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Abstract
In this paper, a class of nonlinear difference equations with time-varying delays is considered.Based on a
generalized discrete Halanay inequality, some sufficient conditions for the attracting set and the global
asymptotic stabilityof the nonlinear difference equations with time-varying delays are obtained
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1 Introduction

Delay difference equations are an important class of discrete-time dynamical systems whose future states
depend on not only the present states,but also the past states. In the past few decades, delay difference
equations have attracted considerable research interestbecause these equations play an essential role in
discrete analogues and numerical solutions of delay differential equations.A massive literature on the stability
analysis delay difference equations is available [1-12]. It should be noticed that the equilibrium point
sometimes does not exist in many real physical systems, especially innonlinear delay difference equations.
Therefore, it is more interesting for nonlinear delay difference equations to study the attracting set than to
study the stability. However, not much has been developed in the study of attracting setsfor the nonlinear
difference equations with time-varying delays. Motivated by the above discussions, the main aim of this paper
is to study the attracting setof the nonlinear difference equations with time-varying delays. Based on a
generalized discrete Halanay inequality, some sufficient conditions for the attracting set and the global
asymptotic stabilityof the nonlinear difference equations with time-varying delays are obtained.with no
subheadings.

2 Model description and preliminaries

Let R, R" and R, denote the set of real numbers, positive realnumbers, nonnegative real numbers,
respectively. Let ||0|| denotethe Euclidean norm, Z and Z" represent the set of integers and positive integers,
respectively. Z' ={z€Z:z>-r} . For simplicity we denote Xx(m) and X;(m) by X, and X,
respectively. For a sequence of realnumber {Xm}, the difference operator A on X, is defined as
AXy = Xy = X -

Consider the following nonlinear difference equations with time-varying delays:

x,(M+1) = ¢, X (m)JrZaIJ fi (X (m))JerIJ £ (M, X 0 Xy veees X, )+ 1M € 27
x(m) g(m),m=-— h -h 0,i=12,...,n

1)

(SVERR

where ¢, a;, by, 1; (i, j=12,...,n) arereal constants, 0=h, <h <..<h,.

For convenience, we shall rewrite (1) in the vector form:

2 =CXy, + AF (X)) +Bg(m, Xy, Xy gy e X )+ 1,MeZ7
m=¢m7m:_hr!_h ,0,|:1,2,..., n, (2)

r+110t

where X, = (Xy 1 Xo oo X, 2 C= diag{c,,....c,}, A= (a'ij)nxn , B= (blj)nxm L =(l, 15 In)T
@, = (¢l,m""’ ¢n'm)T . Throughout this paper, we assume that Eq. (2) has at least one solution X for any given

initial function ¢ .

Definition 2.1. The set SC R" is called a global attracting set of (2), if for any initial function ¢, the
solution X satisfies dist (X,,S) —>0 as m—>o0, where dist(¢,S) =inf _ o(p,y) for peR", p(e,0) is

any distance in R".
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Lemma 2.1.[13] Forany € >0, X,y eR",

2XTY < XX +&eYTY |

Lemma 2.2.[8] Let ¢,y €R;, heZ' i=1..,r;where0=h;<h <..<h and > ¢ < p<l, and let

i=0

{Xn }neth, be a sequence of real numbers satisfying the inequality

AX, <=PX, + D> GX,, +7, neZ’, 3)

i—0
Then there exists A, € (0,1) such that

xnsmax{o,xo,x_hl’...,x_hr }zg +A, neZ®, ()

;
where A=(p— Zqi)_ly > 0. Moreover, 4, may be chosen as the smallest root of the polynomial
i—0

P(A)=2"" == p+0) A" —qA" " —..—q, " 0, (5)
which lies in the interval (0,1).

3 Main results
In this section, we will obtain several sufficient conditions for the attracting set of (2) by Lemma 2.2.

The following assumptions are needed for our discussion.

(A,) Forany X, € R", there exists positive definite symmetric matrix J such that

f1(x,)f(x,) <X IX,. (6)

(A,) There exist positive definite symmetric matrices L; such that

gT (m’ Xm! Xm—hl 1 Xm—hr )g(m1 Xm' Xm—h1 LA Xm—hr ) S ;X;—hi I—i Xm—hi ! (7)

forall (m,x_,X GX o )eZPxR™.

1 Mmoo m,hlv'

Theorem 3.1 Suppose that (Al) and (Az) hold. If there exists a positive definite symmetric matrix P
r
such that Zﬂl <—(y,+y,) <1, then every solution x(m) of (2) satisfies

i=0

bl st o i [0+ (7= 800
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Ay (CTPC +£'CTPAATPC +£,'C"PBBTPC +£,'CTPPC +£,]

1 imin(P)
, - A (ATPA+ 5, ATPPA + £."ATPBB PA) A, (3) = A (P)
2 ﬂ“min(P)
B = [&, + &5 + Ay (BTPB + £, ' BT PPB)] 4, (L)
| Z’min (P)
(e te, )T +1TPI
’ ﬂ'min (P)

and the constant A, € (0,1) may be chosen as the smallest root of the polynomial

P(A) = 2" =+ (1 + 1)+ B)A" = BAY ™ == LA = ..

As a consequence,

5= {¢ <Rl < ((—(myz)—iﬂi)*mv}

is a positive attracting set of (2).

Proof. Choosing the Lyapunov functional candidate
V(x) < x"Px.
Obviously, we have
A (PYH <V (%) < A (P
Then, it follows that

TPx

m+1

V (Xm+1) =X

m+1

= [Cx,, + Af (X)) + B (M, X, Xy 1ov X )+ 11 PICX,
+ AF (X)) +Bg (M, Xy, Xy py e Xy )+ 1]

=x]C"PCx,, +X; C"PAf (x,,
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+ XpCTPBG (M, Xy, X gy veves X )+ XnCTPE+ 7 (X )ATPCx,

+ £ 7 (X, ) ATPAF (X)) + 7 (X)) ATPBG (M, X, X gy veees Xy )

+ £ (X ) ATPL+ g7 (M, X, X g s Xy, )BT PCX

+9" (M, Xy, X, veee Xy, )BT PAF (X)) (11)
+9" (M, Xy Xy 1evs X JBTPBG(M, X, Xy s X, )

+9" (M, Xy, Xy gy veees X, JBTPL+1TPCxX + 1T PAF ()

+ 1TPBg (M, Xy, Xy _py seves Xy )+ 1T PLL

From (11) and Lemma 2.1, we have

V(X)) =X [C"PC+¢&'C"PAA'PC +¢&,"C"PBB'PC +¢;'C"PPC]x,,

+‘91 f ! (Xm) f (Xm) —}-gng (m1 Xm’ Xm—h1 L Xm—hr )g(m7 Xm’ Xm—h1 L Xm—h,)
+£7(x,)[ATPA+&,"ATPPA + &' A PBBT PA] f (X, )
+850" (M, Xy Xy veves X YD, X Xy s X, ) (12)

+g' (m, X, X o X )[BT PB + 55 BT PPBIG(M, X1, Xy g ees Xy, )

1 Mmooy m_hlv"

+(&s+e,+&)TT+1TPI
Utilizing (12) and Assumptions (A, ) and (A,), we obtain

V(X)) = X' [CTPC + & *CTPAATPC +£,"C"PBB"PC + &;'CTPPC +£,J ],

m+1
+ A (ATPA+ &, ATPPA + &' ATPBB" PA)X! Jx _
+[e, + &5+ A (B'PB+£,'B PPB)](Z X LX) (13)
i=0

+(g5+&,+) I 1 +1TPI,

From (10) and (13) we have
ﬂ’min (F))||Xm+1||2 SV (Xm+1)

= A (CTPC + &, 'CTPAATPC +¢;'CTPBB PC +£;'CTPPC +£,J)|x,|
+ A (ATPA+ £, ATPPA + 652 ATPBB T PA) A, (3)] X,
4l + 8+ Ay (BTPB + 5B PPB)I(Y. A (L ¥on )

i=0

+(g5+&,+8) I 1 +1TPI, (14)

Let vy, :||Xm 2, we have
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Ay, S(71+7/2)ym+(Zﬂiym—hi)+7/3' (15)
i~0

Therefore, by Lemma 2.2, we obtain

Y, < max{O, Yor Yon, -+ Yon, }12 +(=(r+7) _Z/Bi)&?/s
= (16)

This means
‘ 1
||xm||smax{o,||xo||,HX-mHv--wHX_h,H}WZ)”+«—(71+y2)—;m-1y3)2, .
= 17

where 4, € (0,1) may be chosen as the smallest root of the polynomial (\ref{qq8}). The proof is completed.

Corollary 3.1 Suppose that (A;) and (A,) hold. If exists a positive definite symmetric matrix P such
r
that Zﬂl <—(y,+7,) £1, then the equation (2) with | =0 is globally exponentially stable with the
i~0
exponential convergence rate I =,/ 4, , where A, € (0,1) may be chosen as the smallest root of the
polynomial (8).

Proof. Substituting | =0 into y, yields y, =0. Therefore, from (17) we have

[ < X 0 1 - o 0"

(18)

where A, € (0,1) may be chosen as the smallest root of the polynomial (8). The proof is completed.

Let &(1=12,..,.6)=1and P be the n-dimensional unit matrix, then from Theorem 3.1 and Corollary
3.1 we obtain the following Corollary 3.2 and Corollary 3.3, respectively.

Corollary 3.2 Suppose that (Al) and (Az) hold. If there exists a positive definite symmetric matrix P

r
such that Z,BI <—(y,+7,) £1, then every solution X(m) of (2) satisfies
i—0

%, < max{0,||x0||,Hx_h1H,...,”x_hr

Y + (72~ X B 727,
where

$, =4 (CTPC+£'C"PAATPC + £,'C"PBB" PC + £,'CTPPC + ¢,
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7, = (APA+£, ATPPA+,'ATPBB"PA) A, (J)-1
B =le, +&+ A, (BTPB+£,'B"PPB)]A . (L)
Pi=(&5+&,+&)" 1 +1TPI
and the constant A, € (0,1) may be chosen as the smallest root of the polynomial

P(A) = A" —(A+ (5, + )+ ) =A™ —co g A B (19)

As a consequence,

5= {¢ & Rl¢] < (- +72) —iﬂ})lyzv} (20)

is a positive attracting set of (2).

Corollary 3.3 Suppose that (A;) and (A,) hold. If exists a positive definite symmetric matrix P such
r
that Zﬂl <—(y,+7,) £1, then the equation (2) with | =0 is globally exponentially stable with the
i=0
exponential convergence rate I =,/ 4, , where A, € (0,1) may be chosen as the smallest root of the
polynomial (19).

Conflicts of Interest
The authors declare that they have no conflicts of interest.
Funding Statement

The work is supported by the National Natural Science Foundation of China under Grants 11501518 and the
Zhejiang Natural Science Foundation of China under Grants LQ16A010004.

References

[1] J. Cermak, J. Jansky, Stability switches in linear delay difference equations, Applied Mathematics and
Computation 243 (2014) 755-766.

[2] J. Cermak, J. Jansky,Explicit stability conditions for a linear trinomial delay difference equation, Applied
Mathematics Letters 43 (2015) 56-60.

[3]1 N.H. Sau, P. Niamsup, V.N. Phat, Positivity and stability analysis for linear implicit difference delay equations,
Linear Algebra and its Applications 510 (2016) 25-41.

[4] M.M. Kipnis, R.M. Nigmatullin, Stability of the trinomial linear difference equations with two delays, Autom.
Remote Control 65 (11) (2004) 1710-1723.

7981



[5] E. Kaslik, Stability results for a class of difference systems with delay, Adv. Differ. Equ. 2009 (2009). Article
ID 938492, 13 pp

[6] M.M. Kipnis, R.M. Nigmatullin, Stability of some difference equations with two delays, Autom. Remote
Control 64 (5) (2003) 782-790.

[7]1 D. Melchor-Aguilar, Exponential stability of linear continuous time difference systems with multiple delays,
Systems & Control Letters 62 (2013) 811-818.

[8] L. Xu, Generalized discrete Halanay inequalities and the asymptotic behavior of nonlinear discrete systems,
Bulletin of the Korean Mathematical Society 50(5)(2013)1555-1565.

[9] R.P. Agarwal, Y.H. Kim, S.K. Sen, New discrete Halanay inequalities: stability of difference equations,
Commun. Appl. Anal. 12 (2008) 83--90.

[10] A. Yu. Aleksandrov, E.B. Aleksandrova, Delay-independent stability conditions for a class of nonlinear
difference systems, Journal of the Franklin Institute 355 (2018) 3367-3380.

[11] E. Liz J.B. Ferreiro, A Note on the global stability of generalized difference equations, Appl. Math. Lett. 15
(2002) 655--659.

[12] Z.G. Yang, D.Y. Xu, Mean square exponential stability of impulsive stochastic difference equations, Appl.
Math. Lett. 20 (2007) 938--945.

[13] Q. Song, Z. Zhao, Global dissipativity of neural networks with both variable and unbounded delays, Chaos,
Solitons and Fractals 25 (2005) 393-401.

[14] L. Huang, Linear Algebra in Systems and Control Theory. Beijing, China: Sci. Press, 1984.

7982



