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ABSTRACT

In the present paper we study of some properties first - order strong differential subordination and superordination for
analytic functions associated with Ruscheweyh derivative operator which are obtained by considering suitable classes of
admissible functions.
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1- INTRODUCTION AND PRELIMINARIES

Let H (L7} denote the class of analytic function in the open unit disk 7 = {z € € : |zl = 1} and H [a n] be the subclass
of H(I'} consisting of the functions of the form f(z) = a + a,z" +a,.,z"** .., where a € L and n € N. Also
Hy = H[01] and H; = H[1.1].

Let A denote the subclass of functions of H (L7} consisting of functions of the form

flz)==z+ Z anz" . (z el (1.1)

n=1
which are normalized analytic univalent in UV

Let f.g € H(I7), we say that a function f is subordinate to g or g is said to be superordinate to f, if there exists a
Schwarz function wiz) which is analytic in U, with wi(0) = 0, lw(z)l < 1, for all (z € U), such that (=) = g(w(z)).

In such case, we write f = g or f(z) < g(z).Furthermore, if the function g is univalent in I, then we have the following
equivalent (see [3,7]) :

fz) < g2,z e} & FO) = g(0) and F(U) © g(lD).
For the function f given by (1.1) and the function g given by
9@ =z+ ) by (zel),
n=2
the Hadmard product (or convolation) of f and g is defined by
(f=gl(z) = Z+Z a,byz™ = (g = F)(z).
n=2

Now, for functions f{z) € 4 in the form (1.1) we define the Ruscheweyh derivative operator [14], D*f{z) : 4 = 4 as

follows D2flz) = £(=),D'flz) = zf' (2), Df = flz) » —

=z+Z B, (D a,z", (1.2
n=1
where B, (1} = I:'1+ﬂl:‘1;:_:l;3':;1+ﬂ_lj,.1 =-1,zel.
We note that
2(Df(z)) = (4 + DY 1f(z) — ADAF(2), (1.3)

such type of study was carried out by several different authors, like Dinggong and Liu [4], and Lupus [5].

The notion of differential superordination was introduced in 2003 [8] by Miller and Mocanu as a dual concept differential
subordination in 2000 [7]. The notion of strong differential superordination was introduced by Antonino and Romaguera in
2006 [2] as a dual concept differential subordination in 1994 [1] which were developed by (G.I. Oros, 2007 [9]), (G.I. Oros,
Oros, 2009 [10]) and (G.I. Oros, and Oros, 2009[11] ).

To prove our main results, we need the following definitions and Lemmas.

DIFFINTION 1.1 [9,12] Let H(z. £ be analytic in I7 % 7 and let (2} analytic and univalent in /. The function H(z. £}
is strongly subordinate to f(z)} written H{z. £} == f(z}, or f(2) is said to be strongly superordinate to H{z £}, written
flz)=<=H{z.Z) if for Fel H{zf) as a functon of z is subordinate to fi{z). We note that
H(z8) <= fz(zeUfel) = HD.E) = f(0) and H(Ux ) c f(U) and if H(zf) is univalent, then
flz) == H (8. zeUfel) = fl0) =HO.F)and F(U) © H(U x ).

DEFINITION 1.2 [9,13] Let ¢ : C* % IJ % 7 — C and let h{z) be univalent in U. If p(z) is analytic in I/ for all £ € I
and satisfies the following (first — order) strong differential subordination.

plp(z).zp' (@i z:8) << hlz), (eUfel) (1.4)
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then #(z) is called a solution of the strong differential subordination. The univalent function q'fz] is called a dominate of
the solutions of the strong differential subordination or more simply a dominant if p'f,z] - q{z],

(z € ) for all p(z) satisfying (1.4). A dominant §(z) that satisfy §(z) < g(z) for all dominants g (z) of (1.4) is said to be
the best dominant.

DIFFINITION 1.3 [9,12] Let : £? x U x 7 — C and let h{z) be analytic in U. If p(z) and ¥ (plz).zp'(z);z; &) are
univalent in U for all £ € i7 and satisfy the (first — order) strong differential superordination

hiz) <<y (p(z).zp'(2);z; F) (1.5)

then p (=} is called a solution of the strong differential superordination. An analytic function g(z} called a subordinate of
the solutions of the strong differential superordination, or more simply a subordinate if gz} = g(z) for all p'f,z] satisfying
(1.5). A univalent subordinate §{z) that satisfies g{z) = §(z} for all subordinants g(z} of (1.5) is said to be the best
subordinant. Note that the best subordinant is unique up to a rotation of /. For {! a set in T with 3 and p(z} as given in
Definition 1.3, suppose (1.5) is replaced by :

Qciylpil.zp'hz; Elz eV, f ell} (1.6)
DIFFINITION 1.4 [7] We denoted by £ the set of functions f that are analytic and injective in I\ E (£}, where
E(f) = I.,r € dU : L[_’rrgf{z:] = c:c}
and are such that f'(£)=0 for £edU\E(f). The subclass of @ for which f{0) =a is defined by
00a), 0(0) = 2,.0(1) = 2,.

DIFFINITION 1.5 [13] Let 2 be asetin L. g £ @ and n € N. The class of admissible functions ¥, [{L. g] consists of
those functions 1r: C % = IJ = [T —  that satisfy the following admissibility condition :

ylr.sz) e,
whenever ¥ = g({), s=m{ g'({),wherez € U,{ € 8U.F € Tandm = n = 1. We write ¥, [, g] as ¥[2. gl.

DEFINITION 1.6 [9,12] Let & be a set in Cand g € H [e.n] with g'{z) = 0. The class od admissible function
W, 02, q] consists of those functions y: € * = U7 = 7 — T that satisfy the

Yl EF e n,

whenever r = glz), 5= “'::xt', where ze ,iedll,fell and m=n=1 When n =1 we write ¥;[12.q] as
w0, gl.

LIMMA 1.1 [13] Let g € @, with g(0)} = a. and let p(z} = a + a, z" + * be analytic in I with p(z)} # aandn = 1.1fp
is not subordinate to g.then there exist points zp =% e'™ € U and {p € U\E(g), and m =n=1 for which
p(U..) = glli}, such that :

) plz) = qlg);
iy zpp'(zp) =miyg ().
THEOREM 1.1 [12] Let ¢ £ ¢,[Q.q] with g(0) = a. If p € H'[a.n] satisfies ¢(p(z). zp'(z): 2: £} € 0, then
plz) < g(z).
THEOREM 1.2 [12] Let i € ¢y [2.q] with g(0) = a. If p € Q(a) satisfies y(plz), zp'(z); z: £} is univalent in I for
el
0 clyplpzlzp'hnze Ul e I}
Implies
q(z) < p(z)
2- SUBORDINATION RESULTS
THEOREM 2.1 Let ¢ € ¢, [.q]. If f € A satisfies
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{ (ﬂlfﬁﬂ DY f(z) _)}
¢ y indzel;felljyc (1.7}
Z Z
then
DAf(z)
! < g(z)
PROOF. Let
Fl
plz) = 2 ‘:{ZJ zel. (1.8)
From (1.8), we have
Dif(z) = zp(2), (1.9)
and differentiating (1.9), we obtain
(p@) = p@) +20' ). (1.10)
Using the property (1.3) of the Ruscheweyh Derivative operator
2(Df@) + 104 @)
1+ —
DA*f(z) = 151 A>-1zel. (1.11)
Using (1.9) and (1.10) in (1.11), we obtain
D.1+1 ':Z:]
P IE @+ 22 (1.12)
Then (1.7) becomes
Dif(z) DYLf(z)
{:p( ’: A zf :z,u,’]} { (p{z] plz) +?Jf1] g]} cn (1.13)

Assume p < . By Lemma 1.1 there exist points 2, = %, e'%2 € U and {, € 8U/\E(g), and m = n = 1, that satisfy
P{Zn] S ﬁ'{fnl ZDP{ZDJ ~ mfnqr{fn:]-

Using these condition in Definition 1.5, we obtain

Zpp I:Zr.\] zn) (ﬁ":qnj fi":qnj + etk {I:]- n) g

1
@ (P{zn:]*?{zn:] T Al 141

Since this contradicts (1.13), we must have g < g by Theorem 1.1 or equivalent

Afﬁﬂ

< glz).

COROLLARY 2.1 The conclusion of Theorem 2.1 can be written in the generalized form :
Dif(z) DM*f(z)
th( @ zf ;w{z:,]} c 0

4

then

Afﬁﬂ

< glz),

where w{z) is any mapping I/ onto U

If £ = Cis a simply connected domain, then {1 = k{L7} for some conformed mapping & of I/ onto f1. In this case the class
&, [h(Ul g] is written as &, [h.q].

The following result is an immediate consequence of Theorem 2.1.
D‘l,r'x"' :.2"1 ir fi=d

z

THEOREM 2.2 Letg £ @[l q].If f A :p( ,(] is analytic in I/, and
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Fi A+1
P (D 2 ,D zf{“ﬂ :z,n,’) <= h(z) (114

z

then

if&ﬂ

< glz).

This result can be extended to those cases in which behavior of § on the boundary of I is unknown.
COROLLARY 2.2 Let 2 = C and g be univalent in I/ with (0} =1. Let ¢ € &,[f.q,] for some g € (0.1). where
ga(z) =gipz). If fe A satisfy:
i fz] DM
¢( f f 5,] cn

Z Z

then

Afﬁﬂ

< glz)

i

=l
PROOF. From Theorem 2.1 yield —— = g,,{z}. The result is now deduced from g, (z)} < g(z).

THEOREM 2.3. Let k and g be univalent in I/ with g (0} = 0 and set g,(z} = q(pz) and h, (z} = hipz].
Lete : €% = I/ = T — C satisfy one of the following conditions :

1) ¢ @,[0g,]forsome p € (0.1), or

2) There exist gy £ (0.1) such that ¢ & #,[h,.q,] forall p € (. 1)

If f € A satisfies (1.14), then
Afﬁﬂ

< glz)

PROOF.
Case (i) . By applying Theorem 2.1 we obtain # = g,. Since g, < g, we have p(z) = glzl. e,

lfﬁﬂ

< glz).

Case (ii) If we let g, (=) = p(pz], then

Dif(z) DHf(a) 1 1
:p( / r :z) (pﬂ @.p, ) + T lzaﬂ (z); az] = (p{azj plpz) + i1 "(pz): az]

z z
€ hy, (L)

By using Corollary 2.1 with wiz) = pz, we obtain p, (z) < q,(z) for p € (gy. 1). By letting # — 1 we obtain p(z) < g(z).
i.e,

if&ﬂ

< q(z).

The next theorem yields the best dominate of the differential subordination (1.7).

THEOREM 2.4 Let h{z) be univalentin IV and ¢ : €2 x I % T — C. Suppose that the differential equation

P (q{z],q'fz] + 3 lzq'{z]: z,.:] = h(z) (1.15)

has a solution g, whith g {0} =0, and one of the following conditions is satisfied :

i) g €Jyand g € #,[hg],
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i) g is univalent in I and ¢» € ¥, [h.q,] for some g € (0.1), or

iii) g is univalent in U/ and there exits g, € (0.1) such that ¢ € ®,[h,.q,] forall g € (. 1.

_;_;.ﬂ-l"lf_,'u‘1 (=)
If f € A satisfies (1.14) andqh{ [y re

-‘fr;zj

Z P E, f) is analytic in U, then

< glz),

and g is best dominant.

PROOEF. By applying Theorem 2.2 and Theorem 2.3 we deduce that g is dominant of (1.14). Since g satisfies (1.15), it is
also a solution of (1.14) and therefore g will be the dominant of all dominants of (1.14). Hence g will be best dominate of
(1.14).

3- SUPERORDINATION AND SANDWICH - TYPE RESULTS

I 1r Fil
THEOREM 3.1 Let € Wi[2,q]. If f € 4, "’1" 2 ¢ g, and r,eg(ﬂ‘l"”ﬁ i 2] . =2y ,f] is univalent in I/, then
) D-‘f{z] DH*1f(z) ] -
cy\— i) (3.1)
implies
D4 f(z)
glz) < f , zel.

PROOF. The same technic to proof Theorem 2.1.

Next, we consider the special situation when h is analytic on I/ and h(L7} = f1 = €. In this case the class %, [h(1).q] is
#,[h g] and the following result is an immediate consequence of Theorem 3.1.

THEOREM 3.2 Let g € H[0.1].h(z) be analytic in U and € Wa[h.q]. If f(z)EA | @EQD and
ot plz) ot Fiflz)

: 25, l,’) is univalent in L7,
-4 =

Then
A A+1
hiz) {-::t,ﬂ:(ﬂ f{z]JD i) :za',’] (3.2)
£ Z
implies
o
qlz) = f'fz]

Theorem 3.1 and Theorem 3.2 can only be used to obtain subordinations of differential superordination of the form (3.1) or
(3.2). The following therefore proves the existence of the best subordinants of (3.2) for certain g.

THEOREM 3.3 Let h be analyticin 7 and 3 : L% % I/ % 7 — L. Suppose that the differential equation

# (26,90 + —=2q'G)iz.5) = h(2) 3.3)

A+1

{D‘Hr (2] e ,nx‘l

has a solution g € @y Ifw = W lhgl. fe 4. PE, f) is univalent in U, then

D‘l (2) DY*f(z)
’: " :z,-,’) (3.4)

Z

hiz) -::-::t,e:(

implies

DAf(z)
g(z) < B

and g is the best subordinant.
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PROOF. By applying Theorem 3.2, we deduce that g is a dominate of (3.2). Since g satisfies (3.3), it is also a solution
of (3.2) and therefore g will be dominated by all dominates of (3.2). Hence gis the best dominates of (3.2).

Combining Theorem 2.2 and Theorem3.2, we obtain the following sandwich type Theorem.
THEOREM 3.4 Let h;(z) and g,(2) be analytic functions in I/, h;f{Z) be a univalent function in 7, g;(z) € 2, with

N F iz featdy et oy
g:(0) = g2(0) = 0 and ¢ € &, [k, q,] N Wilhe.q,]. If F e A,"’l’x 2 e H[01]NQ, and ¢ (LR ETE 2 7] 4
univalent in I, then

(D‘lf{z] DY*1f(z) ]
hy(z) << ¢ . 12,6 | = ha(2)
z z
implies
D.l
g1z} < < gz(z)
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