

Note: In the following figures, we will use the following representations: solid line for S; dashed line for V and dotted line
for I.

5759 |Page Fabruary 02, 2016



ISSN 2347-1921

3000

2000 (/ -

1000 [~

population

Time 4

Fig 3a. Time series of trajectories of system (1) for data given in equation (15) starting at Io

3000

2000 (f —

1000 |-

Papulation

ob—

Time

Fig 3b. Time series of trajectories of system (1) for data given in equation (15) starting at fl.

However, for the set of parameters values given equation (15) with - 0-2 system (1) approaches to endemic

il 3
equilibrium point E* = (2664.03,2220.02,43.4795) in the Int. B starting from different sets of initial conditions
Iy = (400,2500, 8), Iy = (50,500,10), and I; = (2500, 700,20)

E* = (2664.0302022,2220.024349,43.47954323)

.Thus, our simulation results show that the

equilibrium is globally asymptotically stable. See Figure 4.
Globally stable endemicpoint N
50 (2664.03,2220.02,43.4795)
40
/V//
30 _—
= - —
20 _—
_— . )
— Initial point
10
Initial point (2500,700,20)
0.l (400,2500,8)
2500

e

“oo Initial point 3000
. 2000
1000 ~(50’ 500,10 1500
500
500
o o
v S

. - ) . . i L . I3,1 I )
Fig 4. This figure depicts the trajectories of the model equation (15) with initial conditions 3%% and =, In this
=

case, all solutions converges to the endemic equilibrium point

a

3000 \

— 2000 f N
S
=

2 1000 *
o
a

o | | | | | | | | |
0 0.5 1 15 2 2.5 3 3.5 4 4.5 5
Ti 4
ime % 10
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3000

2000 f b
f
|

Population

1000

o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

a
x 10

Fig 5. Time series of trajectories of system for data given in equation (15) with p= 0'2. [a] trajectories starting

I . . .
at '3, [b] trajectories starting at f‘}.

Now the effect of varying the fraction of immigrant individuals, which arrive infected on the dynamics of system (1) is

p=005p=04 andp:ﬂﬁ

studied system (1) is solved for parameters values respectively keeping other

) . . i ) =02 . . -
parameters fixed as given in equation (15) with P and then the trajectories of system (1) are drawn in Figure 6.

3000

2000 7‘ -

Papulation

1000 |- —

o 0.5 a1 1.5 & 2.5 3 3.5 A 4.5 S
.
ime X
b
3000 T
2000 [/~ -
= f
B=] {
= !
S
S 1000 - =
£
o 1 1 1 1 1 1 1 1 1
o 0.5 L 1.5 2 2.5 3 3.5 4 4.5 5
o
ime 133K
c
3000 T
2000 [ =
= ]
S (
= J
=
S 1000 [~ —
£
o I I I I I I I I I
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 s

Fig 6. Time series of the solution of system (1)

a. ForP = 0.05he system approaches asymptotically to (2711.457277, 2259.54474,10.87424254)
b. For? = 04he system approaches asymptotically to (2600.789808, 2167.324432,86.95715964)
c. For? =06, system approaches asymptotically to (2537.548945, 2114.623854,130.4352001)

According to Fig.(6) the disease free equilibrium point E of system (1) becomes unstable point and the solution the system
(1) approaches asymptotically to the endemic equilibrium point E* (where £ increases).

Now, in order to discuss the effect of varying the infection rate on the dynamical behavior of system (1), the system is
solved for different values of infection rate f2 = 0.01, 5, = 0.05 and £, = 0.08 respectively, keeping other

=02

parameters fixed as given in equation (15) with £ and then the solution of system (1) is drawn in Figure 7.a-c.
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3000

2000 [/

1000 -

3000

2000 [/

1000 1

3000

2000

1000 -

o 0.5 1.5 2.5 3 3.5 4 4.5 5
Time % 104
b
T
/
L | | | | | | |
[e] 0.5 1.5 2.5 3 3.5 4 4.5 5
Time % 104
c
T
| | | | | | |
(o] 0.5 1.5 2.5 3 3.5 4 4.5 5
Time « 104

For B2
For B2

For B2

Fig 7. Time series of the solution of system (1)

= 0.01 e system approaches asymptotically to (2662.652085, 2218.08013,44.7254181)

= 0.05 the system approaches asymptotically to (265774771, 2211.16522, 49.1576489)

= 0.08 the system approaches asymptotically to (2654.533001, 2206.63609, 52.6615874)

From Figure 7.a-c we see that, if the infection rate increases the endemic equilibrium point of system (1) still coexists and
stable but number of susceptible and vaccinated individuals decrease while the number of the infected individuals
increases.

Also, in order to discuss the effect of varying the vaccination converge rate on the dynamical behavior of system (1) is

studied too. The system is solved numerically for different value of fz =04,5, =056 and fz = 0.8 keeping the rest of

parameters fixed as given in equation (15) with # = 0.2 and time series of the solution of system (1) are drawn in Figure

8.a-c.
4000
s
E 2000
=
I
(0]
(0]
5762 |Page

2.5 3
Time
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4000 T
P |
=1
‘® 2000 [ 7
=
=3 "
a
o | | | | | | | | |
(0] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time 4
x 10
c
4000 - T
(
=
=1
2 2000 -
=
Qo
I v
o | | | | | | | | |
(o] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time 4
x 10

Fig 8. Time series of the solution of system (1)

a. ForPz =04 e system approaches asymptotically to (1838.520986, 3052.53385,43 .4794363)
b. Forfz =06e system approaches asymptotically to (1396.44464, 3488.61033,43.47938)
c. ForFa=08e system approaches asymptotically to (1127.089953, 3756.965124, 43 4793459)

From Figure 8.a-c. we note that the system (1) still approaches to endemic equilibrium point.

Similarly, the effect of varying the number of individuals who lose vaccine immunity and return to susceptible on the

dynamical behavior of system (1) is studied the system is solved for the value A SIEL, RS 0.88 and pL=018

. . ; 4 . =02 3 -
keeping other parameters as given in equation (15) with P and then the solution of system (1) are drawn in Figure
9.a-c. respectively.

3000 T

2000 7 =
[

1000 =

Population

o
o 0.5 1 1.5 2 2.5 3 3.5 a 4.5 5

Time G

3000 T T T T T T T T
2000 [ B =

)
1000 [~ =

Population

o 0.5 1 1.5 2 2.5 3 3.5 a a.5 5
Ti
me x 10
Cc
3000 !
= 2000£
S i
= /
2 1000 - -
S
oo
O‘ 1 1 1 1 1 1 1 1 1
o 0.5 1 1.5 2 2.5 3 3.5 a 4.5 5
Ti a
'me x 10

Fig 9. Time series of trajectories for system (1)

a. ForP1 =014y, system approaches asymptotically to (2760.55296, 2123.50155,43.4795556)
b. For 1 = 0.16 e system approaches asymptotically to (2849.03216, 2035.02232,43.4795669)
c. ForB1 =018 e system approaches asymptotically to (2930.43302, 1953.62143,43.4795774)
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B

causes increasing in the susceptible and infected but the number of vaccinated decreases.

From Figure 9.a-c it is observed that as

By

Finally, the effect of vaccine efficiency against the disease on the dynamical behavior of system (1) is investigated. The

og=080c=059 o =095 . o .
and keeping other parameters as given in equation

increases the system (1) still approaches to endemic equilibrium point and

increasing

system is solved for different values of

(15) with p =02 and then the solution of system (1) are drawn in Figure 10.a-c. respectively.
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Fig 10. Time series of the solution of system (1)

a. For? = 0.8he system approaches asymptotically to (2664.0301439, 2220.024027, 43.4796857)
b. For? = 0.9the system approaches asymptotically to (2664.0301148, 2220.023866, 43.4797569)
c. For@ = 0.95he system approaches asymptotically to (2664.0301002, 2220.02378,43.4797925)

From Figure 10.a-c. we conclude that as the vaccine efficiency increases the endemic equilibrium point of system (1) still
coexists and stable.

7 Discussion and conclusions

In this section, we have analyzed a SIS epidemic model with the effect of vaccine and immigrants on the dynamical
behavior on it. The local as well as global stability analysis of each possible equilibrium point are studied analytically as
well as numerically. From numerically simulation (section 6) the following results are obtained the SVIS system (1) is
approaches either to the disease free equilibrium point or to endemic equilibrium point.

As the fraction of infected immigrant individuals (P} increases then the number of susceptible and vaccinated individuals
increase but the number of infected individual’s increases.

(B2)

infected individual’'s increases increasing of
decrease (very slowly).

If the infection rate increases then the number of susceptible and vaccinated individuals decrease but the number of

Fs

causes increasing in the vaccinated but the number of susceptible infected
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As B increases then the number of susceptible and infected individuals increase, however the number of vaccinated
individuals decreases.

Finally as the vaccine efficiency increases then the number of susceptible and vaccinated individuals decrease but the
number of infected individuals increases.
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