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ABSTRACT
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1.INTRODUCTION :

The concept of " fuzzy sets " was first introduced by Zadeh [7] in 1965 . Atanassov [1] in 1983, initiated the study of
an " intuitionistic fuzzy sets" and defined the " interior and closure " over the set of intuitionistic fuzzy sets. In 1995,
Coker and Demirci [3], constructed the basic concept so called " intuitionistic fuzzy points " and related objects as
" quasi-coincidence ". Kandil , Nouh and EI-Sheikh [5]in 1995, initiated the study of " fuzzybitopological spaces ".
In 1997 , Coker [4] defined the concept of " intuitionistic fuzzy topology ". The concept of " fuzzy ideals in fuzzy
bitopological space and fuzzy pairwise local function" were first introduced by AbdEIl_Monsef , Kozae , Salama
and Elagmy [2] in 2012 . The notions of " intuitionistic fuzzy ideals and intuitionistic fuzzy local functions " studied
by Salama and Alblowi [6] in 2012 .

In this paper we introduce the notion of an " intuitionistic fuzzy bitopological spaces " and study the concept of
an " intuitionistic fuzzy ideals , intuitionistic fuzzy local functions in intuitionistic fuzzy ideal bitopological spaces "
and prove some results about them.

2.PRELIMINARIES :

Definition. 2.1. [7] :

Let X be anon-empty set and I =[0,1] be the closed interval of the real numbers . A fuzzy subset u of X is
defined to be a membership function u: X — I, such that u(x) €I for every x € X . The set of all fuzzy subsets of X
denoted by I%.

Definition. 2.2. [1] :

An intuitionistic fuzzy set (IFS,for short ) A is an object have the form : A = {(x, us(x),v4(x));x € X} , where the
functions uy: X -1, v4: X > I denote the degree of membership and the degree of non-membership of each element
x €X to the set A respectively , and 0 < u,(x) + v4(x) <1, for each x € X. The set of all intuitionistic fuzzy sets
in X denoted by IFS(X) .

Definition. 2.3. [4] :

0.=(x0,1), 1. =(x,1,0) are the intuitionistic fuzzy sets corresponding to empty set and the entire universe
respectively .

Definition. 2.4. [3] :

Let X be a non-empty set . An intuitionistic fuzzy point (IFP ,for short) denoted by x, ) is an intuitionistic fuzzy set
xap) ; x=y
(x,01) ; x#y
set of all IFPs denoted by IFP(X). If A€ IFS(X), wesay that xp €A ifandonlyif a < p,(x) and B =v,(x), for
each x € X.

have the form : xp)(y) = { , Wwhere x € X is a fixed point , and «,f8 € [0,1] satisfy a+B8<1.The

Definition. 2.5. [3] :
Let A = (x,ua(x),va(x)}, B = (x,up(x),vp(x)) be two IFSs in X and x(4py € IFP(X) ,then:
(1) A is said to be quasi-coincident with B (written AgB ) if there exists an element x € X , such that p,(x) +

ug(x) >1 and v,u(x) + vg(x) < 1.Otherwise A is not quasi-coincident with B and denoted by AqB .

(2) We say that A is quasi- coincident with x(, gy , denoted by x4 if ua(x)+a>1 and vy(x)+B<1.

Definition.2.6. [4] :

An intuitionistic fuzzy topology ( IFT ,for short) on a non-empty set X is a family t of an intuitionistic fuzzy sets in X
such that :
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(i o.,1. €,
(i) G; NG, € T,for any G4,G, €T,
(iii) U G; € t,for any arbitrary family {G;:ieT}cr.

In this case the pair (X, t) is called an intuitionistic fuzzy topological space (IFTS,in short) .

Definition. 2.7. [6] :

A non-empty collection of intuitionistic fuzzy sets L of a set X is called intuitionistic fuzzy ideal on X (IFI,for short)
such that :

(i) fAeL and B<A = B €L (heredity),
(ii) fFA€eL and BEL=AVBEeL (finiteadditivity).
If (X,7)bean IFTS ,then the triple (X,7,L) is called an intuitionistic fuzzy ideal topological space ( IFITS , for short) .

Definition. 2.8. [6] :

Let (X,t,L) be an IFITS . If A€ IFS(X) , then the intuitionistic fuzzy local function A*(L,7) (A*, for short) of A in
(X,7,L) is the union of all intuitionistic fuzzy points x g such that:

A*(L,7) =V{x@p : ANUEL,forevery U€ N(x(a'ﬁ),‘r)} , Where N(x(a,ﬁ) ,7) is the set of all quasi-neighborhoods of
an IFP xyp) in . The intuitionistic fuzzy closure operator of an IFS A is defined by cl*(4A) = AV A*, and (L) is
an IFT finer than t generated by cI*(.) and defined as ©*(L) ={A: cl*(A°) = A°}.

Definition. 2.9. [5] :

A fuzzy bitopological space (X,7;,7;) ( FBTS , for short) is a non-empty set X equipped with two fuzzy topologies T7;
and 7,.

Definition. 2.10. [2] :

A fuzzy set u in a FBTS (X,7;,7;) is called pairwise quasi-neighborhood of a fuzzy point x; if and only if there
exists a J; —fuzzy openset v, i€ {1,2} such that x, qv < pu.The setof all pairwise quasi-neighborhoods of x; in
T; denoted by PN(x;,7;).

Definition. 2.11. [2] :

Let (X,7;,7;) be a FBTS and L be afuzzy ideal on X ,then (X,7;,7;, L) is called fuzzy ideal bitopological space
(FIBTS) . The pairwise fuzzy local function Pu*(L,7;) of afuzzy set u is the union of all fuzzy points x, such
that if p € PN(x;,7;), i €{1,2} and y € L ,thenthere is at least one r € X for which p(r) + u(r) —1>y(r). The
pairwise fuzzy closure operator of a fuzzy set pu is defined by T; —cl*(u) = uVv Pu*(L,7;) and 7;*(L) is the fuzzy
bitopology finer than 7; generated by 7; — cl*(.) and defined as follows : T;*(£) = {u: T; — cl*(u¢) = uc}.

3.SOME RESULTS OF INTUITIONISTIC FUZZY IDEALS BITOPOLOGICAL SPACES

Definition. 3.1 :

Let 7; and 7, be two intuitionistic fuzzy topologies on a non-empty set X. The triple (X,74,7,) is called an
"intuitionistic fuzzy bitopological space" (IFBTS , for short), every member of 1; is called 7; —intuitionistic fuzzy
open set (r; —IF0S), i € {1,2} and the complement of t; —IFOS is t; —intuitionistic fuzzy closed set (z; —IFCS),
ie{1,2}.
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Example. 3.2 :
Let X ={e,d}and A,B € IFS(X) such that : A = (x,(0.3,0.1),(0.5,0.6)), B = (x,(0.2,0.4), (0.7,0.3)) .
Let 7, ={0.,1.,A4} and t, ={0.,1_.,B} betwo IFTs on X. Then (X,t,,7,)is IFBTS.

Definition. 3.3 :

Let (X,7,72) be an IFBTS, A€IFS(X) and Xx.p) € IFP(X) . Then A is said to be quasi-neighborhood of x(qp) if
there exists a 1; —IFOS B, i€ {12} such that xgpqB <A. The set of all quasi-neighborhoods of x@p) in
(X,7,,7,) is denoted by N(xp. ), i € {1,2}.

Definition. 3.4 :

An intuitionistic fuzzy bitopological space (X, t4,7,) with an intuitionistic fuzzy ideal L on X is called " intuitionistic
fuzzy ideal bitopological space " (X,t,,7,,L) and denoted by IFIBTS .

Example. 3.5

Let X ={e} and A, B € IFS(X) such that: A =(x,0.3,0.5), B =(x,0.2,0.4). Let (X,74,7,) be an IFBTS, where
7, ={0_,1_,A}and 1, ={0_,1_,B}. If L={0_, A,C: C € IFS(X) and C < A}be an IFI on X.Then (X,1,, 7, L)
is IFIBTS .

Definition. 3.6 :

Let (X,74,73,L) be an IFIBTS and A € IFS(X) . Then the " intuitionistic fuzzy local function " of A in (X,t,, 7, L)
denoted by A*(L,7;), i € {1,2} and defined as follows : A*(L,7;) = V{x(ap) : ANU €L, for every U € N(x(qp),7:)}.

Definition. 3.7 :

An " intuitionistic fuzzy local function " A*(L,5) having the form : A*(L,6)=V{x(a,[;) :AANU €L, forevery UE€
N(x(qp),6)}, where §=1,V1, isan intuitionistic fuzzy topology generated by 7,,7, and N(x(p), 8)is the set of
all quasi-neighborhoods of x( ) in §.

Definition. 3.8 :
Let (X,71,7,) be an IFBTS and A € IFS(X). Then " intuitionistic fuzzy interior " and " intuitionistic fuzzy closure " of A
with respect to T, 1€ {1,2} are defined by 7; —int(A) =V{G:G is a 1, —IFOS ,G < A}

7, —cl(A) = N(K:K is a 1, —IFCS, A<K}.

Remark. 3.9 :

We denote § — int(4), § —cl(4) the interior and closure of A respectively , with respect to § =1, V1, .

Proposition. 3.10:

Let (X,1,,7,) be an IFBTS and A € IFS(X).Then we have :
) 1, —int(A) < A,ie{1,2}.

(ii) 7; — int(A) is alargest 7; — IFOS containsin A .

(iii) A is a t; —IFOS ifandonlyif 7;—int(A) =A.

(iv) 7; — iTlt(Ti — int(A)) =1; —int(4) .
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W) A<t —cl(A),ief{1,2}.

(vi) 7; — cl(A) is asmallest 7; — IFCS contains A .
(vii) A is a 7; —IFCS ifandonlyif 7, —cl(A) =A.
(wiii) 7; —cl(t; — cl(A)) =7, — cl(A) .

(x) [ty —int(A) ¢ =1; — cl(49), i € {1,2}.

® [t —cl(A)]¢ =1, —int(A°), i € {1,2}.

Proof : cClearly . n

Definition. 3.11 :

We define " x —intuitionistic fuzzy closure operator " for intuitionistic fuzzy bitopology t;*(L) as follows : 1; —
cl*(A) =AvA*(L,t;) for every A€IFS(X). Also, t;*(L) is called an intuitionistic fuzzy bitopology generated by
7, — cl*(A) and defined as: 7,*(L) ={A: 7, — cl*(A°) = A° , i €{1,2}}.

Note : 7;*(L) finer than intuitionistic fuzzy bitopology 7; , (i.e. 7; < 7;*(L) ).

Remark. 3.12:

@ L={0.} > A*(L,1)) =1, — cl(4), forany A € IFS(X)

> —clf(A)=AvA(L,t)=Avt—cl(A) = 1, —cl(A) = 1;7({0.) =7, , i € {1,2}.

(i) If L=IFS(X) = A*(L,7) =0 ,for any A€ IFS(X) = 7, —cl*(A) =AVA*(L, 1) =AVO. =4

= 7;*(L) is the intuitionistic fuzzy discrete bitopology on X.

Theorem. 3.13:

Let (X,7,,7,) be an IFBTS and L, ] be two IFIs on X . Then forany A,B € IFS(X),we have :
(@ fA<B = A*UL,7y)) <B*(L,71y), i €{1,2}.

() fL<] = A*(J,1) <A*(L,7;), i €{1,2}.

@) AL, 1) =1, —cl(A) <1, —cl(4), i €{1,2}.

(iv) A™(L,7) <A*(L,7)), i € {1,2}.

@) (AvB)*(L,t;) = A*(L, 7)) VB*(L,7;), i € {1,2}.

i) (AAB)*(L,t) =A*(L,t) AB*(L,7y), i €{1,2}.

(i) fF BEL = (AVB)*(L,7;) = A*(L,7;), i € {1,2}.

Proof :

() Let xup) €A*(L,7;) = ANU €L ,for every U € N(x(p).7:)

Since A<B = BAU €L, for every U€ N(xp),Ti) = X@p €B*(L,7;).Therefore A*(L,t;) <B*(L,7).
(i) Let x(up € A*(J,1) = AANU ], for every U € N(x(p) Ti)

Since L<] = AANU gL, for every U € N(x@p,Ti) = X@p) €A (L,7).Thus A*(J,7) <A*(L,7).
(iit) Since {0.} <L, for every IFI on X = from (ii) and ( Remark.3.12:), we get:

A (L,t;)) < A ({0}, 1) =1; — cl(A), for every A€ IFS(X) = A*(L,1;)) <71;—cl(A).

Now , we will prove that: A*(L,t;) = t; — cl(4%).

(&) Suppose that X1(qp €Ti— cl(A*) = A*AU #0._, for every UE€ N(X1(a,,;),Tz)
= there exists X2(a,p) € A* AU, such that ANV &L, for every VEN (x2(a,/;y7i)

since UAV €N (xy57) = ANUAV) €L = ANUEL , for every U€ N (x5, 7)
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= Xigp) € A*(L,t;). Hence t; —cl(4*) <A*(L,T)) ... ... (€Y

(=) From ( Proposition. 3.10:(v) ) ,we get : A*(L,1;) < 1; — cl(4*) ... ... )

= From (1) and (2),we have : A*(L,t;) = 1; — cl(4%).

(iv) From (iii) ,we get : A™(L,1;) =17, —cl(A™) < 1; — cl(A*) = A*(L,t;)) > A”(L,7)) < A(L,77) .

(v) (=) Suppose that x(pz € (AVB)*(L,7;) = (AVB)AU &L, for every U € N(xgp), )

> (AANU)V(BAU)EL = ANUEL and BAUEL or ANUEL and BAU €L

= AANUEL or BAUgL, for every U € N(x(p) Ti)

= Xap € A*(L,T) or Xgp) €B*(L,T) = xgp) € A*(L, ) VB*(L,1) = (AVB)*(L,7) <A*(L,7)VB*L,7) e (1)
() Since A<SAVB and B<AVB = From (i), we get : A*(L,7;) <(AvB)*(L,7;) and B*(L,t;) < (AvB)*(L,1;)
= A*(L,t) VB*(L,1) < (AVBY*(L,T) .. (2)

= From (1) and (2) , we get : (Av B)*(L,1;) = A*(L,7;) VB*(L,1;).

(vi) (®) Since AAB<A and AAB <B = from (i), we get:(AAB)*(L,t;) < A*(L,t;) and (AAB)*(L,t;) < B*(L,t;)
= (AAB)*(L,t;)) <A*(L,t) AB*(L,T;) ... ... )

(&) Suppose that xp) € A*(L, 7)) AB*(L,7;) = X(gp) € A*(L,7;) and x(p) € B*(L,1;)

=>AANU€L and BAUEL,for every UE€ N(x@p), 7)) = (ANUYABAU) &L ,for every U € N(xp).7:)

= (AAB)AU &L, forevery U € N(xp),7:) = X@p € AAB)*(L,T)

= A*(L, 1) AB*(L,7;) < (AAB)*(L,T;) o .. 2)

= From (1) and (2) ,we get : (AAB)*(L,t;) = A*(L,t) AB*(L,1;)

(vii) (=) Suppose that x(, ) € (AV B)*(L,t;) = from (v), we have : x4 € A*(L,7;) V B*(L,T;)

= X(qp) € AL, 7)) or xp) €B*(L,T;)

If X@p EA*(L,7) = (AVB)(L,7) S A*(L,7) e o (*1)

If x(@p) €B*(L,7) = BAUEL, for every U € N(x(gp),7:)

Since BEL,and BAU¢L = UgL = AAUgL, for every UEN(x(a,ﬁ),rl—) > X(qp) EAL,T))

=> (AVB)*(L,t) < A*(L, 7)) e ..e (*2)

(&) Since A<AVB = from (i), we have : A*(L,7;) < (AVB)*(L,T;) ... ... (*%)

= From (%) ,(x) and (*x),we get : (AVB)*(L,t;) = A*(L,t;) . ]

Theorem. 3.14 :

Let (X,ty,7,,L) be an IFIBTS, A,B € IFS(X) and 6 = 7; V1, be an intuitionistic fuzzy topology generated by
T,,T, . Then we have:

@ A*(L,8) <A (L,T), i €{1,2}.

(i) f ASB = A*(L,8) <B*(L,7), i €{1,2}.

(i) A*(L,8) <6 —cl(A) <1 —cl(A), i € {1,2}.

(iv) A*(L,86) <A*(L,t;), i € {1,2}.

Proof :

() Let x(qp) € A*(L,7;) = there exists U € N(x(yp), 7;) such that AAUEL
Since ;<=7 V1, = N(x(a,,;),ri) < N(x(alﬁ),(g)

= UEN(x@p),8) and ANUEL = xup & A*(L,8) = A*(L,8) <A*(L,7).
(i) Let x(gp €A*(L,8) = ANU gL, for every U € N(x(qp),0)

Since ASB = BAU €L, for every U € N(x(gp),8) = x@p €B*(L,8) = A*(L,8) <B*(L,5)
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= from (i), we get : B*(L,8) <B*(L,t;), i € {1,2}. Therefore A*(L,8) <B*(L,t;),i € {1,2}.
(iii) From ( Theorem. 3.13:(iii) ) , we have : A*(L,6) <& — cl(4)

Since 1;<8=1,V1, =2 6—cl(A) <1, —cl(4). Hence A*(L,6) <6 —cl(A) <1;—cl(A)

(iv) From ( Theorem. 3.13:(iv)) , we get: A**(L,8) < A*(L,8)

= from (i), we have : A*(L,6) < A*(L,t;),i € {1,2}. Thus A*™*(L,8) < A*(L,t;) , i € {1,2}.

Lemma. 3.15:

Let (X,74,7,,L) be an IFIBTS, A€ IFS(X).Then we have : 7; — cl*(4) < t; — cl(4),i € {1,2}.
Proof :

From ( Theorem.3.13: (iii) ) ,we get : A*(L,7;) <t7; —cl(4) = AVA*(L,7t)) <AV rt;—cl(4)

Since A<t —cl(A) 2> Avt—cl(A) =1;,—cl(A) > AVA*(L,7;) < 17— cl(4)

Since 1;—cl*(A) =AvA*(L,1) = 1, —cl*(A) <1, —cl(A) .

Theorem. 3.16:

Let (X,74,7,L) be an IFIBTS , A€ IFS(X) and 7, <71, . Then :

i) A*(L,1) < A*(L,1y) .

(i) 7,7(L) < 1,%(L).

@iii) A*(L,t*(L)) < A*(L, 1" (L)) .

Proof :

(i) Suppose that x(,p € A*(L,71) = there exists U € N(x(yp), 7;) such that AANUEL.
Since 1, <1, = UE N(x(a_ﬁ),rz)

Now, U € N(x(xp),72) and AAU €L = x(gp & A*(L,T,). Therefore A*(L,7,) < A*(L,7,).
(ii) Let A € 7,*(L) = from ( Definition. 3.11: ), we get : 7, — cl*(A°) = A° = A°V (A°)*(L,T,) = A€
Now , T, — cl*(A°) = AV (A°)*(L,T5)

= From (i) ,we have : A°V (A)*(L,T,) < A°V(A) (L,11) = A° = 7, —cl*(A°) < A° ... (Y]
Since A€ <1, —cl*(4A°)..... )

= From (1) and (2),we get : 7, —cl*(A°) = A° = A€ 1,°(L) . Thus 7,*(L) < 1,*(L).

(iii)Suppose that x(,p) € A*(L,7,*(L)) > AAU & L, forevery UeN (x(a,ﬁ)'fl*(l'))

= From (i), we have: U € N (x(p,7,"(L)) = AAU €L, for every U €N (xqp, 1" (L)) = Xp) € A(L,7," (L))

= AL, () <A (L,* (D) .

Theorem. 3.17 :

Let L, and L, be two [FIs on IFBTS (X,t4,7,) . Then we have:
@O KL<, = 1"y <17y, i €{1,2}.

(i) A*(Ly ALy, 7)) = A*(Ly , 7)) VA* (L, 7)), i € {1,2}.

(iii) A*(LyV Ly, 7)) = A*(Ly, 1) NA*(Ly, 7)), i € {1,2}.

(v) 7L ALy =17 AT (Ly), T €{1,2}.

@) "Ly vL) =1L Vv Ly, i €{1,2}.
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Proof :

(i) Suppose that A € 1;*(L;) = from ( Definition. 3.11:) , we have : t; — c[*(4€) = A€

= AV (A)* (Ly,ty) = A° = (A)*(Ly,T;) < AC

Since L; <L, = from ( Theorem.3.13:(ii) ), we get : (A)*(L,,7;) < (A°)*(Ly,Ty)

= (A)*(Ly,t) S AC = AV (A)* (Ly,T) = A = A€t (L) .Thus 7,*(Ly) < 1,%(Ly).

(iD)(=) Let x(gp) € A*(Ly ALy, 7)) = ANU € (Ly ALy), for every U € N(xp) Ti)

=> AANUEL, or ANU€EL,, for every U€ N(x@p)T:)

= X(qp) € A*(Ly,t;) or X(a,p) € A (Ly,1) = X(a,p) € A*(Ly,t) VA (L, ,T;)

A* (L ALy, 1) S ALy, 7)) VA Ly ,Tp) e oo (1)

(€) Since Ly AL, <L, and Ly AL, <L, = From( Theorem.3.13:(ii)), we have :

A*(Ly,1) S A (L ALy, 1) and A*(Ly, 7)) S ALy ALy,1) = ALy, 1) VA (Ly 7)) S A*(Li ALy, Tp) e . @)
= From(1)and (2) = A*(Ly ALy ,1)) = A*(Ly, 1) VA*(Ly, 1)) .

(iii)(=) Since L, <L;VvL, and L, <L;VlL,

= From ( Theorem.3.13:(ii)), we have : A*(L;VL,,7;) < A*(Ly,7;) and A*(L;VL,,7) < A*(Ly,T)).
= ALy VL, 1) A Ly, 1) AA* Ly, Tp) e o (1)

(&) Suppose that xp) € A*(Ly, 1) AA*(Ly,T;) = X(ap) EA*(Ly, 7)) and xp) € A*(Ly,T;)

=> AANU¢L; and AAU€L,, for every U € N(x(a'ﬁ),‘ri)

= AANU € (Ly VLy), for every U € N(xp),Ti) = X@p € ALV Ly,T;)

= ALy, ) ANA(Ly 1) S A (L V Ly, T)) e )

= From (1) and (2) = A*(L; VL, , 1) = A*(Ly, 1) NA* (L, , 7).

(iv) Since LyAL,<L; and L;AL,<L, = from (i),we get : t;*(Ly ALy <1;*(L;) and 7;*(L; ALy) <71,*(Ly)

= 1Ly ALy) < 1°(Ly) A" (Ly) oo oo ))

(<) Suppose that A4 € [t;*(Ly) A1, (Ly)] = A€ 1;°(Ly) and A € 1;°(L,)

= From ( Definition. 3.11: ), we get : A°Vv (A°)*(L,,t;) = A° and A°V (A9)*(L,,T;) = A

= [A°V(A) Ly, )] VAV (A)(Lz,T))] = A°

= AV[(A) (Ly,T)V(A)(L,y,T)] = A= from (ii) ,we get : AV (A) Ly ALy, T;) =AA€ 1" (L ALy)
= From (1) and (2) ,we get : 7;*(L; ALy) = 7;"(Ly) ATy (Ly) .

(v)(=) Suppose that A4 € t;*(L, VL) = From ( Definition.3.11:) ,we get : A°V (A°)*(L; V L,,t;) = A€
= From (iii) , we have : A°V [(A)*(Ly,T;) A(AS) (L, ,T)] = A€

S[AVAY (L, TDIA[AV(AD)(Ly,Ti)] = A° = AV (A)*(Ly,T;) = A° and A°V (A9)*(L,,T;) = A
= From ( Definition. 3.11: ) ,we get : A€ t;*(L;) and A€ t;*(Ly)

S A€t L) VT L) ] = 17U VL) <t L) VT (Ly) o .. €))

(2)

() Since L;<L;vL, and L, <L;VL, = from(),we get : 7,°(L;) <t,"(LyVvLy) and 7;*(Ly) <t;*(L;VLy)

= (L) VT (L) < 7"(Ly VL) . (2) = from (1) and (2) ,we have : 7;,*(Ly VL,) =1 (L) vt *(Ly) .

Theorem. 3.18:

() A*(LyVLy,1) = A*(Ly, 7" (L)) ANA*(Ly 1% (Ly)), i €{1,2}.
(i) A*(LyALy,7) = A*(Ly, 7" (L)) VA (L, 7% (Ly) , i € {1,2}.
@iit) 1" (L V Ly) = 1% (Ly) At (L) , i € {1,2}.

(iv) 1i*(Ly ALy) =77 (L) v (Ly), i €{1,2}.
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Proof :

() (=) Let x@p € [A(L1, t* L)) AA*(Ly 7" (L2)] = x(ep) € A* (L1, 7" (L1)) OF x(op) & A*(La, 7% (L))
= AAU; €Ly, for some U, € N(X(a,;;),Ti*(Ll)) or ANU, €L, , for some U,€ N(x(a‘ﬁ),ri*(Lz))
=> (ANU)V(AANU)€E(LyVL) = ANULVUy) E (L VL)

Since U; €N (x(u,ﬁ),‘ri*(Ll)) and 7; <7;*(L) = U; € N(x(aﬁ),'ri)

Since U, €N (x(a_ﬁ),‘ri*(Lz)) and 7; <7,*(L,) = U, € N(x(aﬁ),‘[i)

= (U VU,) € N(xgp), 7)) = ANUyVUy) € (Ly VLy) , for some (Uy VU,) € N(x(p) T1)

S X(gp EA L VL, 7)) = ALy V Ly, 1) < ALy, 7" (L) AA*(Ly , 7% (L2)) oo o (1)

(&) From ( Definition.3.11:), we have : 7; < t;*(L;) and 1; < 7;"(Ly)

= From ( Theorem.3.16:(i) ) , we get : A*(Ly,7;*(L)) < A*(Ly,7;) and  A*(Ly,7*(Ly)) < A*(L,, 7))
= ALy, t L)) AA*(Ly 1" (L)) < A*(Ly ,7) ANA*(Ly , 7))

= From ( Theorem.3.17: (iii) ) , we have : A*(Ly,7;*(Ly)) AA*(Ly 7" (L)) S A*(Ly V Ly, 7)) oo o (2)
= From (1) and (2) , we get : A*(L,VL,,7;) = A*(Ly, 7" (L)) ANA*(Ly, 7% (L2)) -

(ii) Similarly as (i) .

(iii) By using (i) , we get : 7t,*(L; V Ly) = 7, (L) At** (Ly) .

(iv) By using (ii) , we get : 7;°(L; ALy) = 7,7 (L) VT, (Ly) . (]

Corollary. 3.19 :

Let (X,14,75,L) be an IFIBTS . Then we have :
@ A*(L,t) =A(L,7* (L)), i € {1,2}.

(i) ) =7 (L), i € {1,2}.

Proof :
By taking L, =L, =L in above Theorem , we have the required result. ]
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