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Abstract

The aim of this paper is study and explore the notion of the regional boundary gradient detectability in
connection with the choice of strategic gradient sensors on sub-region of the considered system domain
boundary. More precisely, the principal reason behind introducing this notion is that the possibility to design a
dynamic system (may be called regional boundary gradient observer) which enable to estimate the unknown
system state gradient. Then for linear infinite dimensional systems in a Hilbert space, we give various new results
related with different measurements. In addition, we provided a description of the regional boundary gradient
strategic sensors for completion the regional boundary gradient observability and regional boundary gradient
detectability. Finally, we present and illustrate some applications of sensors structures which relate by regional
boundary gradient detectability in diffusion distributed parameter systems.
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1. Introduction

Many real problems in the sensors and detectability of distributed parameter systems can be reformulated as
problems of infinite dimensional systems in a domain Q [1-3]. The analysis of distributed parameter systems
consists a set of notions as observability, detectability, stability, and observer is represented by infinite
dimensional systems of partial differential equations [4-8]. Recently, the concept of regional and regional
boundary analysis has been introduced by El Jai, Zerrik, Al-Saphory et al, for finite time horizon [9-13] and for
infinite time horizon [14-16]. Thus, this concept which is given important tool to solve many problems in real
world not in total domain of the considered system state but in sub-region of the domain or of the boundary
[17-19]. Later, another direction of regional analysis has been extended is the system state gradient for
observability, detectability and strategic sensors [20-26].

The purpose of this paper is to study and investigate the concept of regional boundary gradient detectability
by using the choice of sensors. The principle reason for considering this case is that, firstly exist systems which
are detectable on some boundary sub-region but are not detectable in any neighborhood of I' c d1. Secondly,
it is closer to a real situation, the treatment of water by using a bioreactor where the objective is to detect the
concentration of substrate at the boundary output of the bioreactor in order the water regulation is achieved
(for example see figure 1) [27].

Fig. 1: Detection of substrate concentration at the boundary output of the reactor.

The outline of this paper is organized as follow.

Section 2 concerns the class of considered system, definition, characterizations in connection with sensors and
preliminaries of regional boundary gradient observability and detectability. Section 3, devotes to the problem
of crossing method from internal region to boundary case by using trace operator estime the gradient of state
in region T. Section 4, gives an applications to various situations of sensors locations on the regional boundary
gradient detectability in diffusion parabolic distributed systems. Finally, section tackles the relation between
regional boundary detectability of state gradient and regional boundary observer.

2. Regional Boundary Gradient Detectability

In this section, we extend the results in [15, 21] to the boundary regional case by considering T' c 9Q. Thus, we
will give some definitions which will be used to explain the notion of regional boundary gradient observability
and detectability in (H2(I))" (state space).

2.1 Considered system and preliminary

LetQ be an open bounded subset of R™ with smooth boundary dQ and I' be a sub-boundary of aQ. We
considered the parabolic system is described by the following state space equations

2 (u,0) = Azu,0) + Bu(®) axlo7l
z(u,0) = z,(w Q (1)
Z@m0 =0 00 x10,T[
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where p €9, nedq, telo,T] and (u,t) € A x10,T[, (1) € 00 x10,T[, (u,0) € T,
Augmented with the output function
y(,t) =Cz(.,t) )

« The Hilbert spaces Z,U and O are separable where Z = H*(Q) is the state space, {1 is the closure of Q, U =
L%(0,T,RP) is the control space and 0 = L?(0,T,RY) is the observation space, where p and g are the numbers
of actuators and sensors.

e A= Zﬁjzl ai(ai]- ai) with a;; € D(4) (domain of A) is a second order linear differential operator, which
Zj Z]‘

generates a strongly continuous semi-group (S,(t) )., on the state space Z and is self-adjoint with compact
resolvent.

e The operators B € L(R?,Z) and C € L(Z,RY) are depend on the structure of actuators and sensors as in [8]
see (figure 2) which is a mathematical model is more general spatial case in (figure 1).

-y
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Fig. 2: The domain , the boundary regions T, and sensors locations.
« Under the given assumption above, the system (1) has a unique solution given by the following form [1-2].
2 t) = Sy ®zy(W) + J, S, — )Buls) ds 3)

« The problem is how to detect the current state in a given sub-boundary T, and to give a sufficient condition
for the existence of a regional boundary gradient detectability.

« The measurements can be obtained by the use of zone or pointwise sensors, which may be located in Q or 9Q

[31.

« We first recall a sensors are defined by any couple (D, f;);;<, Where D; be a non-empty closed subsets of Q,
which is spatial supports of sensors and f. € L2(D;,) represent the distributions of the sensing measurements on
D;. Then, according to the choice of the parameters D; and f;, we have different types of sensors:

« It may be zone, if D; cQ and f; € L2(D,). In this case, the operator C is bounded and the output function (2)
may be given by the form

y®© = Iy, 20, 0 £ du 4)

« It may be pointwise, if D; = {b;} with b; € Qand f = §(.—b,), where § is the Dirac mass concentrated in b.In
this case, the operator C is un bounded and the output function (2) may be given by the form

y® = J, z@, ) 6,,(u—b) du (5)

« It may be boundary zone, if T, cdQ and f. € L(T}), the output function (2) may be given by the form

7820



y(@®) = fl"i z(n,t) f;(m) dn (6)

« The initial state z, and its gradient Vz, are supposed to be unknown, the problem concerns the reconstruction
of the initial gradient Vz, on the sub-region I' of the system domain 9.

« Now, we consider the operator K given by the form
K:Z-0
z—>CS,()z
where K is bounded linear operator as in [7-8]. Thus, the adjoint operator K*of K is defined by
K*:0 — Z, and represntedby the form
Ky =[5 $;()Cy*(s) ds
» The operator V denotes the gradient is given by
V:H'(Q) - (H'(Q))"

0z az \ .
z->V,= (6_111' ,—a”n)

with the adjoint of V denotes by V* is given by

{v*: (H'@)" - H' ()

z - V,=v
where v is a solution of the Dirichlet problem

{A,,z —div(z) inQ
v=20 in 0Q

« The trace operator of order zero is described by [28]
Yo: HY(Q) - HY2(00)

which is linear, subjective and continuous [2]. Thus, the extension of the trace operator of order zero which is
denoted by y defined as

y:(HU@ " > (HY2(00) )™
and the adjoints are respectively given by y,*,y".
« For a sub-boundary T of dQ and let ¥ be the function defined by

{;zr:Hl/Z Q) - HY2(D)
zoxrz=2zlp

With z | is the restriction of the state z to I, and
xr:(HY2 @)™ — (HY2([) ™

where the adjoints are respectively given by ¥t xr-
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« Finally, we introduced the operator Hy, = x;yVK" from 0 into (HY2(I))" and the adjoint of this operator
given by Hy, = KV'y " xr.

2.2 Definitions and characterizations

In this sub-section, we introduce some definitions and descriptions of regional boundary gradient observability,
detectability and strategic sensors, which is derived of [20-26]. Consider the autonomous system of (1) define
by

(20 = Az(u,0) ax1o,7l
z(u,0) = z,(w) Q )
(Z@,0=0 20 x 10, Tl

The solution of (7) is given by the following form
z(u,t) = S, z,(W) forall t €[0,T] (8)

Definition 2.1: (a) The system (7) augmented with the output function (2) (or the systems (7)-(2)) are said to be
an exactly regionally boundary gradient observable on T, if

Im Hr, = (HY2(D)"
(b) The systems (7)-(2) are said to be an approximately regionally boundary gradient observable on T, if
Im Hy, = (HY2(M)™)
Now, we give a notion of the regional boundary gradient strategic sensors.

Definition 2.2: A sensor (D, f) is said to be regionally boundary gradient strategic on T (or I -strategic), if the
observed systems are an approximately I; -observable.

Definition 2.3: The semi-group (S,(#) )., is said to be regionally boundary gradient stable (or I;-stable) on
the space (H/2(D))", if for some positive constants My, and wr,, then

”XFYVSA(')”L((Hl/Z(r))n,[-ll(ﬁ)) < MFGE_wFGt, t=>0 (9)

Remark 2.4: If the semi-group (S,(t) )., is I, -stable on (HY2(I))", then for all z,(.) € H*(Q2), the solution of
the system (7) satisfies

tlir?oll)(l—sz(.,t)ll(Hl/z(l_)) n = tlirgll)(ryVSA(t)zoII(H1/2(F) yn =0 (10)

Definition 2.5: The system (7) is I -stable, if the operator A generates a semi-group which is [} -stable
on (HY2(D)".

Definition 2.6: The systems (1)-(2) are said to be regionally boundary gradient detectable on T (orIj-
detectable), if there exists an operator Hp.:R? - (HY2(r) ) ™, such that the operator (A— Hy,C) generates a

strongly continuous semi-group (SHrG ®) ) t=0, Which is T -stable on (HY2(I) ) ™.

Proposition 2.7: If the systems (1)-(2) are an exactly I;-observable, then it is I; -detectable. This results gives
the following inequality: 3 k > 0, such that

Ixry VS, Ozll (yar2yyn < kNCS,Ozll 200, for all z € (HV2(@) )™ (11)
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Proof: We conclude the proof of this proposition is conclude from the results on observability considering
xrVK*. We have the following forms [2]

1- Imf c Img.
2- There exists k > 0, such that
lf<z*llz <k llg*z*llz-, forall z* € G*
From the right hand said of above inequality k llg*z* |+, there exists Mr_, wr, >0 with k < M, such that
kllg®z*llgs < My e™“Tat |l z* ||«
where E,F and G be a reflexive Banach spaces and f € L(E,G), g € L(F,G). If we apply this result, considered
E=G=(H)", F=0,f=1dy12pn
and
g=S;Oyxty*vect

where S,(.) is a strongly continuous semi-group generates by A, which is Ij -stable, then it is I; -detectable.
Thus, the notion of I -detectability is a weaker property than the exact I}; -observability [14-15].

2.3 I}, -Strategic sensors and I}; -detectability
In the sub-section, we shall develop the characterization result that links an I; -detectable and sensors structures.

For that purpose, we assume that the operator A has a complete set of eigenfunctions H1(Q) (which is Sobolev
space of order one) [1] denoted ¢,,; orthonormal in (HY2(r) )™ and the associated eigenvalues 1,, are of

multiplicity 1, and suppose that the system (1) has J unstable modes.
Thus, the sufficient condition of an I; -detectability is given by the following theorem.

Theorem 2.8: Suppose that there are q zone sensors (D;, f;),<i<, and the spectrum of A contains J eigenvalues
with non-negative real parts. The systems (1)-(2) are [;-detectable if and only if

l-g =2m,

2-rank G; =m;, forall i,i =1,..,] with

< l,bj(. ), f;() >2 o) Zone Sensors
G=(C); = { ¥;(b,) pointwise sensors
= i = '
t< a—v].fi(.) >12r)) boundary zone sensors

where supm; =m <o andj=1,..,m;.

Proof: For brevity, the proof is limited to the case of zone sensors. Under the assumptions of section 2.1, the
system (1) may be decomposed by the projections P and I — P on two parts, unstable and stable [7]. The state
vector may be given by z(u,t) = [z, (u,t) z,(u, )], where z,(u, t) is the state component of the unstable part
of the system (1) that may be written in the form
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(21,0 = 4,2,(u, 0 + PBU® ax10,Tl
2,(1, 0) = 2, () a (12)
\%("'t) =0 aa x 10, Tl

and z,(u,t) is the component state of the stable part of the system (1) given by

fazz

15, W) =A2,(u, ) + U = P)Bu(®) ax]o,Tl
Izz(u, 0) = z,,(u) Q (13)
226,60 =0 00 x 10, TI

The operator A; is represented by a matrix of order (Z{=1mi ,Z{=1mi) defined by A, =
diag[Ay,..., 41,45, ..., A5, ., A, o, 4] @nd PB = [G{",G;", ..., Gf"]. By using the condition (2) of this theorem, we
conclude that the suite (D;, f;)1<;<, Of sensors are I; -strategic for the unstable part of the system (1), the sub-

system (12) is an approximately [; -observable [23]. Since this system it is of finite dimensional, then it is an
exactly I; -observable [22]. Therefore it is Ij; -detectable [21], and hence there exists an operator H%G such that

(A, — Hp, C) which satisfies the following [15, 23]:

1,1 (A1-Hp, C)t” 1 -wbgt
3 Mr,, wr, > 0, such that ”e G 2 yn < Mp,e ¢

and we have

1
2y, Ol iz < Mg e™ R P20l a2

Since the semi-group generated by the operator 4, is I, -stable on (H/2(I'))", then there exist ME., wf, >0,
such that

—w? t —w?
llz,C Ol a7z pyyn < M2 ™ “TEG N = P 2o Ol 172 pyn + Sy ME €™ “TEGTNU = P26 (Ol 172y (@)l .

™)
Therefore z(u,t) - 0 when t — oo. Finally, the system (1) and (2) are I}; -detectable.

Conversely, if the systems (1)-(2) are I; -detectable. Then there exists an operator Hy, € L(RY, (HY2(T)™), such
that (A— Hp,C) generates [I;-stable, strongly continuous semi-group (Shp, )0 ON the space

(HY? ()™ which satisfies the following:

< My e “T6t,

3 My, wr, >0, such that [|xryVsy,, (')”(Hl/z(r))" e

Thus, the unstable sub-system (12) is I}; -detectable. We recall that a system is an approximately I; -observable,
ie.

[Ky*Vixiz*(,t) =0= z*(,t) = 0], for z*(,t) € (HV2 (D))",
we have
Ky ' Vyrz' (., t) = (Z{zl ehit < l[)j(_),y*XIfVZ*(_,t) > 2 yn < l/Jj(.),]j-(.,t) > /2 (90))" 1cizq

If the rank G;z; # m; for all i,i = 1,...,J, there exists z*(,t) € (HY2()", such that Ky*V*y;:z*(,t) = 0, this
leads
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X <0270 >y < ;0 £, > ganqyn = 0.
The state vectors z; may be given by

z;(,0) = [<;(), 27 (0 > o ryn< ;0,270 8) > 172 50y)n]7 # 0
we obtain G;z; =0 forall i,i=1,..,]

Consequently, the sub-system (12) is not an approximately Ij;-observable [23] and therefore the suite
(Dy, fi) 1<i<q Of sensors is not [ -strategic. Thus, the systems (1)-(2) are not I; -detectable [22]. Finally, we have
rank G; = m; foralli,i=1,...,J.0

3. Internal and Regional Boundary Detection of State Gradient Approach

In this section, we show that it is possible to link the internal regional gradient detectability and regional
boundary gradient detectability, if we consider the following

o Let R: (HY2(1) )™ — (H*(@)) ™ which is continuous and linear given by [28]
xry VRR(u,t) = h(u, ), forall h e (HV2(D) )™ (14)

«let E= U, B(z1) and @, =EnQ, where B(z,r) is the ball of radius r centered inz(u,t) and T is a
part of @, (r > 0is an arbitrary and sufficiently small real) see (Figure 3).

ty

measurements

Fig. 3. The domain Q, sub-domain @, and the region I'.

Now, we show that there exists a link between the I';-strategic sensor and @,..-strategic sensor in the following
result.

Proposition 3.1: From the above results, we deduce that.
1- A sensor is I's-strategic if the sensor is @,. -strategic.
2- Asensor is T';-strategic if the system is exactly @,..-observable.

Proof 1: Since the sensoris @, .-strategic in @,, this mean that the system is approximately @, .-observable in

@y
Thus, the system is approximately I';-observable [23]. Therefore, the sensor is T';-strategic.o

Proof 2: Let z(u,t) € (HY?())™ and z(u,t) be an extension to (H2(dQ))". By using equation (11) and trace
theorem there exists Rz (u,t) € (H*(Q))", with bounded support such that

yRzZ(u, t) = z(u, t).
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Since the system is an exactly @, .-observable, then the system is approximately @, .-observable [3]. And, since
a system is approximately ;. .-observable then a system is approximately I';-observable [1, 21-23] Thus, the

sensor is [;-strategic.o
Corollary 3.2: From the previous results, we have.

1- If the system is an exactly @, .-observable, then the system is exactly I';-observable, i.e,, there exists an
operator y, VK*:0 - (H'(w,))" given by

Hy y(,0) = x5 VK'y(,0) = x5 RZ(u, t).
Hence,
2 (Y, 7Ky, D) = 21, 0).
where z(u, t) € (HY2(T))" and z(u,t) be an extension to (HY2(6Q))™
2- If the system is approximately @, .-observable, then the system is approximately I';-observable.

Definition 3.3: The system (1) is w, .-stable, if the solution of autonomous system associated with (1) together

with (2) converges exponentially to zero when t — oo,

Definition 3.4: The systems (1)-(2) are w, .-detectability, if there exists an operator erG: 0 - (H(w,) )", such

that the operator (A - erGC) generates a strongly continuous semi-group (SHw ©) ) ¢=0, Which is w,. .-stable.
TG

Proposition 3.5: If the systems (1)-(2) are an exactly Gra—observable, then itis TIy;-detectable.

Proof: For the proof see ref. [15], with miner changment.

Now, the method of crossing from internal w, .-detectability into I; -detectability will be given in the following
theorem.

Theorem 3.6: If the systems (1)-(2) are @, .-detectable, then it is I; -detectable.

Proof: Let z(u,t) € (HY2() )" and z(u,t) be an extension to (HY2(3Q) )™ [28]. By using equation (14)
and trace theorem, there exist

Rz(u,t) € (HX Q)™

with a bounded support, such that
Y(RzZ(u, 1) = z(u, t)

since the systems (1)-(2) are @, .-detectable, then itis w, -detectable. Thus, there exists an operator
X, VK*:0 = (H'(w,))"

is defined by

Hy,, y(.,0) = x, VK y(u,t)
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such that the operator (A - erGC) generates a strongly continuous semi-group (Sy, = (£))4so, which is o, -
TG

stable. For every y € 0, then we obtain
X VK Yy, ©) = x,, VRZ(u, t)
and hence
xr(PVx,, K y)(, 0 = z(u, 0)
Consequently, there exists an operator
Hrg = x0(yVx,, K'y):0 > (HY2(@) ) ™,
such that (A — Hy,C) generates a semi-group (SHrG (), 50, Which is T, -stable.
Finally, the systems (1)-(2) are I; -detectable [15].
4. Application to Sensors Locations
In this section, we will explore different results related to different types of measurements and, we give the

results on the locations of internal and boundary (pointwise and zone). Consider the two dimensional of diffusion
system on a rectangular domain will may be described by the following form

( 2 2

|2 (i) = 22 Gyt ©) + 2 Gy i, ©) + 2(ig, g, @ %10, 71

at ouy ous

2(ug,12,0) = 2o (g, 1) Q (15)
(5 @112 8) = 0 a0 x10, Tl

with measurements obtained by output function given as in (2), where Q =10,a,[ x10,a,[, T =10,a,[ x {a,}
and the eigenfunctions of the dynamic system (15) for Dirichlet boundary conditions are given by

Oy, 12) = ( - )1/2 cos nm (‘;—11) cos mm (ﬁ) (16)

aiaz az

associated with eigenvalues

2 2
Iam= —(5+%) 12, nm>1 (17)

ay az

If we suppose that a?/a? ¢ Q, then the multiplicity of the eigenvalues A,,, is7,,, = 1 for everyn,m ={1, ..., J},
then one sensor (D, f) may be sufficient for T} -detectable [16].

4.1 Case of Zone Sensor

We study and discuss the following cases.

« Internal Zone Sensor

Consider the system (15)-(2) may be given by the form

y® =J, zQuy,pp.0) fuyu,) duydu, (18)
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where the zone sensor is the located inside the domain (, over the support
D= ]ﬂ10 =l + L[ x ]#20 — gy + LIcafeL?d)

as in (figure 4). Now, from the above result, we give the following result.

Ha,
4

g
D 0

0 » iy
g

Fig. 4: Location D of internal zone sensor.

Proposition 4.1: If the function f; is symmetric with respectto p; = p;,i = 1,2, then the systems (15)-(18) are
[; -detectable, if

nuy,/a; and mu, /a, € N, forall n,m ={1,...,J}.
« Boundary Zone Sensor

Now, the measurements are given by the output

y®) = fro %(m,nz,t)f(m,nz)dnmz, (19)

with T, € dQ is the boundary support of the sensor and f € L%(T},). In the case, where the support of the sensor
(D, f) is one of side as in (figure 5), then we have the following proposition.

= I;
g J.h—&.,._i[r
i @ i
1
i 0 !
i : r a | r
T 1 _ :
o ] e e - - '}Izu 1
0 > 0 L —>
oy 1, oy

Fig. 5: Locations I, T of boundary zone sensors.

Proposition 4.2: If the function f is symmetric with respect to n, =7, , then the systems (15)-(19) are Ij-
detectable, if

nn,,/a, € N, forall n,n ={1, ...}

when the support of the sensor is on two sides, i.e., T = [0,77,, + ;] x {0} u {0} x [0,7,, + ,] =T, UT, c 9Q, as
in (figure 5) we obtain the following result.

Proposition 4.3: If the function f; is symmetric with respectto n; =17, , i = 1,2, then the systems (15)-(19) are
[; -detectable, if
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2n1y,/a, and 2mi, /a, & N, foralln,m = {1,...,J}.
4.2 Case of Pointwise Sensor
We investigate different pointwise cases.
« Internal Pointwise Sensor
In this case, we can give the output function by the following form
y(® = [, zuqy,u,0) §Quy— by, py — by)dp,du, (20)

where b = (by,b,) is the location of pointwise sensor in Q as defined in (figure 6). Then we obtain the following

result.
lea
A yF'.
a2 a2 sl
b
2 ) r b, {</\ o r
0] Z)l o 1’ 0 [}1 or ]’

Fig. 6: Locations b, o of internal pointwise and filament sensors.

Proposition 4.4: We conclude that.

1-Pointwise case: If the sensor is located in b = (b,,b,), then the systems (15)-(20) are I, -detectable, if

nb,/a, and mb,/a, ¢ N, foralln,m=1{1,..,J}.

2- Filament case: Suppose that the observation is given by the filament sensor o = Im(y) is symmetric with
respectto the line b = (b,,b,), i

nbl/a1 and mbz/a2 g N ,foralln,m=1{1,..,J}.
» Boundary pointwise sensor

Suppose that the sensor (b, §,) is located on b, where b = (by, b,) € 3Q with b = (0,b,) as in (Figure 7).

Pl
& 1* "ﬂ

I —— h:

£2 I

)

Fig. 7: Location b of boundary pointwise sensor.

The output function is given by

YO = f0 Z(0,1,,080,n, — by)dn, (21)
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where b = (0, b,). Thus, we obtain the following result.
Proposition 4.5: If the sensor support b € 9Q, then systems (15)-(21) are not I -detectable, if
2nb,/a, ¢ N, for alln,n={1,...,J}.

Remark 4.6: We can extend previous results in the case of rectangular domain to the case of circular domain
with the following system

2 2
(26,60 =22G,0,0 +22G,60,0) +2(,0,0) axlo,7l
2(r,6,0) = z,(r, 0) Q (22)
\Z (a0, =0 aax 10,7l

augmented output function is defined by
0z
W@ =J,, =G, 6, 0f (4, 6,)dr,d6, (23)
where 2<n <q,Q=10,al, r =a >0, 6 € [0,2r], forzone and pointwise sensor may be internal or boundary.
5. I;-Detectability and I; -Observer

In this section, we show that the regional boundary gradient detectability is the possibility to defined a regional
boundary gradient observer which is enable to estimate the state gradient of considered system in part T of
boundary dQ. This approach is derived from the previuos researchs as in [7, 13-16, 21].

Definition 5.1: Suppose that there exists dynamical system with state w(u,t) € W given by

(Z—V: (u,t) = Fr, w, t) + Gr,u(®) + Hr, y(,t) axlo,Tl
wy, 0) = w, (W a 24
Cm,0 =0 aq x 10, T[

where Fr. generates a strongly continuous semi-group, which is I; -stable on the space W, Gr, € L(U,w) and
Hr, € L(0,W). The system (24) defines an I}, -estimator for T z(u, t) = xrVTz(u, t), if the following conditions
hold:

1- gim[TrGZ(u,t) —w,]=0, uer.
3- Ty, maps D(4) into D(Fy, ), where z(u,t) and w(u, t) are the solutions of systems (1)-(2) and (24).

Definition 5.2: The system (24) specifies an T}, -observer for the system (1) together with the output function
(2), if the following conditions hold:

1- There exists Ry, € L(0,(HY2(1) ) ") and Sp, € L((HY2(1) ) ™), such that
Rrp C + Se.Trg = Irg

2_ TFGA_FFGTFG :HFGC and GFG = TFGB'

3-  The system (14) defines an I -estimator for Tr z(u, t).
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Proposition 5.3: If the systems (1)-(2) are I -detectable, then the dynamical system (24) is I, -observer of the
systems (1)-(2), if

tLirn[Z(#. ) —wl,t)] =0, uer

Proof: Let ¢(u,t) = z(u,t) —w(u,t), where w(y,t) is the solution of the system (24). Deriving the above
equation and using the equations (1) and (24), we obtain

dp 0z ow
E(u,t) = E(ﬂ't) _E(ﬂ't)

=(a- HFGC)(p(,u, t)

The system (1) is [;-detectable, there exists an operator Hp, eL(0,(HV2(@ )"), such that (A—HFGC)
generates a strongly continuous semi-group (SHFG ® ) rs0 »Which is T,-stable on (HV2(I))™, there exists
My, ,wr, > 0, such that

ol yn < [V Vg @ [ ey o 0l = M, 756t Nl (25)

With
0o = z,(w) — wy (W,
and hence, we have the following result

}im[z(u,t) —w(,t)] =0, per.

Definition 5.4: The systems (1)-(2) are I -observable exponentially, if there exists a dynamical system which is
[; -observer exponentially estimate the state gradient of the original system .

Definition 5.5: The system (24) is said to be an identity or full order [} -observer for the systems (1)-(2) [4], if
Tr,=1Ir, and Z=W.

Definition 5.6: The system (24) is said to be a reduced-order I; -observer for the systems (1)-(2), if
Z=0&Ww [29].

Remark 5.7: If the system is a regionally boundary gradient detectable, then it is possible to construct an
regionally boundary gradient observer for the original system.

Acknowledgements. Our thanks in advance to the editors and experts for considering this paper to publish in
this esteemed journal. The authors appreciate your time and effort in reviewing the manuscript and greatly
value your assistant as reviewer for the paper.
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6. Conclusion

We have explored the original results devoted to the concept of regional boundary gradient detectability to the
state gradient for parabolic distributed system in Hilbert sapce. Then, we have shown that, the possibility to
design a dynamic system which is enable to estime the state gradient in sub-region T of the boundary 9Q bu
using detectability and strategic sensors in different situations. Moreover, many problem still opend like the
development of these results to case of haperbolic distributed parameter systems as in [25].
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