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ABSTRACT

In this paper, we find some formulas for finding some special sums of the k-Fibonacci or the k-Lucas numbers. We find
also some formulas that relate the k-Fibonacci or the k--Lucas numbers to some sums of these numbers..
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1 INTRODUCTION

There exist generalizations of the classical Fibonacci numbers given by many researchers as Horadam [4] and recently by
Falcon and Plaza[3].

1.1 Definition of the k-Fibonacci numbers

For any positive real number k, the k—Fibonacci sequence, say F, = {Fk,n} N is defined by the recurrence relation

ne

Fk,n+1 =k Fk,n - Fk,n—l @
with initial conditions F, ; =0, K, =1.
For k = 1, classical Fibonacci sequence is obtained and for k = 2, Pell sequence appears.
We define the negative k-Fibonacci numbers as F,_, =(-1)""F,,.
In similar formFalcon [2], the k—Lucas numbers are defined as L, .., =k L, | +L, ., with initial conditions
Lk,O =2'Lk,1=k'
The well-known Binet formula in the Fibonacci numbers theory [5,3,1] allows us to express the k—Fibonacci and the k—
Lucas numbers by mean of the roots o, and o, of the characteristic equation associated to the recurrence relation

k+k+4
— then

r’—kr-1=0.1f g;, =

R =222 @
' 0,-0,
L,=0+0} 3)
As aresult of the above, L, . =F +F ;-
An interesting formula that we will apply next is the Convolution formula:
Fk,n+m = Fk,n+1|:k,m + Fk,n Fk,m—l'
Some properties of ¢, and o, that we will use in this paper are the following:
1
o,+0,=k, 0,—0,=k*>+4, 0,0,=-1, 6°=ko+1, k-0, =——=0,
%1
2 SOME NEW FORMULAS
First we will find a formula that we will use for obtain other simpler formulas.
2.1 Theorem
For a,r,peR
. I:k,aj+r 1 1 2
j_zo pj = P Lk’a _ (_1)a _ pz F( ka,a(n+1)+r _(_1)&1 Fk,an+r )+ (_1)61 ka,r—a - p I:k,r
Proof.
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n F . 1 n O_aj+r O_aj+r 1 n O_a i n O_a j
I ) e ) B P 3 R Y e
i i i 1
= p o-oiml P P ) a-o| R0 i\ P

a n+1 a n+1
o1 o,
2l Z2
1 { J ( j 1 1 a(n+l) _ Ln+l a(n+1) n+l
o' p . p _ P . P o 22 -p

0,-0, ' if_ ’ o, 1 o,—0, p’ ' -P ’ o, —p
p p

1 1 1

P —p(q +03)+ P’ 0y -

ot (70" ~ ot - p””o? + p””)—az’ ((D°03" ~pos™ —p™iof + p")
1 1 1

- 1) —pL+P oy -

[( an+r G;mr) p(o_la(n+l)+r _G§(n+l)+r) n+1( 1) ( r-a )+ pn+2( —o! )J
:pi( T plLk = 02 [(‘Da Feanir = PRcaminyer -(=D? anFk e + p" Fk,r]

1 1 a a 2
= p Lk’a — (_1)a — pz |:F( ka,a(n+1)+r - (_1) Fk,an+r ) + (_l) p Fk,r—a - p I:k,r:|
If a=1 and r=0, then
LN 1 1
—=———| — (PRt FK.)- 4
e DJ 1+kp— pz [ pn (p k,n+1 k,n) p] ( )
Next we will apply this formula to the k—Lucas numbers. Because L, . =07+, , we can prove of a similar form

2.2 Corollary
z"Lkp; j —(11) { 3 ~(Plyagmayer = (D Ly aner )+ (D Pl o — PZLk,r}
|fJ<::1=1 and r—O, then
g%:m(%(p%ﬂﬂkm)*k P—ZpZJ A

2.3 Particular cases
From Equation (4) and Equation (5),

o poki 3B S r
Lk Lkn+2 2
—k L. =L
o kJ kn IZO j n+2
1_ L n+ o 1 n+
b) p:E_ZZJFka. T 3[2 1(|:kn+1+2|:k,n)—2]—>J_Z;‘z’Fj=g(2 ‘L.-2)

z Li =5 3[2”*1(Lk w12l ) +2k—2] > 221 =2"F 1]
C) For p=1 we obtain the classical formulas
szj_ kn+1+Fkn_1)_>zF—F -1

1
ZOLk,j :E(Lk,ml + I‘k,n +k—2) - ZOL] = I—|~,+2 -1
J= j=
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2.4 Corollary (Forthe alternated sums)

If p=-r, the equations (4) and (5) become

1 P F . 1 _ln
JZ_(;(—l)l¥=_1_kr_r2[( n) (—ka,n+1+Fk,n)+"J

r

i(—l)i“_f:;z((‘ln)n( Ly + Lo )~ Tk - 2r]

rl1-kr—r?( r
Then
a) If r=1: 2(—1)1Fk1_ (( D" (Fenn Fyn)—l)ei(;(—l)ij:(—l)”FH—
é;egikag( D" (Lepor— gm)+k+2y»§;enig:4—n"gl+3
b) Ifr=2: i(—l)j%=2k1+3{(_21n)n(2Fk,n+1—Fk,n)—2]—>i(—l)i 1 (( " %—2}
,Z(;( 1)} L o —2k1+3((_21n)n (25 11— L )+2k+8]—>12[;( 1)’ '_(—1)"%+2
c) Ifr=k: JZ;( =L kJ _2k21—1[(_k1”)n(ka’””_Fk'")_kJ (6)
ch;( & _2|<21— K( ok an Lk’”)+3k2J
& 1= R PR = (D07 (PR ~Funa) +0)
g(—l)ip’tk,j=p2+p_l((—1>“p““(ka,n— Lowa)—k P—2)
2.5 Corollary

By summing up the formulas (5) and (4),

Zn:Lk'jJr-Fk'j A 1
= P p"L+k p—p*)

((Pk++ p+2)F, s + (2P +1-K)(F , — P™)) (7)

Proof. Taking into account L, =F ., +F ., =2F ., —kF_,itis

ZLK +>ij_22 k]+1+(1 k)z

j=0 p
On the auther hand Zn: P _ ! Ei(pF )-p ]because Z Fe. i _ pz Fj M nd
’ ~ p’ 1+k p— pz pn k,n+2 kn+1 ~ p
then we apply Formula (4). So,
Lo * Ry Foin F | 2 1 1-k 1
=2y )Y S (PR, + ) = PP | o (PR + Fin) —
JZO p Z J ( ) p 1+k p_ pg pn (p k,n+2 k,n+1) p l+k p_ pz pn (p k,n+1 k,n) p
1 2p*+p-pk
=————(2pF . ,+2F ., +pF ., ,+F —kpF . —-kF |J-———————
pn(1+k p_p2)( p k,n+2 k,n+1 p k,n+1 k,n p k,n+1 k,n) 1+k p_pz
1

=———((pk+ p+2)F ., +(2p+1-K)(F ,—p™*
p"(1+kp_p2)((p p ) k,n+1 ( p )( k,n p ))
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3 BINOMIAL TRANSFORM

In this section we study the binomial transform of some of the previous numbers. We find also the main theorem of this
paper.

3.1 Theorem: First binomial transform.

n .
] —
Z( Jk Fk,an+r+j - Fk,(a+2)n+r

i=0

Proof.Taking into account 1+ k o = o?itis

nn : 1 (n r j an+r 1 an+r an+r
Z( j]k’ﬁmj =G—Z( j](af" (ko)) —o5™ (ko)) = (of™ (W+ko)" —o3™ (L+k o))
1

i=0 — 03 =0 0,0,

1
_ an+r __2n an+r __2n
- (Gl O, —0, 0, ) Fk,(a+2)n+r
0,-0,

n n .

imi ] =

In similar form, E (jk Leanersj = Liqasyner
j=0

3.2 Theorem (Second binomial transform: Alternated binomial sums with the k-
Fibonacci numbers)

Binomial transform.

Z( 1) [ ]w:(_l)nM(s)

im0 k! k"
S 1 X1
Proof. Taking into account o, =——and 1+ko =0", itis
O—2

k an+r+] 1 (N an+r | —O1 : an+r [ 05 : 1 an+r O ” an+r 0, '
Z( 1)’ = z oy — | —a, | |= o " 1l-—| -0, | 1-—=
0,—0, o\ k k 0, —0, k k

1 an+r -1 d an+r =l ’ 1 (_1)n an+r-n an+r-n (_l)n
= (e} -0, = i (0'1 —0, ) = Fk,(a—l)n+r
o, -0, ko, ko, o -0, K k

3.3 Corollary
z( 1) ( JLkan+r+J ( 1) k(a—l)n+r

The proof is similar to the previous.

The following formula is an adaptation of the Formula (1.6) in [2]

4 MAIN THEOREM

Let t be an indeterminate. Then the following identity holds forn =1, 2, 3,...

n t n
z(kj (t Fk j-r+2 -k I:k,j—rJrl) = (Ej t Fk,n—r+2 -k Fk,—r+l (9)

i=0

Proof.First, 1+ (t —-1)o’ =1+to’ —o’ =to” —k o = o(t o — k) , and applying the Binet identity

n i ) i | |
Z(iJ (t Fk,j—r+2 -k Fk,j—r+l) = 1 Z(%j (t(o_lj—r+2 _O_Zj—r+2)_ k(o_lj —r+1 O_ZJ r+1))

-0 01=03 j=0
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1 [ . ”[to-j’ o n(wjj
= o " (to, -k = “to, -k —2
ppy (to, )H) ;" (toy )H ”
~ (t01]n+1_1 (to_zjnﬂ_l
1 —r+l k —r+1 k
= o, (to,—k) ;M to, —k)
0,-0; tﬂ_l t&_l
k k
B n+l nal n+l n+l
_ k -rel (t 9 ) —k _ (t o-z) —k
o, -0, 1 kn+1 2 kn+1
K I t " n—-r+ T+ t " n-r+ —r+ t "
() e {g) e Mﬂ oae o

r n+l n+l
1 (t(kjl) & (k:zj B
= o] "o, - E—F——0; " (togf k) ~————

o to, 4
k k

k r t n+1 | - t n+1 j ! » (t o
= [ o2 _ g | 2 o2 o[ Lt E _KE
0,—-0, (kj ' g k B 2 k k,n—-r+2 K,—r+1

Taking into account L,  =F  , +F

this formula can be written as

k,n+1?
n g Y
Z(Ej (Lk,j—r+1 + (t 1 2) Fk,j—r+2 ) = (E) t Fk,n—r+2 -k Fk,—r+1
j=0
Particular cases:
® t=k’>— zki (k Fk,j—r+2 i Fk,j—r+1) = knﬂFk,anz T Fk,—r+1

j=0
n £

. r:1—>2(d (tF .-k Fk,j)z(ij tF o
j=0

=0

0t tY
e r=0- Z(Ej (tFej—KF ) :(Ej tF .., -k
i=0
Is similar form we can prove the following corollary.

4.1Corollary. Formula (9) for the k-Lucas numbers.

n ('t i i n
Z[E] (t Lijora — k I—k,j_Hl) = (Ej th o —KLo

j=0
And then

n t i t "
. I’Il—)Z(Ej (t Lk’j+l_k Lk'j):(ij th,nJrl_2k
=0
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e r=0- ;[Ejj (theje =KL ju)= G) tl, ., —k?

4.2 Theorem. Formula (9) for the alternated sums.

Z( 1) ( J ( k,j-r+2 ka,j—Hl)
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n+1
:ﬁ{(_l)n (i) (( +k ) k,n—r+2 kth,nr+2)+(t2+k2)Fk,r+1_kth,r+1j|

To prove this theorem we must apply the following identities:

0,0,=-1 o,+0,=K, o0,—-0,=Vk*+4, 1+({t-1)o’=o(tc—k), (t0'1+k)(t0'2+k):—(t2

—kzt—kz),

(to, —k)(to, +k) :—(t2 —ktk? +4—k2), (to, +k)(to, —k) :—(t2 +ktvk? +4—k2)

Proof.

> [

x|~

j 1 -t j j-r+2
[

o, —

_ 1 L —tj jor+2 j-r+2 k j-r+1 j-r+l
R ot ot ) (oot )

__1 5 (_to-ljj o, (to —k)_(_t%jj o, (to, —k)
oo, = K 1 1 K 2 2

[_to_ljwrl_l [—to’zjnﬂ._l
L {omito k)t mrifrg, k) K L

03
—to?2
-1 —-1
k k

n+1
— —k tUl -k (__tj Uln—r+2 i O';Hl _
o,—0o,| to, +k| Lk

Gn—r+2 v tUl_ko_
: to,+k !

_to, -k
to, +k

n—r+2

—k (—tjm(to—, —k
= —_— —Gl
o,—0o, |k to, +k

to, -k (—t)"”
mAVIE | ZH S
to, +k{\k

- j-r+2 _ j-r+1 j-r+1
o) ) k(O'1 -0, ))

n+l
= _kljt 2 . ((%) ((—t2+kt k% + k) o (t2+kt K2+ 4+k) 2)}
-t* +k’t+k* 0, -0,

t +ktyk®+

t? +kt+k2c7 0'2(
n+1 n r+2 (t2+k ) n—r+2
t+kt+k2 -0,

)O_l—wl ( +k) —r+1+kt k2

0,-0,

9

+ktyk? +

—r+1

+0,

—t? +kt+k {
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k) -ri1 ( +kh/ﬂ+k) 1)

n-r+2

4 —| +O'2 r+2
k?+4

—r+l
+—

k e n-r+l r

Zm((‘” Gj (£ +K) R kthwz)‘@ (€4 R
n+l

=Kk kljt 7 [(—1)” Gj ((t2 +K?)Fp,o —kt kan7”2)+(t2 +k*)F -

kt Lk’m)}
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n ‘ j k n+l
r=1: jz:(;(—l)' Gj (tF ok Fk,j):m{(—l)"tij (€ +K2) Ry Kt Ly )~ 2k

t=k :Zn:(—l)j K((k=1)F i+ Fejor )= (D" ((k2 —2k+2)F 1 +(K-2F,, )+(—1)r (k-2)F,,—2F,)

j=0
If t =k =1, for the classical Fibonacci numbersiitis » (-1)'F_ =(-1)"F,__,—(-1)'F_,
=0
If t=k =2, for the Pell numbers itis »_ (1)’ (ijr+1 +P_, ) =(-D"P_..—-(-D'P.

j=0

Similarly, for the alternated sum with k-Lucas numbers, one can prove this last corollary.

4.3 Corolllary.
g(—l)j ij (1L i =KL i)

- m{(—n" Gjl (8 4K ) Ly o — KA 4 A)F )+ (84K )L —KEE +4)F, .,
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