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Abstract

The main object of the present paper is to introduce certain subclass of univalent function associated with the concept of
differential subordination. We studied some geometric properties likecoefficient inequality and nieghbourhood property, the
Hadamard product properties and integraloperator meaninequality.
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1. Introduction and Definitions

Let C be complex plane, letU denote the open unit disc in C,
U={zeC:|zI<1} 1.2)
and let Sbe the class of all analytic and univalent functions of the form
f@=z+Ei,az"(z€V) 1.2)
For functions f and g inS such that g(z) defined by
g@)=z+Xi,b.z". (z€U)

The Hadamard product(or convolution) of f and g is defined by

(f*9)(@) =z +Xi— ax brz* =(g* N)(2) . 1.3
Let H(U) be the class of holomorphic functions in U and let H[a, k] be the subclass of H(U) of the form
H[a, k]={f e HU) : f(z) = a + ax 4 a Mt (z e V),

foraeCandk e N={1, 2, ... .} with Hp = H[0, 1] and H = H[1, 1].
Let K be a subset of S consisting of function f with the following form

f(@ =z - Eilalz", (1.4)
therefore f are univalent and normalized in the open unit disk U.

Now, we let f(z)and g(z)be members of H(U) .The function f(z) is said to be subordinate to a function g(z) or g(z) is said to
be superordinate tof(z), if and only if there exists a Schwarz function w(z) analytic in U, with w(0) = 0 and |w(z)| <1, (z €
v),

such that
f(z) = g(w(2)),
written as

f <gorf(z) <g(z) (z € V).

Furthermore, if the function g is univalent in U, then we get the following equivalence f(z) <g(z) if and only if f(0) = g(0) and
f(U) cg(V)[3], [7].

The linear multiplier fractional g-differintegral operator £,7' introduced by [1] defined as follows.
Ly f(2) = f(2),
L@ = (1= DL f (D) + 12 (Lif (@) (120),
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L@ = it (L2 @),

Lrf@ = L f (L7 f@). (nen) (1.5)
If f(z) is given by (1.4) then by (1.5), we get

M, Q2-a)l, (k+1)

a
Ty @=a)ly (et ) ) .
ry(z)ry(kﬂ—a)[1 T"'[k]yf]) lag| 2", (1.6)

L@ =2 - 5

where

e (2=al, (k+1) “
Uy = (ry(z)ry(k+ T—a) [1—T+[k]y‘[]> . (1.7)
By (1.6) and (1.7), then we have

Ly7f(2) =z = Xi—p uilag| 2. (1.8)

Note that, if we put a = 0 the operator L}‘f;;‘reduces to the operator studied by AL-Oboudi [2] and fora = 0,7 = 1, we get
the operator introduced by S™al’agean [9].

Definition 1.1.A function f(z) € Kand 6 > 0 the 6— neighborhood f is defined as,

Nko(f) = {9(2) = z — il 2% € K; Tp_o kllag| — b || < 6 ). (1.9
In particular, for the function e(z)=z, we see that,
Ngo(e) = {g(z) = z — Yo olblzk € K; Y klb | <63 (1.10)

The concept of neighborhoods was investigated by Goodman [4]and then generalized by Ruscheweyh [8] , and studied by
some authors, A. R. S. Juma and S. R. Kulkarni[5].

Definition 1.2. A function f(z)belonging to K is in the classK(a,A,n,y,T,A,B),if it satisfies the following

z2(LEP ) 144
+ ( i ) < z

, , (-1<B<A<1) (1.11)
1+ Bz
(rrr@)
and is equivalent to the following condition:
Z(Lﬁl‘"f(Z))"
Ly f(2)
H( ) <1, (Z €U).
L(lT n ( )
plar @) +(B—4)
(grr@)

Then, we can write
K(a,An,y,7,1-2B,-1) =K(a,A,n,y,T,B),

where K(a,A,n,y,T,B) denoted the class of functions in K satisfying the convex inequality:

"

La:l,n
Re 1+M >pB, (0B <1;z€l).

(Lorf@)
2. Main results
An this section, we derive the coefficient inequality for the classK(a,A,n,y,T,A,B).
Theorem?2.1.A function f eKbelong to the class K(a,A,n,y,T,A,B)if and only if

D k@l = DuE (L= By + (4 - Blay| < (4-B), 2.1
k=2

fora,A,neNy,1<n+1y 20and —-1<B<A<1.
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Proof.If f(z) eK(a,An,y,T,A,B), then by (1.11), we obtain

L (L7 @) 1+ 4z

(L;fff(z))’ 1+ Bz’

thus, there exists an analytic function h(z) defined by

La+l,n
h(z) = dl = /@) g 2.2)
Bz (LI f(2) + (B - A) (LE7f(2))
Therefore,
7 La;—l,nf(z) !
lh(2)| = ( a ) ,
Bz(Li T f (@) + (B - A) (LI (D)
— =2 k(k - 1)Iilf+l|ak|2k <
(B—A)z—Yr_ k?uf(Bul + (B — A))lay|z* '
Hence,
‘ D=2 k(k — 1)Iilf+l|ak|2k <
(A=B)z+Yr_ k> uf (Bul + (B — A))lay|z* '
Thus, we have
Yk=2 k(k—l)ﬁlf+l|ak|2k }
R 1. 2.3
¢ {(A T B)z + Sy K g (Bl + (B — A))lay |2k @9

Let |z| = rand 0 < r < 1, since h(z) is analytic function for |z| = 1. Then by (2.3), we obtain

D k= Vg laglrt < (4= Byr+ " K uf (Bl + (B - M))laglrt,
k=2 k=2

implies that

o0

Z k(2k — 1) uf ((1 —Bul +(A— B)) laglr* < (A - B)r,
k=2

the required result follows as r—1.

Conversely, for|z| = r and 0 < r < 1,we get r* < r. That is,

Z k(2k — 1) ug (1= B)f + (A= B)) la, Ir¥ < 2 k(2k = 1) (1~ B)uf + (A - B)) lay Ir*
k=2 k=2

< (A-B)r.
By (2.1), we get

D k= Vg lagde| < ) k(e 1) g a It
k=2 k=2

<(A-B)r+ Z k? uf (But + (B — A)lagIrk <
=2

(A—B)z+ z K2 g (Buuf + (B — A))laylz¥|.
k=2

Then,we obtain
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"

2(Li7 D) 144z

1 ;
+ (L;f:ff(z)) <1+Bz

, (zel)

andf(z) eK(a,A,n,y,T,A,B).
Theorem?2.2. If
A-B

My 2—a)ly (k+1) « Iy =)y (k+1) 4 '
3(m[1—f+[k]yf]) I:(l—B)(m[l—T-f—[k]yT]) +(A—B)

9 = (2.4)

then
K(o,An,y, T,A,B) © N g(e).
Proof. By from (2.1), andf(z) eK(a,A,n,y,T,A,B), then

35 (=B + (U= B)) D klal < (A= B).
k=2

Therefore,

r,Q2-al,(k+1) « r,2-ar,k+1) yl
3(Fy(2)ry(k+1—a)[1_”[k]”]> [(1_B)<ry(z)ry(k+1—a)[1_”[k]”]) tA-5

X Yz klag| < (A-B), (2.5)

implies that
A-B
Z;:=2 k |ak| < a A =0
My 2—a)ly (k+1) My 2—a)ly (k+1)
3(%[1-‘[4—[1{]1,‘[]) [(1-3)(%[1-‘[4—[1{]1,‘[]) +(A-B):|
(2.6)

From (1.10), we have the following result.

K(G, )\; nYy,T, A' B) c NK,B (e)

Definition2.3. Let g(z) is analytic and defined by g(z) = z — Xj_,|b,| z* is said to be a member of the class
Kc(a,A,n,y,T,A,B) if there exist a function f(z) eK(a,A,n,y,T,A,B) such that

g(2)
f(2)

Theorem?2.4.iff(z) eK(a,A,n,y,7,A,B) and

—1|S1—c, < c <1, z €U) 2.7)

_30u§(-Bu+(4-B))
6ug ((1-B)uj+(4-B))—-(A-B) '

c=1 (2.8)

then Ng 4 (f) € K. (o, A, n,y,T,A, B).

Proof. Let g(2) € N4 (f). By (1.9), we obtain that

o

> kil - 1hel| <0,

k=2

C 0
> Nl = 1bil] <
k=2

Since f(z) eK(a,A,n,y,T,A,B), by (2.1), we get

implies that
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. A-B
P - ,
& e (A-Bud+U-B)

where
e (2=l (k+1) @
Hie = <ry(z)ry(k +1l-a) [1-7+ ["]VT]) ’
_(T,2-ol,(k+1) *
H = <ry(z)ry(k ey ["]VT]) '
thus
9(z) _ 1| _ Yr=2Uaxl = |y [)z* 2::2||ak| - Ibkll
f(2) z — Yp-alay|z* 1= Xrolal

L, m(a-Bu+u-5)
T e (A-Byd+(A—B))—(A-B)

Hence, be Definition 2.3., g(z) € K.(a,A n,Y,T,A,B) for all c from (2.8).

=1-c.

3. Hadamard product properties

In this section we give some properties of the convolution belongs isthe concept.
Theorema3.1.Let the functions fj (j=1,2) defined by
fiz)=z- Z;’=2|akd~ | z%, (G = 1,2). (3.2)

Thenf; * f, € K(a,A,n,vy,T,A,0),where

< Ak(2k — 1D)pg ((1 -Bul+(A- B))2 —(A-B)*(A+uf)
o=

k(2 — Dug (1= B)uf + (4 - B))2 —(A-B(1+uf)

Proof. First, we find the largest oso that

o0

k(2 ~ Duf (1= o)uf + (A~ )
Z A—o

|ak,1 | |ak,2| < 1.
k=2
Since f; (z2)EK(a,A,n,y,T,A,B), we get

= k(2k = Df (1= Byt + (A - B))
A—B

lar;| <1 (G=12) (3-2)
k=2

By Cauchy — Schwarz inequality, we have

2 k2k — Dpf ((1 - Bul + (4—B)
Z : ( ) - ) “ak,lllak,zl <1 (3.3)

k=2

We show that,

k@k-Duf (-0 +a-0) k@k-Duf(a-Bui+a-8))
- |a1||axz| < e | a1 ||az]-

Thus,implies that
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(4-0) (=B + (- B)

|ak,1||ak,2| < Py )
(4-B)((1- o)} +(@A-0))

By (3.3), we get
A—-B
k(2k =Dy (1~ B + (A= B))

|ak,1||ak,2| <

Hence,
A-B <(A—a)((1—B)uf}+(A—B))
k(2k = Dug (A= Bt +A~B)) ~ (4=B) (1~ ol +(4~0))

)

this equivalently to

_ k(2 — D (- B + 4 - B)) —(4-B2(4+uf)
o=

k(2k — 1)ug ((1 —Bul+(A— B))2 —(A-B2(1+u}) .

Theorema3.2. Let the functions fj (=1, 2) defined by (3.1) be in the classK(a, A, n,y,T, A, B).Then the function p defined
by
- 2 2
p(2) =z- Y5 (|ak,1| + |ak,2| )Zk,(3.4)

belong to the class K(a, A, n,y, T, A, €), where

2
k(2k = Dpf (1= Bt + (A= B)) = 2uf (A — B)*~2(A - B)?
e<

Ak — Dug ((1 —Bul + (A - B))2 +24(A - BY*+ 2u(A— B)?

PI‘OOf.First, we find the largest € so that

i k@2k - Duf (- uf + (4-©))
k=2

A—e€ (lak,1|2+|ak,2|2) <1

Since fj (z)EK(a,A,n,y,1,A,B), we have

=, (k@k-Dug (A-Bud +UU-B)\ |
> oz
k=2

= k(2k - D (1= By + (A - B))
»

2
— |ak,1|2> <1, (35)

and

NgE

(3.6)

A—-B

(k(Zk g (- B+ (A - B))>2 ol
T2 A-B

<°° (2l — Dy ((1—B)u£+(A—B))| |>2 _,
Ak 2 s L.

k

Thus, by (3.5) and (3.6), we give

i 1 (k(Zk — Duf (4= B + (4 - B))>2 (Jaal* + laeal) < 1 (37)
- k,1 k.2 = - '

2 k=

N

2 A-B
k=2

But p(z) € K(a,A,n,y,T,A, €)if and only if

3 (G ) sty o
k,1 k,2 = = ’

A—e€

By (3.8), satisfies the following inequality
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k(2k - D (L-Ouf + (A=) k(2= Duf (1= Byt + (4 —B))’
A—e = 2(A—B)? '

(3.9)

Hence,

k(2k - D (L= B + (A= B)) = 21 (A - BY—2(A - B)?

€< .
Ak(2k = Dpg ((1 — Bl + (A - B))2 + 24(A — B)%+ 2u} (A — B)?

4. Integral Mean Inequalities

In this section we study the integral meaninequalityby introduce the following definition.

Definition4.1.[10]: The fractional integral of order s (s>0) is defined for a function f by:

o 1 [ fO®
D@D = £ Of o

where the function f is an analytic in a simply connected region of the complex z-plane containing the origin, and
multiplicity of(z — #)*~*is removed by requiring log(z-t) to be real, when (z-t) > 0.

In 1925, Littlewood [6] proved the following subordination theorem:-

Theorem 4.2. (Littlewood [6]): If f and gare analytic in U with f <, then for n> 0

and z =% (0 <r <1)
27 2z
[rewa < [ e.
0 0

Theorem 4.3. Letf(z) eK(a,An,y,T,A,B)and suppose that fy is defined by

A-7F

fi(2)=z7- 7%, (#22) 4.1)
k@t =D (L= Dt +(4-5)
and, we let
c G = Pl < (A- B (4 +DI(s+V+3) ' “2)
= #Q2& —Dud ((1 — Rt + (4 - 5)) & +s+v+DMR-v)
forO<v </,s >0, wheae (/ —v),, defined by
(7 -v)ypu=00-v0 —v+1)..7,
thus,if there exists an analytic function q defined by
gyt LA PN 5o )yt 12 @3)
where / > v o
H) = & , (s >0,/ =22) 44
rNs+s+v+1)
then, forz =re? @ 4 (0 <r <1)
27 27
f |07 f)| @& < f |05 fo()|” # (s >0, >0) (45)
0 0
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Proof. Letf(z) = z = X7 _,la, | z* . By Definition 4.1, we have

F(2)zs+v+ ST - DI (s + v +2) i
Te+rv+2\" LTOIC +s+v+ sl

077 f(2) =

s+v+1l
_r<2>27<1 ZM< ~ V)t |2 )

T T(s+v+2) re)
where
re¢ -
H(l')zﬁ, (.S' >O,l’22)
we get
, . r2-v
By (4.1) and Definition 4.1., we have
s+v+1l _
D5 fz) = r@z 1 A-BIrA#+0I(s+v+2) A1
Ms+v+2) k@ =Dpf (A= Dut+ U= BT +5+v+1)

therefore, we show that

dp

M(s+v+2
1—;%( )y a2

2
1 A-BIrr(4#+1D(s+v+2) S
Q& — Dus ((1 — Bt + (4 - 5)) rQrG +s +v+1)

#-1

in virtue of Theorem 4.2, we have

M(s +v+2 .
1= Z (SF(ZV) )1 V) a |zt

<1 A-B)r#+ D (s +v+2) =y

A& — Vs ((1 — Bk + (4 - ,9)) FrG +s +v+1)

Hence,
r 2
1= Z i ;(;; D¢ =)ty 127
. A-B) (£ +D(s + v+ 2)‘ (it
A& — Dt ((1 — Bt + (4 - 5)) Fr¢ +s+v+1)
such that

Q& = Dud ((1 — B b+ (4- ,9)) F(#+s+v+1)

(g = AT+ D

XY (= V) tllay 1z
7 =2
q(0) = 0 ,then we obtain

Q& = Dud ((1 — DUt + A= B))T(h+5+v+1)

()" < A—DT#+ 1)

XY =)y MMDla Izl
/=2
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h Q& - Dus ((1 — DUt + A=)k +5+v+1)
= VEG G

X #@\21 ) (7 = 1)yl
=2

k@ =Duf (A= Dut+ U= BTk +5 +v+1)
A-AlNs+v+3)FMA£+1)

:lZ

XF@=9) Y (= Msla ] <1zl <1
7 =2

If v = 0,in the Theorem 4.3, we get the following corollary:

Corollary4.4. Let the functions f(z) in the class € K(a,A,n,y,T,A, B), and suppose that f« is defined by (4.1), and let

o0

, (A—- Bk +DI(s +3)
Z ia,l < , k=2
= #Q& —Dud ((1 - Bt + (4 - ,9)) 4 +s +1)
if g defined by
k-0 (A= Duf+ A=) TR +s+D) S .
(g)F = = ATETT x;wo)wg L
where
@) ,
H(l)—m, (s >0,/ =22)

forz=re? ad (0 <r <1)
2 2

f 1055 ) dp < f 1055 o) dp. (s >0,7 >0)
0 0
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