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Abstract
In this paper we prove that which of Green’s relations L,R,H and D in rings
preserve the minimality of quasi-ideal. By this it is possible to show the struc-
ture of the classes generated by the above relations which have a minimal quasi
ideal. For the completely simple rings we show that they are generated by the
union of zero with a D-class. Also we emphasize that a completely simple ring
coincides with the union of zero with aD-class if and only if it is a division ring.
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1 Introduction

By a ring we mean a ring, which does not neccessarily have a identity. Green’s
relations are successful tools for studying semigroups. In an analogous way
the relations L,R,H and D are introduced and studied also in rings and are
called Green’s relations in rings [6]. Green’s relations in rings serve not only to
study rings but also they are tools to point out the general connection between
rings and semigroups, and especially the connection between rings and their
multiplicative semigroups.
In this paper by using Green’s Lemma for relation L, [R] we prove that for each
to elements a,b of a ring A which are aLb [aRb] the quasi ideal (a)q is minimal
if and only if (b)q is a minimal quasi ideal. This implies that if two elements
a,b of a ring A are aHb [aDb] , the quasi ideal (a)q is minimal if and only if (b)q
is a minimal quasi ideal. After this we show the structure of H- class which
contain a minimal quasi ideal,by pointing out that such a H- class is a union
of minimal quasi ideals, which as rings are isomorphic with each other. Also
we can only show that a L [R,D] class that contains a minimal quasi-ideal is a
union of minimal quasi-ideals and each two of them are isomorphic as additive
groups.
For the completely simple rings firstly we show that A be a completely simple
ring, then there exists an idempotent element e ∈ A such that Ae is a left min-
imal ideal, eA is a right minimal ideal and A = Ae.eA. Then we prove that in a
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completely simple ring A there exists a D- class D of A such that the subring
obtained by D∪{0} coincides with A. Lastly we show that in a completely sim-
ple ring A the equality A = De ∪ {0}, where e = e2, is satisfied if and only if A is
a division ring.

2 Preliminares

We give some notions and present some auxiliary results that will be used
throughout the paper. All unexplained concepts and proposition the reader
may find to [1],[4],[7].
Let (A,+, .) be a ring and B,C two subsets of A .
We write:

B+C = {b+ c ∈ A|b ∈ B,c ∈ C},
BC = {

∑n
i=1 bici ∈ A|for every natural number n ∈N;bi ∈ B,ci ∈ C},

For the sake of simplicity we write b+C,bC,Bc instead of {b}+C, {b}C,B{c}.
The relations R,L and H in a ringA are defined as following [6]:

∀(a,b) ∈ A2, aRb⇔ (a)r = (b)r ,
∀(a,b) ∈ A2, aLb⇔ (a)l = (b)l ,

∀(a,b) ∈ A2, aHb⇔ (a)r = (b)r and (a)l = (b)l ,

where (a)r , (b)r , (a)l , (b)l are respectively right principal ideals, left principal
ideals generated by the elements a,b of A. The relationsR,L andH =R∩L are
equivalence relations. The equivalence classes of an element a ∈ A are denoted
respectively Ra,La and Ha.
In [6] it is shown that for each ring A, R ◦ L = L ◦ R. So we get the Green’s
relation D = R◦L = L◦R in rings. The equivalence class of an element a ∈ A
respect to the relation D is denoted Da.
Let (A,+, .) be a ring . A subgroup Q of additive group (A,+) of this ring is
called quasi-ideal if AQ∩QA ⊆Q [7].
The intersection of all the quasi ideals that contain the element a ∈ A is called
principal quasi-ideal generated by the element a and is denoted (a)q.
It is not difficult to prove that for each element a of a ring A the following
equalities hold :

(a)r =Za+ aA,
(a)l =Za+Aa,

(a)q =Aa+Aa∩ aA.

For each integer z ∈Z and for each three elmenents a,x,y of a ring Awe denote
:

a(z,x) = za+ ax,
(z,y)a = za+ ya.
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Leme 2.1 (Green’s Lemma for the relation L)[6]. Let a,b be two elements of a ring
A such that aLb.
If b = (z,y)a and a = (z′ , y′)b, then the maps :

f : (a)r → (b)r , f (c) = (z,y)c,
g : (b)r → (a)r , f (d) = (z′ , y; )d,

are inverse with each other, preserve the L-classes and maps bijectively Ra to Rb and
Rb to Ra respectively.

The dual of Lemma 2.1 for the Green’s relationR is formulated in an analogous
manner. A non-zero two-side right ideal (left ideal,quasi-ideal) B of a ring
A (subgroup with zero) is called minimal (0-minimal) if B does not properly
contain any non-zero right ideal (left ideal,quasi-ideal).
By using the Green’s relation H, the Proposition 1 [7] can be formulated as
follows:

Proposition 2.1 A quasi-ideal Q if the ring A is minimal if and only if the Q − {0}
is included in an H−class

Theorem 2.1 [Green’s Theorem for rings][6]. If the elements a,b,ab of a ring
(A,+, .) all belong to the some H-class H of A, then H is a subgroup of the mul-
tiplicative semigroup (A, .) of the ring (A,+, .).

Definition 2.1 [3] A ring A is called completely simple ring if it is simple and have
at least one minimal left or right ideal.

Definition 2.2 [3] A ideal M of a ring A is called completely simple ideal of A if
M is a completely subring of A.

Proposition 2.2 [3] IfM is a completely simple ideal of a a ring A, thenM = LR,
where L and R are minimal left and right ideals of A, respectively and RL , 0.

Definition 2.3 [1] A semigroup with zero S is called completely 0-simple if it is
a 0-simple semigroup and it have at least one 0-minimal left ideal and at least one
0-minimal right ideal.

Definition 2.4 [5] Let (A,+, .) be a ring. If the multiplicative semigroup (A, .) of
this ring is completely 0-simple, then (A,+, .) is a division ring.

3 Main Results

Let A be a ring and a an element of A such that (a)q is a minimal quasi ideal.
Does the Green’s relation L preserve the minimality of the quasi-ideal (a)q ?
The answer to this question is positive. The following theorem holds :

Theorem 3.1 Let a,b be two elements of the ring A such that aLb . The quasi ideal
(a)q is minimal if and only if (b)q is a minimal quasi ideal.
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Proof. Since aLb, then there exist integers z,z′ and elements y,y′ of A such that
the following equalities hold :

b = (z,y)a, a = (z′ , y)b.

We denote λ : (a)q→ (b)q such that

∀c ∈ (a)q, λ(c) = (z,y)c.

Firstly we show that the map λ is well defined . So we need to show that for
each element c of (a)q the element (z,y)c is an element of the quasi ideal (b)q.
For the element c ∈ (a)q there exist an integer z, and elements x1,x

′
1 of A such

that c = z1a+ ax1 = z1a+ x′1a. The following equalities hold:

(z,y)c = (z,y)(z1a+ ax1) = z(z1a+ ax1) + y(z1a+ ax1) =
z1(za+ ya) + (za+ ya)x1 = z1((z,y)a) + ((z,y)a)x1 = z1b+ bx1

(z,y)c = (z,y)(z1 + x′1a) = z(z1a+ x′1a) + y(z1a+ x′1a) = z1(za+ ya) + (zx′1 + yx′1)a =
z1(z,y)a+ ((z,y)x′1)a = z1b+ ((z,y)x′1)(z′1, y

′)b = z1b((z,y)x′1(z′ , y′))b,

which show that

(z,y)c ∈Zb+ bA∩Ab = (b)q.

Since bLa, in a similar way we can prove that the map λ′ : (b)q→ (a)q

∀d ∈ (b)q,λ′(d) = (z′ , y′)d,

is well defined.
By using Green’s Lemma for the relation L [Lemma 2.1] the maps :

f : (a)r → (b)r , ∀c ∈ (a)r , f (c) = (z,y)c,
g : (b)r → (a)r , ∀d ∈ (b)r , g(d) = (z′ , y′)d,

are inverse with each other, preserveL-classes and map bijectively Ra in Rb and
Rb in Ra respectively. Thus, we get that also the maps λ and λ′ are inversive
with each other and since :

∀c ∈ (a)q,λ(q) = f (q),
∀c ∈ (b)q,λ′(q) = g(c).

we have

∀c ∈ (a)q, cLλ(c).

Now we suppose that (a)q is a minimal quasi-ideal. By using the Propositon
2.1 we get that (a)q − {0} ⊆Ha. So, since

∀c ∈ (a)q − {0},b = λ(a)Rλ(c),

the following proposition holds

∀c ∈ (a)q − {0},bHλ(c).
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Thus

λ((a)q − {0}) ⊆Hb,

and consequently, since λ is a bijective map we have that :

(b)q − {0} = λ((a)q − {0}) ⊆Hb.

So , from the Proposition 2.1 the quasi-ideal (b)q is minimal.
If the quasi-ideal(b)q is minimal, by using the fact that bLa, and what we
proved above we get that also (a)q is a minimal quasi ideal. �
Analogously by using Green’s Lemma for the relationR, the following theorem
can be proved:

Theorem 3.2 Let a,b be two elements of a ring A such that aRb. The quasi-ideal
(a)q is minimal if and only if the quasi ideal (b)q is minimal.

Immediately from therorems 3.1, 3.2 we have the following corollary :

Corollary 3.1 Let a,b be two elements of a ring A such that aHb. The quasi-ideal
(a)q is minimal if and only if the quasi ideal (b)q is minimal.

Since, where for each two element a,b of a ring A we have aDb there exists
an element c ∈ A such that aLc and cRb, by using at first Theorem 3.1 and then
Theorem 3.2 we have :

Theorem 3.3 Let a,b be two elemnets of a ring A such that aDb . The quasi-ideal
(a)q is minimal if and only if the quasi ideal (b)q is minimal.

The following theorema shows the structure ofH-class that contains a minimal
quasi ideal.

Theorem 3.4 LetQ be a minimal quasi ideal of a ring A, then theH-classH which
contain Q − {0} such that H ∪ {0} is a union of minimal quasi ideals, that as rings
are isomorphic with each other.

Proof. Let a be an elment of Q different from zero. It is evident that (a)q =
Q. We denote H, the H-class that contains the quasi-ideal Q = (a)q, which
we know that it exist from Proposition 2.1 . Since a ∈ H , then the following
equality H = Ha hold. For each element b , 0 of H = Ha we have bHa and by
using Corollary 3.1 we get the minimality of the quazi-ideali (b)q . So,

(b)q − {0} ⊆Hb =Ha =H.

Thus, (b)q ⊆ H ∪ {0}, and consequently we get the equality H ∪ {0} = ∪b∈H (b)q,
wich show that the H-class H it is such that H ∪ {0} is the union of minimal
quasi-ideals that are contained in it. To prove the rest of the theorem we see
the two possible cases :
First case. It exists an element c ∈ H such that the quasi ideal (c)q is with
nonzero multiplication .Then it is known that (c)q is a division ring . We denote
by e the identity element of this division ring, then e ∈H because (c)q−{0} ⊆H.
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Hence by Green’s Theorem for rings [Theorema 2.1] H is a group.Then, since
(c)q ⊆ H ∪ {0} we get (c)q = H ∪ {0}. Moreover for each element b ∈ H it is true
that (b)q = (c)q, which show that we have only one minmal quasi-ideal that is
contained in H ∪ {0}. So we can say that H ∪ {0} is a union of minimal quasi-
ideals which they are also isomorphic with each other.
Second case. For each element c ∈H the quasi-ideal (c)q is with zero multipli-
cation . Let c1 be an element of H . For this element we have that c1Lc. Then
there exist the integer z and the element y ∈ A such that c = (z,y)c1. In the same
way as in the proof of Theorem 3.1 we get that λ1 : (c1)q→ (c)q such that

∀x ∈ (c1)q, λ1(x) = (z,y)x = zx+ yx

is a map which has an inversive map, and consequently it is a bijective map .
For each two element x1,x2 of (c1)q the following equalities hold :

λ1(x1 + x2) = (z,y)(x1 + x2) = z(x1 + x2) + y(x1 + x2) =
= (zx1 + yx1) + (zx2 + yx2) = λ1(x1) +λ1(x2),
λ1(x1x2) = λ1(0) = (z,y)0 = 0 = λ1(x1).λ1(x2),

which show that the bijection λ1 is in fact an isomorphism of the minimal
quasi-ideal(c1)q to the arbitrary minimal quasi-ideal (c)q which is contained in
H ∪ {0}. Hence each two minimal quasi-ideals which are contained in H ∪ {0}
are isomorphic rings with each other . �

It is natural to raise the following question : Does analogous theorems as The-
orem 3.4 hold also for Green’s relations L,R,D in rings? However for Green’s
relations L,R,D in rings there are true some ”weaker” theorems. More pre-
cisely we have the following theorem :

Theorem 3.5 Let Q be a minimal quasi-ideal of the ring (A,+, .), then there exist
L, [R,D] class L[R,D] which contains the minimal quasi-ideal Q. Moreover the
L, [R,D]-class L[R,D] is such that L∪{0}(R∪{0},D∪{0}) is a union of quasi-ideals,
which as additive groups are isomorphic with each other.

Proof. We only show the proof for the L-class L, because the proof is similar
for the R-class R and the D-class D.
Let Q be a minimal quasi-ideal and let a be a nonzero element of Q. Then
Q = (a)q and the Proposition 2.1 implies that Q − {0} ⊆ Ha. Since Ha ⊆ La, L-
class L = La containsQ−{0}. For each element b , 0 of L = La , we have bLa and
from Theorem 3.1 we get that the quasi-ideal (b)q is minimal.
From the Proposition 2.1 we have that:

(b)q − {0} ⊆Hb ⊆ Lb ⊆ La = L.

So, (b)q ⊆ L and consequently the following equality holds

L∪ {0} = ∪b∈L(b)q,
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which shows that L-class L is such that L∪ {0} is a union of minmal quasi-
ideals.
Let c1 be an element of L. For this arbitrary element c ∈ L we have that c1Lc.
The rest of the proof is the same as the proof of the second case of Theorem
3.4, of course by considering the quasi ideals (c1)q and (c)q as additive groups
of the ring (A,+, .). �

If we repeat the proof of Proposition 2.2 for the case M = A we get this:

Proposition 3.1 Let A be a completely simple ring, then it exists the element e ∈ A
such that Ae is a left minimal ideale, eA is a right minimal ideal and A = Ae.eA

Now to find a connection between completely simple rings and Green’s relation
D in ring, we use the following lemma.

Leme 3.1 A right [left] ideal R[L] of a ring A is minimal if and only if for each
a , 0 of R[L] we have:

R = Ra ∪ {0} (L = La ∪ {0}).

We omit the proof, because it is straightforward.

Theorem 3.6 Let A be a completely simple ring then there exists a D-class D of A
such that the ring A is generated by D ∪ {0}.

Proof. By Proposition 3.1 we have A = Ae.eA, where e2 = e, Ae is a left minimal
ideal and eA is a right minimal ideal. By applying Lemma 3.1 we get :

Ae = Le ∪ {0}, eA = Re ∪ {0}.

Hence the following equalities hold:

A = Ae.eA = (Le ∪ {0})(Re ∪ {0}) = LeRe ∪ {0}.

Since Le ⊆De and Re ⊆De we have:

A = LeRe ∪ {0} ⊆< De ∪ {0} >⊆ A,

where < De ∪ {0} > is a subring of A generated by the union of D-class De with
{0} . So, A =< De ∪ {0} >. �
By the above theorem is it is natural to ask the following question : Let A
be a completely simple ring and e an idempotent element in A, then in what
conditions the equality A =De∪{0} holds? The answer to this question is given
by the following proposition:

Proposition 3.2 Let (A,+, .) be a completely simple ring and e an idempotent ele-
ment of A. Then A =De ∪ {0} if and only if (A,+, .) is a division ring.

Proof. It is obvious where that (A,+, .) is a division ring, then, if we denote by
e be the identity element of A then A =De ∪ {0}.
Conversely, let suppose that there exist an idempotent element e of the com-
pletely simple ring (A,+, .) such that A = De ∪ {0}. It is not difficult to show
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that the multiplicative semigroup (A, .) of the ring (A,+, .) is completely sim-
ple. Now by applying Propositon 2.4 the completely simple ring (A,+, .) is a
division ring.
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