,/.t ISSN 2347-1921

Volume 13 Number 5
\ Journal of Advance in Mathematics
-

The solvable subgroups of large order of L2(p) , p25
By

A. Abduh and Abeer A. AlIGhawazi
Department of Mathematics, Umm Al-Qura University Makkah, P.O.Box 56199, Saudi Arabia

Keywords: Maximal subgroup;; solvable; p-nilpotent; formation
AMSC: 20D10, 20D20

Abstract

By using the following theoretical and computational algorithms , we determined the solvable subgroups of large order of
the finite non-abelian simple linear groups G = Lz(p) = PSL(2,p) , for p=5 and p is a prime number , also their presentations
and permutation representations have been found .

Theoratical algorithm

In this section we study theoreticaly the following :

e Determining the solvable subgroups of large order S of Ly(p) , p=5 and finding their structures up to
isomorphisms.

e Finding the presentation of S ,also we find its generators from its character table.

e Finding the permutation representations of S .

Determining S

Since any solvable subgroup of large order S of G is either one of the maximal subgroups of G or it is contained in one of
them , so we have to deal with the maximal subgroups of G . We begin by stating Dickson’s results [8] about the maximal
subgroups of PSL(2,p) = L2(p) , p is an odd prime number . The result is divided according to p .

Theorem [8]
Let p = 2f 24 . Then the maximal subgroups of PSL(2,p) are :

1) . C{ x C,_4, that is, the stabilizer of a point of the projective line ,

(2) . Dap-1),

() - D2+,

(4) .PGL(2,po), where p= pg for some prime r and po # 2.
Theorem [8]

Let g = p/ = 5 with p an odd prime. Then the maximal subgroups of PSL(2, q) are:

Q). Cz{ x Cq-1),2, thatis , the stabiliser of a point of a projective line ,

(2) . Dy_4, for g 2 13,

(3) . Dgyq,forq #7.,9,

(4) . PGL(2,q,) forq = q% ( 2 conjugacy classes ),

(5) . PSL(2,qq), for g = q; where r an odd prime,

(6) . As for ¢ = +1(mod 10), where either g = p or ¢ = p?and p = +3
(mod 10) (2conjugacy classes ),

(7) . A4 for g = p = £3(mod 8) and q # +1(mod 10),

(8) . S, forg = p = £1(mod 8) ( 2 conjugacy classes ).

Now , if we put g = p! 2 5, we get the following corollary as a result of the above theorem:

Corollary.
Letp =5, pis a prime number . Then the maximal subgroups of L, (p) are :
Q) G xCp-1yy2
2) D p 1,forp=13
(3) Dpyq,forp#7,9.

(4) As, forp=+1 (mod 10)
(5) As,forp = 43 (mod 10) ( 2 conjugacy classes )
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(6) A4, forp=+3 (mod 8) and p # +1 (mod 10)
(7) Sa, for p = +1 (mod 8) (2 conjugacy classes )

Proposition.

(1) The dihedral groups D2, of order 2n are solvable .

(2) The symmetric group S4 is solvable

(3) As is not solvable

(4) S3 and A4 are solvable

(5) IfH < G and both H and G / H are solvable then G is solvable .

(6) The semi direct product C,xCq , where p and g are odd primes , is solvable

Theorem. Let H be the solvable subgroup of large order of L2(p) . Then

(1) H= A, for p=5

(2) H=S,, forp=7

(3) H=Cyx Cpye , for p211
Proof :

(1) For p=5, the maximal subgroups of L»(5) are A4 of order 12 , D1p of order 10 and Sz of order 6 and all are solvable .
But 12 is the largest order , so A is the solvable subgroup of large order in L(5).

(2) For p=7 , the maximal subgroups of L,(7) are S4 of order 24 and C;xC;3 of order 21 and both are solvable . But 24 > 21
, S4 is the solvable subgroup of large order in Ly(7).

(3) For p=11, by Corollary 4.1.1.3 , the orders of the maximal subgroups of L»(p) are as follows:
| €% Cpmryje] = 22 (solvable )

|D,—1|=p—-1 ( solvable )

Dyl =p+1 ('solvable )

|As| = 60(4sis not solvable and also it does not contain a subgroup of

order large than 12)

|Ay4] = 12 ( solvable )

|S4] = 24 ( solvable )

p(-1)
2

Now , it is clear that is greater than both (p-1) and (p+1) . Also for the smallest p=11 , we

p(p-1) _ 11(11-1) _ 11x10
2 2 -

have =55 and 55> 12 and 55 > 24

So, the largest order is

@ and then €, x Ce-y is the solvable subgroup of large order of L>(p) , where p=>11.

2

presentation of S .

plp-D@+1)
2

The finite non-abelian simple group Lx(p), p=5 and p is a prime number , of order can be presented as, [2]:

La2(p) =(a, b: a? =b3 = (ab)? = 1), for p=5

The presentations of the solvable subgroup of large order S of L(p),p=5 are as follows :( By using theorem 4.1.1.5and [11]

)

p G S |S| [G: 9] Presentation of S
5 Lo(5) | A4 12 5 {a,b:a? =b°> = (ab)®* =1) [ ]
7 Lo(7) | Sa4 24 7 (a,b:a®? =b7 = (ab)2 =1) [ ]
— ®-1 -
P11 | L2(p) Lo > C(pz;l) —p(pz 1 P+l S= <a,b |a P=bi = e,aba™! = bk> With(—(pzl) ,k)=1
Anditisa(p ,% , @)—subgroup in L2(p)

The permutation representations of S:
Let G=L;(5) and S=A4
From the Character table of G and S
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The character table of As=L,(5) The character table of A,
2 1 1 . .
31 . 11
2 2 2 . . .
31 . 1 . . la 2a 3a 3b
5 1 . . 1 1 2P la 1la 3b 3a
3P la 2a la 1la

la 2a 3a 5a 5b

2P la 1la 3a 5b 5a X.1l 1 1 1 1
3P la 2a la 5b 5a X.2 1 1 A/A
5P la 2a 3a la 1la X.3 1 1/A A
X.4 3 -1 .
X.1 1 1 1 1 1
X.2 3 -1 . A*A A = (-1-sqrt(-3))/2
X.3 3 -1 . *A A
X.4 4 . 1-1-1
X.5 5 1-1 .

A = (1-sqrt(5))/2

We have :L»(5) have 5 conjugacy classes of elements : 1a,2a,3a,5a,5b ( of order 1,2,3,5,5 respectively ) and A4 have 4
conjugacy classes of elements 1a,2a,3a,3b ( of orders 1,2,3,3 respectively ) . So, we have :

ICs (@) 604 |3 5 |5
CL(G) la | 2a | 3a 5a | 5b
CL(S) fused up to CL(G) la | 2a | 3a

3b
|Cs (a)] 1214 |3

3

Permutation character y = 15 T‘E% 5 |1 1#1=210 |0
N

(reducible character )

x splits to 2 irreducible characters 1 1 1 1 |1

And so, the induced Characteris : 1g 1= 1a + 4a
Let G = L,(7) and S=S,: From the Character table of Gand S :

The character table of Ly(7)
The character table of s,

2 3 . . . 3 2
311 . . . .
§ % 2 3 1 2 7 1 . 11
la 2a 2 4 la 3a 7a 7b 2a 4a
2P 13 12 12 gg 2% 2P la 3a 7a 7b la 2a
3P la 2a 2b la 4a 3P 1la la 7b 7a 2a 4a
5P la 3a 7b 7a 2a 4a
X.1l 1-1 1 1-1 7P la 3a la la 2a 4a
X5 325t X.1 111111
X.4 3 1-1 . -1 X.2 3 . A/A-1 1
X.5 111 11 X.3 3 ./A A-1 1
X.4 6 .-1-1 2 .
We have L(7) have 6 conjugacy classes of elements : 1a ,2a ,3a ,4a, §(55 g _% 1 1 _:!' _:!' nd Sy

have 5 conjugacy classes of elements 1a,2a,2b,3a,4a (of orders 1,2,2,3
A = (-1-sqrt(-7))/2
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C (@) 168 | 8 3 (4|7 |7
CL(G) la | 2a 3a|da|7a|7b
CL(S) fused up to CL(G) la | 2a 3a | 4a
2b
Cs (@ 24 |4 3 |4
8

Permutation character y = 15 16= % (reducible) 7
S

x splits to 2 irreducible characters of G 1 1 1|1 (1 |1

And So, the induced Characteris : 1s 1¢ = 1a + 6a
G=L,(p),and S= ¢, x Cp-n(wherep > 11),
2

The conjugacy classes , representations and the character tables of G have been found by adams [2] , as follows :

Conjugacy Classes of G Representations of G
11 1. pl@(a® # 1),p@)=pla™?)
2. alen =5 =1Ly e(La) 2. p(1)
3. c3(x)(x#+1),c3(x) =c3(—x) =¢ D=c (-1 . p() _ _
4 ce) (s C B g% +1)cs() = (-3)(3) . g —x) -2) &m0 2 1y # 7.0 =7 @)
. \(ZI)\Z )3 T1),C4(Z) = C4(Z) = C4(—3Z) = C4(—23Z 5. wei |f((-1):1
6. wiif¢(1)=-1
Character Table of PSL(2,q),q = 1 mod (4)
Number : 1 2 q—>5 1 q—1
4 4
Size : 1 (¢*-1)/2 q(g+1) q(q+1) q(@-1)
2
Rep Dimension Number 1 () c3(x) c3(V-1) c4(z)
p(a) q+1 q-5 (@+1) |1 a(x) +a(x™) 2(v=1) |0
4
p (1) q 1 q 0 1 -1
p(1) |1 1 1 1 1 1
m(x) qg-1 q-1 (@-1) |-1 0 —x(z)
4 —-x(z™)
wE q+1 2 q+1 wE (L) {(x) {((V-1) 0
2 2
Character Table of PSL(2,q),q = 3 mod (4)
Number : 1 2 q-3 q—7 1
4 4
Size : 1 (¢? -1)/2 q(g+1) q(qg—1) q(q—-1)
2
Rep Dimension Number 1 ¢ (Y) c3(x) c4(3) c4(8)
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p(a) q+1 q-3 @+1 |1 a(x) + a(x™h) 0 0
4

p (1) q 1 q 0 1 -1 1

(|1 1 1 1 1 1 1

7(¥) g-1 7-3 (¢-1 |1 0 —r(2) —27(0)
4 -x(z ™

@y 7-1 12 7-1 w;(Ly) |0 ~20(2) —10(9)
2 2

Property [ 10]

Let A be a normal subgroup of G such that A is the centralizer of every non-trivial element in A . If further G/A is abelian,
than G has | &: 4|linear characters, and (|4| — 1)/|& : A|non-linear irreducible characters of degree =|&: A|.

Theorem

LetG=Ly(p),p=1l,@e¢ /le ¢t S=C, % Cp-n.ThenS has PTH conjugacy classes of elements .

2

Proof:

Since S= (), X Cp-n = (fromt  /: edefinition ),C, 2.5 = every non-trivial element of £, has centralizer of order

2
p and isomorphic to ¢, . Now, S/, = (- is cyclic , and so it is abelian. So , by applying theorem 4.1.3.4 = S has [S :
2

C,l :% linear characters and (|¢,| —1)/[S: C,]= %:2 non-linear irreducible characters of degree”Tl. Then ,
2
totally , S has l%l +2= ;’T”’ irreducible characters and so by corollary1.9.7.( The number of conjugacy classes is equal

to the number of irreducible characters ) ,=The number of conjugacy classes of S = ”TH, p=11.

Theorem. LetS= C, % Cep-n, p211. Then S has the following conjugacy classes of elements:
2

1- The identity .

2- 2 classes of order p .

3- If ”T_l is a prime number , then S has ;’T_S classes of elements order ’77_1
4- |If ;77—1 is not a prime number,then S has ;’T_S classes of elements of order

m|”’7_l

Proof :

1- Since S is a group then it hase an identity element which is unique .
2- From the character tables of G mentioned above with respect to both cases p=1 ( mod 4 ) and p=3 (mod 4 ),
R 2_
we find that G has only 2 conjugate classes of types C; (») and ¢ (»¥) and each class is of size ;;le and the
centralizer of an element in each class is of order p. Now the sylow p-subgroup of S= £, X £¢-y is isomorphic to

2
¢, and so S has conjugacy classes of elements of order p and they are must be only tow conjugate classes, for ,
if they are > 2 = they must be at least 4 conjugacy classes and 2 of them are fused to Cy(») € G and the
remaining are fused to ¢, (¥ )
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G: la Cz () Co(r¥)
1 1 From character tables of G )
) a a
if S has at least 4
conjugacy classes
_ = b 0
a,a,b,b,they
will be fused to :
2 2
which means the
perm. Character = S has only 2 conjugacy classes of € which is imposible because the ‘der p, and
is : therefore each class is of size = %'z ’77_1 value must be equal 1

3- If p211and g= ”T_l is also a prime number = S = ¢, x (', = S has elements of only orders
1,p,q and it has no elements of order pq because S is not cyclic . Now, we have the numbers of

. -1_ P+3 P+3-2-4 _ P-3 . P-1 . . .
conjugacy classes of type ”T: - = 1-2= =— and since —— Is prime = the centralizers of

2 2
P-1 . .
elements of order - have the same order and so each of these classes contains p elements , and all are lieing

in C3(x) € G and then we have :

Number Order | Classes Fusions
|Z (@)||Cs(a) | of classes of elements
Any prime 1 1 11
p=11 15| Cay)
) ) p-1| For [Cq(@)| =p Which
2 | divides only
P | Cs(C2(v)) |
2lis o 22321 71 Cs (X
When —=is a | 5= p > 3 () o1
prime number For | @] =5
Which  divides  only
| €,(C3(0)]
S 243 =142 2=3 Sy ACa)
> and |.§|—1+2><2+(2)><p— >

4- If p211and PT_l is not a prime number,then S has elements of order 1,p and m @ . We can easily show that

S has”’T_3 conjugacy classes of order m and each class consist of p elements and has centralizers of order ”T_l
and all subgroups of order m in G have been determined in [ 7], and we have :

Number of Order of Size of Cs(a) Classes Fusions
Classes element a |z ()] upto G
Any prime p=11 1 1 1 |5 1
i Ca(»)
2 p 5 p For |c,(a)| =p  Which
divides only | £,.(C2(»))|
When Z2is nota | 22 7|22 total=p s Cs ()
2 2 2 2 p-1 .
prime number For |cy(@)] = =~ Which
divides only | £ .(C3 ()|
S 213 —142t 73 2z
> and |5|—1+2x2+(2)><p_ >

The permutation representations of S into G, 1, ¢ can be obtained from the following tow tables as follows :
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1- When 6=L,(p),p=>11 andp =1 (mod4)

Number of 1 2 2 —5 1 r—1
conjugacy T4 4
classes:
Size of each|1 (p>-1)2 | p(p+1) p@+1) p(p-1)
class : 5
Order of| |¢] |P @Z-1 (p-1) »+1)
centralizers 5 2
Cpla)
Order of | |.5] P (-1 No element in S | No element in S has
centralizers T has centralizer of | centralizer of order
Co(a) order divides (p-1) | divides
4 7 +1)
2
[T3]/pe of classes | 1 co(y) c3(x) 53(\/—_1) c4(2)
a
- (I+q) | 1 a(x) 2a(v-1) |0
Irreducible characters + a’(x_l)
Reducible character (induced q 0 1 1 -1
character 1510 = ||§(;(a)|| ) |1 1 1 -1 1
@ (1+q) | 1 2 0 0

2-When 6=Z,(p),p =11 and p =3 (mod 4)

Number of 1 2 7 -3 1 p—=71
conjugacy classes: 4 4
Size of each class | 1 (p*-1)/2 p(p+1) @ -1 p(p-1)
: 2
Order of |G P @-1 (p+1) »+1)
centralizers C;(a) 2 2
Order of |.5] P -1 No element in S | No element in S has
centralizers Cs(a) 2 has centralizer of | centralizer of order
order divides (p-1) | divides
Z+1)
2
Type of classes [a] | 1 co(y) c3(x) c4(&) c4(2)
Irreducible characters  { @+1) |1 a(x)+a(+™) |0 0
q 0 1 1 -1
Reducible character (induced 1 1 1 1 1
C
character 151¢ —| (@] ) (1+q) 1 2 0 0
l¢s(@)]
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