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ON SUPREMUM OF A SET IN A DEDIKIND COMPLETE TOPOLOGICAL
SPACE

QINGXIA LI AND XINYAO YANG

ABSTRACT. The supremum for a set in a multi-dimensional, Dedikind complete topological space
is defined. The example is given to illustrate that the condition of Dedikind complete is necessary
for the existence of supremum.

1. INTRODUCTION

In this paper, we will examine the superemum for a set in a multi-dimensional, Dedikind complete
space, which is partially ordered by any pointed, closed and convex cones. There are several types
of supremum for a set in multi-dimensional Euclidean space which were introduced by Nieuwenhuis
[4], Tanino [3], Zowe [5], Kawasaki [6]. The definition in this paper will be an extension of the
regular definition of supremum in Euclidean space to any Dedikind complete topological space.

First, in Section 2, several types definition of supremum and maximum in Dedikind complete
topological space are defined. The relationships among these different kinds of definitions of supre-
mum are also examined. In Section 3, a counterexample is given to illustrate that Dedikind complete
is necessary for the existence of supremum for a set in a multi-dimensional topological space.

2. PRELIMINARIES

In this section, we will discuss the definition of supremum and maximum for sets in a multi-
dimensional, Dedikind complete topological space Y, which is partially ordered by any pointed,
closed and convex cone K with nonempty interior Int K in Y. We henceforth assume that Y is
Dedikind complete topological space and K is a pointed, closed and convex cone throughout this
paper.

A set D together with a relation < is both transitive and reflexive such that for any two elements
a,b € D, there exists an element ¢ € D, such that a < ¢ and b < ¢. Then the relation < is said to
direct the set D. We say D converges to z, if for any open set U with z € U, there exists a dy € D
such that d € U whenever d > dy. A topological space Y is called Dedekind complete if for every
directed set D C Y which is bounded above, the least upper bound sup D of D exists, and the
directed set D converges to sup D. We say that y > ¢’ if and only if y — ¢y’ € K and y > ¢ if and
only if y — ¢y’ € Int K. Given a set D C Y, we set that Sup D = +oco if D is not bounded above
and Sup D = —co if D is empty.

Definition 2.1. Assume thatY is partially ordered by any pointed, closed and convex cone K. For
any set Z C 'Y, we say that
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(i) 2=Max Z if and only if 2 € Z and Z C 2 — K.
(i) 2 € PMax Z if and only if 2 € Z and [2 4+ (K — {0})] N Z = 0.
(i) 2€ WPMax Z if and only if 2 € Z and (2+ Int K)N Z = 0.

Definition 2.2. Assume that'Y is partially ordered by any pointed, closed and convex cone K. For
any set Z C'Y, we say that
(i) 2= Sup Z if and only if it satisfies:
(1) Zcz-K;
(2) if ZCZ — K, then2€ 2 + K.
(ii) 2 € PSup Z if and only if it satisfies:
(1) £+ (K = {0)]nZ =0;
(2) if 2 € 2/ + (K — {0}), then there exists z € Z such that z € 2’ + (K — {0}).
(ii) 2 € WPSup Z if and only if it satisfies:
(1) G+Int K)NZ =0;
(2) if 2 €2 + Int K, then there exists z € Z such that z € 2’ + Int K.
Remark 2.3. In the definition of Supremum of a set, the part 2) in (ii) and (iii) can be simplified as

52— (K —-{0}) c Z— (K —{0}) and 2 —Int K C Y — Int K, which were introduced by Nieuwenhuis
[4] and Tanino [3].

Note that Max Z and Sup Z are both single point sets, while PMaxz Z and PSup Z are sets
that may contain more than one point. It is obvious that

Mazx Z € PMax Z C WPMazx Z, PSup Z C WPSup Z,
while Sup Z is not generally contained in PSup Z. The following example will serve as a coun-
terexample for this. Let
Y ={y e R’lya] <L lpel <1}U{y € R*[ = 1<y <O,y2 =1}
and K = Ri. It is easy to check that
SupY ={(1,1)}, PSup Y = {(0,1)}.

3. SUPREMUM IN DEDIKIND COMPLETE SPACE

We will study some properties of supremum defined in a Dedikind complete topological space Y,
which is partially ordered by any pointed, closed and convex cone K.

Proposition 3.1. (1) Sup ZNZ = Maz Z.
(2) PMax Z =ZNPSup Z.
(3) WPMax Z =ZNWPSup Z.

Proof. This proposition is obvious from the definition. O

Theorem 3.2. For a nonempty set Z in'Y,

(1) Sup Z #0 if and only if Z C Z — K for some Z €Y.

(2) If Z— K CY, then PSupZ has at least one element.

(3) WPSupZ # 0 if and only if Z — K #Y.
Proof. (1) Assume that Sup Z # (. Then there exists Z such that Z C Z — K from the definition.
Conversely suppose that Z C z — K for some z € Y. Thus Z is bounded above by z. Since Y is

Dedikind complete space, it follows that Sup Z exists. (2) and (3): These results are proved in
Nieuwenhuis [4]. O
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Let Y =Y U {oo} U{ —oo}. Given any set Z C Y, we define the set A(Z) which consists of all
points above Z and the set B(Z) containing all points below Z. That is to say that

AZ)={yeYly >y forsomey € Z}
and
B(Z)={y €Yy <y for somey € Z}

respectively. The following two definitions were introduced by Tanino in [2].

Definition 3.3. [2] Given a set Z CY, a point §j € Y is said to be a mazimal point of Z if j € Z
and there is no y' € Z such that § < y'. The set of all mazximal points of Z is called the mazimum
of Z and is denoted by Max Z. The minimum of Z, Min Z, is defined analogously.

Definition 3.4. [2] Given a set Z C Y, a point §j € Y is said to be a supremal point of Z if
g ¢ B(Z) and B(y) C B(Z), that is, there is no y € Z such that § < y and if the relation y' < j
implies the existence of some y € Z such that y' < y. The set of all supremal points of Z is called
the supremum of Z and is denoted by Sup Z. The infimum of Z, Inf Z, is defined analogously.

In [2], Tanino proposed that B(Z) = B(SupZ) for a set Z C Y. Unfortunately, this proposition
will not be valid unless the topological space Y is Dedikind complete. The following example shows
that it is necessary to require K to be dedekind complete.

Ezample 3.5. Let Y = C([—1,1],R) be the space of all continuous functions from [—1,1] to R. Let
frn i [=1,1] = R be defined as:
1
zn, x>0
fu(z) = {

0 <0
Then it is clear that f,(z) € C([-1,1],R). Let Z = {f,, : n € Z}. Thus

, >0
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is the supremum of f,,. But f(z) is not continuous and thus does not belong to C([0, 1], R). Then
Sup Z = . Thus it follows that B(Sup Z) = {—oc}. However, B(Z) is not empty.

Lemma 3.6. If the cone K CY is Dedekind complete and Int K # (), then

(a) For all ACY, Inf A and Sup A exist and are nonempty.
(b) For every x € A, there exist u € Inf A and v € Sup A such that u < z < v.

Proof. We will prove this lemma in two cases:

Case I If A = (), then Sup A = {—oo}. If A is unbounded above, then
Sup A = {4o0}.

Case II: Suppose A # ) has an upper bound b € Y. Let z € A. By Zorn’s lemma, there exists
a maximal chain M C A with x € M. Then M is directed and bounded above by b, so M has a
least upper bound d = sup M by Dedekind completeness of the cone K. We claim d € Sup A. By
definition, x < d. Let d < ¢. If ¢ € A, then {q} UM being a chain contained in A, larger than M,
a contradiction with M is a maximal chain in A. Thus ¢ € A. Let p < d. Then p + Int K is an
open set containing d. Since M converges to d, there exists m € M such that m € p + Int K. That
is equivalent to say that m — p € Int K, which implies that p < m € M. Thus d € Sup A. Since
Inf A = —Sup (—A), it follows for all € A that there exists an e € Inf A such that = > e. This
completes the proof. O
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Theorem 3.7. Assume two sets A, B CY ordered by a pointed, closed and convex cone K. Then
Sup (A+ B) C Sup A+ Sup B.
Proof. By Proposition 2.6 in [2], it yields that
Sup (A + Sup B) = Sup (A + B).

Then it suffices to show that Sup (A + Sup B) C Sup A+ Sup B. If & € Sup (A + Sup B), then it
satisfies the following two conditions:

(1) There is no a € A and b € Sup B such that a +b > Z.

(2) If 2’ < Z, then there exists a’ € A and b’ € Sup B such that 2’ < a’ +b.

Next, we will prove that £ € Sup A + Sup B. First, it is clear that there is no a € A such that
a > 7 — b for any fixed b € Sup B. Otherwise it will contradict with condition (1). Second, for any
ag < T — b, it yields that ag +b < Z. Let ' = ag + b. By condition (2), there exists o’ € A and
b’ € Sup B such that

ao + b<da +70.
a) If b = ', then there exists a’ € A such that agp < a’ holds. Thus # —b € Sup A and
T € Sup A+ Sup B follows. B B B B
b) If b # ¥/, then there is no @’ € A such that ag + b < o’ +b. Thus ap +b € Sup (A + b).

Thus ag € Sup A and ag + b € Sup A + Sup B. Because 2’ = ag + b < Z, we then can obtain that
Z € Sup A + Sup B. It completes the proof. O

Ezample 3.8. This example shows that the equality does not hold in Theorem 3.7. Let K be the
positive orthant cone in R?. For any two vectors x,y € R?, we define that = < y if and only if

y€x+ K Welet A= {[ﬂ,[ﬂ}, and B = {E],B]} Then A = SupA and B = SupB. We

SupA + SupB = {[g] , [g] 7 m , E] 3

However the set Sup(A + B) will become:

s~ ] G}

Thus we can obtain that Sup(A + B) € SupA + SupB.

calculate that
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