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ABSTRACT

This paper, deals with the linear infinite dimensional distributed parameter systems in a Hilbert space where
the dynamics of the system is governed by strongly continuous semi-groups. More precisely, for parabolic
distributed systems the characterizations of regional boundary strategic sensors have been discussed and
analyzed in different cases of regional boundary observability in infinite time interval. Furthermore, the results
so obtained are applied in two-dimensional systems and the sensors are studied under which conditions
guarantee regional boundary observability in a sub-region of the system domain boundary. Also, the authors
show that, the existence of a given sensor for the diffusion system is not strategic in the usual sense, but it
may be regional boundary strategic of this system.
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INTRODUCTION

The important problem of strategic sensor in distributed parameter systems has much attention in literatures
([1-2] and references therein), in order that to estimate current state of the considered system [3-4]. This
problem may be called the observability notion in control systems theory [5]. Thus, the observation problem is
depended on the possibility of the state reconstruction from the knowledge of system dynamics and output
function by using an approach to choose the best sensor may be strategic [6-7]. Recently, regional strategic
sensors characterizations is developed by El-Jai, Zerrik and Al-Saphory et al for different cases in finite [8-11]
or infinite time interval, may be represented as regional asymptotic systems analysis [12-16] and focused on
state estimation in a sub-region w of the domain Q [17-18]. The purpose of this paper is to extend the
previous results as in ref. [12] to the regional boundary case where the interested region I is a part of the
domain boundary Q. The main reason behind the study of this notion is that, there exists some problem in
the real world cannot observe the system state in the whole domain, but it is possible in a part of the
considered domain [15-16, 18-21]. The scenario described by energy exchange problem, where the aim is to
determine the energy exchanged in a casting plasma on a plane target which is perpendicular to the direction
of the flow from measurements (internal pointwise sensors) carried out by thermocouples (Figure 1),
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Fig. 1: Model of energy exchanged problemon T

where (1) is the torch of plasma, (2) is the probe of (steal), (3) is the insulator, T is the face of exchange and b,
b, sensor locations. This paper is organized as follows: The second section is focused on the considered
system and the problem of regional boundary observability. The third section is devoted to the mathematical
concepts of regional boundary observability and the characterization of regional boundary strategic sensors in
various situations are studied. In the last section, we illustrate applications with many situations of sensor
locations.

2. REGIONAL BOUNDARY STRATEGIC SENSORS

In this section, we are interested to study and characterize the notion of strategic sensors on a sub-region of
the domain boundary of the considered systems and present some original results related to this notion.

2.1 Problem Statement

Let O be an open regular and bounded subset of R", with smooth boundary 9Q. Suppose that T be a non-
empty given sub-region of 32 with positive measurement. For T >0 let us set ® = Q X (0,0) and II =
00 x (0,). The considered systems is described by the following state space equations

2,0 = ax(® + Bul®d  ©
x(£,0) = x,(8) o] 1)
\z—;(n,t) =0 il

where Q holds for closure of 2 and x,(£) is unknown initial state in H! (). The system (1) is defined with a
Neumann boundary conditions, dx/d9 holds for the outward normal derivative. The measurements maybe
given by the use of zone, pointwise or lines sensors which is located insides of Q or on the boundary [1]. Thus,
the augmented output function to (1) is defied by
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y(.,t) = Cx(.,t) @

where A is a second order linear differential operator, which is generated a strongly continuous semi-group
(54(®))eso 0N the Hilbert space X = H! (Q) and, it is self-adjoint with compact resolvent. The operator B €
L(RP,H* () and ¢ € L(R?,H* ())), depend on the structures of actuators and sensors [1-2]. The
spaces X,U and O be are separable Hilbert spaces where X is the state space, U = L? (0, o, R?) is the control
space and 0 = L?(0,o,R?) is the observation space, where p and g are the numbers of actuators and sensors.
Under the given assumption, the system (1) has a unique solution [20]:

x(&,t) =S,®)x, (&) + fOtSA(t — 1)Bu(Ddr (3)

The problem is that, how to present sufficient conditions for regional boundary strategic sensors which
enables to observe the current state in a given sub region I' (see below Figure 2 ), using convenient sensors.
Mathematical model in (Figure 2) is more general spatial case in (Figure 1).
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Fig. 2: The domain of (), the sub-regions w and T, various sensors locations.
2.2 Definitions and Characterizations
The regional boundary observability concept has been developed recently by El Jai et al as in [18-22] and

extended to the regional boundary asymptotic state by Al-Saphory and El Jai in ref.s [1-5]. To recall regional
boundary observability, consider the associated autonomous system to (1) given by

(0 = ax(g0) 0
x(£,0) = x,(® n )
Z@,0=0 I

Thus, the knowledge of x(&,0) permits to observe regional boundary state x(&,t) at any time t. Consider
now the following points:

= The solution of system (4) is given by the following form,
x(&t) =5,xy (&), vt=0 (5

» The operator K is defined by following

K:X—-0
x > CS,()x (6)

then, we obtain
y(.t) = K@®)x(.,0) 7)

where K is bounded linear operator (this is valuable on some output function) [23].

» The operator K*: 0 — X is the adjoint of K defined by
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Ky =[58,"(s) C*y*(,s)ds (8)
= The trace operator of order zero

Yo : HY(Q) - HY?(0Q) 9)
is linear, subjective, and continuous [3], such that x[ is the restriction of the trace of the initial state x, to T.

¥o" denote the adjoint of y, given by

Yo :HY?(0Q) » HY(Q) (10)
» For a sub-region T c 9Q and let y be the restriction function defined by

xr:HY?(09) - HYV2(D)

(11)
X = Xrx=Xx|p
where x| is the restriction of x to I'. We denote by y} the adjoint of y and defined by
X HY2() » HY%(0Q) (12)

Now, to characterize strategic sensors notion, we need some results of regional boundary observability
concept in space HY2(T') is extended from ref. [12, 22].

Definition 2.1: The system (4) augmented with the output function (2) is said to be exactly observable on Q
(or exactly Q-observable), if

Im (K*) = H*(Q) (13)

Definition 2.2: The system (4)-(2) is said to be approximately observable on Q (or approximately Q-
observable), if

Im (K*())=H'(Q)

Definition 2.3: The system (4)-(2) is said to be regional boundary exactly observable on T (or exactly T'-
observable), if

Im (xryoK™) = HY(I)

Definition 2.4: The system (4)-(2) is said to be regional boundary approximately observable on T (or
approximately T'-observable), if

Im (eryo K*()) = HY2(D) (14)
Remark 2.5: The definition 2.4 is equivalent to say that the system (4)-(2) is approximately I'-observable if

Ker (K(.)vo"xT) = {0} (15)
Then, the following results can be extended from [2] to the regional boundary.

Proposition 2.6: The system (4)-(2) is exactly T'-observable if there exists v > 0 such that v x, € HY2(I),
”xollHl/Z(r) < VIKye* x T %o ”LZ(O,oo,O) (16)

Proof: The proof of this property is deduced from the usual results on observability by considering yry, K~
asin [4]. Let E, F and G be Banach reflexive spaceand f € L(E,G),g € L(F,G), then we have

W Imf cimg

(2) there exists ¢ > 0 such that
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lfxllx <cllg®x*ll=, vx* € G*.
Now, if this result is applied. Choosing

E

G=HY*D), F=0, f=Id,2gp
and

XrYo K*,

g
therefore, we obtain the inequality (14) m.
Corollary 2.7: From the pervious proposition 2. 6 we can get the following result:
(1) The notion of approximate I'-observability is far less restrictive than the exact T'-observability.

(2) From the equation (14) there exists a reconstruction error operator that gives an estimation %, of the
initial state x, in I' [22]. Then, we have

Il o fOllHl/z(r‘) < llx,_ %, ”H1/2(aﬂ) (17)
Proposition 2.8: The regional boundary observability concept is more convenient for the analysis of real
systems [20]. Then, we can deduce that:

(1) The definitions 2.3 and 2.4 are more general and can be applied to the case where T = 9Q.

(2) The equation (17) shows that the regional boundary state reconstruction will be more precise than if we
estimate the state in the boundary of the domain Q.

(3) If a system is exactly Q-observable, then, it is exactly I'-observable, but the converse is not true in general.
Now, we prove that property (3) of remark 2.6.

Proof: We see that if the system is exactly observable on 9Q, then it is exactly [-observable and this is a
consequence of (17) and then

lxollyar2my < Noollyar2 50, V%o € HYZ(T) (18)
by the same way with miner tanique as in regional case [12], we can show that, if T < 9Q, then

lox ol < lxglaq (19)
and hence
”xgllHl/Z(r) S ||x0||H1/2(6ﬂ) (20)

From equations (16), (17), (18), (19), and (20), we have
| xO”Hl/Z(F) =l xO”L(Hl/Z(F),Hl/z(OQ))
< lxoly1/2 g0,
< V”KVO "Xt xO”LZ( 0,T,0)

Then from proposition 2.6 and remark 2.5, we can deduce that the system (4)-(2) is exactly I'-observable.
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3. SUFFICIENT CONDITIONS FOR T-STRATEGIC SENSORS

The purpose of this section is to give the sufficient condition for the characterization of sensors in order that
the system (1) is regionally boundary approximately observable in a region T.

3.1 Concept of Sensors

This subsection recalls and studies the concept of the sensors, which was introduced by A. El Jai [6-7]. Thus, we
know that the sensors form an important link between a system and its environment [17-18]. In any case of
sensors is considered via a space variable, mathematically speaking, the space variable is present in all systems
described by partial differential equations [12].

Definition 3.1: A sensor may be defined by any couple (D, f), where D, a non-empty closed subset of Q, is
the spatial support of sensor and f € L(D) defines the spatial distribution of the sensing measurements on D.

Remark 3.2: According to the choice of the parameters D; and f; we have various types of sensors. Sensor
may be a zone types denoted by (D;, f;), where D; c Q, then, the output function (2) can be written in the form

y(,t) = Cx(.,t) = fDi x(&,t) f; (O)dé (21)

Also, sensors maybe pointwises when D; = {b;} and f, = §,,(§— b;) represented by the couple (b;, 5, )where
8y, is the Dirac mass concentrated in b;. Thus, the output function (2) can be given by the form

y(, ) =Cx(,0) = [ x&,086, (& —b)d¢ (22)
In the case of boundary zone sensors (I3, £) where D, =TI, withI; ¢ dQ and f € L*(I').Therefore, the output
function (2) can then be written in the form

dx
y(.,t) = Cx(.,t) = fri;(n,t)fi () dn (23)
The operator C is unbounded and some precautions must be taken in [3, 11].

Definition 3.3: A sensor (D,f) is Q-strategic if the corresponding system (4)-(2) is approximately Q-
observable.

Definition 3.4: Asuit of (D;,f)i<i<q Is said to be Q-strategic if there exists at least one sensor (D, , f;) which
is approximately Q-strategic.

Definition 3.5: A sensor (D,f) is I-strategic if the corresponding system (4)-(2) is approximately I-
observable.

Definition 3.6: A suit of (D;,f)1<;<q Iis said to be I'-strategic if there exists at least one sensor (D, , f;) which
is approximately T'-strategic.

Thus, we can deduce that the following result:
Corollary 3.7: A sensor is I'-strategic if the corresponding system (4)-(2) is exactly '-observable.
Proof: Let the system (4)-(2) is exactly [-observable. Then, we have

Im(xryoK*) = HY2(T)

From the decomposition sub-spaces of direct sum in Hebert space, we can represent

7839



HY%(Q) by the unique form [9]

Ker (K®)y," x7)+Im (xry,K*) = H/? (0Q) (24)
we obtain

Ker (KDY, xt) = {0}
This is equivalent to

Im ((rvo K°(C) = HY2(T)
Finally, we can deduce this system is approximately I'-observable and therefore this
sensor is ['-strategic.m

Thus, the definition 2.3, proposition 2.6 and corollary 3.7 guarantee TI-strategic sensors with far more
restrictive conditions.

Proposition 3.8: From the previous results, we can deduce that:
(1) a sensor which is strategic for a system, it is I'-strategic.
(2) a sensor which is T} -strategic for a system where I, € 9Q, then, itis [,-strategic forany [, c I;.

(3) One can find various sensors which are not Q-strategic for the systems, but may be I'-strategic and achieve
the observability in . This is illustrated in the following counter-example.

3.2 Counter-Example

Consider a two-dimensional systems described the following diffusion equations

(2660600 = 2506620 + 226,60 0
©(6,6,0) = x0(6,£) 0 25)
kz—z 1,15t =0 pX

where Q = [0,1] x [0,1] and T = [0, 1] x {0}. The output function is given by
y(© = [ x(1,02, 0 fO1,mz) dny dn, (26)

and I, = {0} x [0,1] € dQ as in (Figure 3).

o I 1

Fig. 3 : Domain Q, regionT and location I, of boundary zone sensor.

2 2

The operator A = a% + :?generates a semi-group (S(t))o on H*(Q) given by
1 2
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S@y =Xz eliqu'(pij)Hl(Q)(pij (27)
where ;= —(% + j5n?, ¢;;(x,,x,) = 2a;;cos(iné; ) cos(jné,) and a;; = (1— 4,72

The state x,(&;,&,) = cos (iné&,) cos(jn&,) is not approximitely Q-observable [11]. Thus, the boundary sensor
(T, f) is not Q-strategic [1]. The systems (25)-(26) is approximately T-observable [22] and then boundary
sensor (I, f) is [-strategic [14].

In this section, we are interested to develop the results which are related to the strategic sensors and give the
sufficient conditions for each sensor. For this purpose, we assume that there exists a complete set of
eigenfunctions ¢, of A in H1(Q), associated to the eigenvalues 1,, with a multiplicity s, and suppose that
the functions 1, defined by ¥, = xrv,@, is a complete set in H/2(T") defined by, is a complete set in
H(Q). If the system (2.1) has J unstable modes, then we have the following result.

Theorem 3.7: Assume that sup 7, =1 < oo,then the suite (I}, fi)ic;cq Of zOnes boundary sensors are T-
strategic if and only if

Mg =r
(2) rank G, =1, ,where

G, = (Gy);; with 1 <i<q,1<j <7, and (G,)is given by

|[<<pn1, EOVg o Ao Oz 1|

(Gr)ij = | : |
l<(pn11'f;1('))L2(rq)! LI )((pnrn;f;l(-)>L2(rq)J

Proof: The proof is developed in the case where the suit of sensors are of boundary zones type (I3, f;)1<i<q

and located on 0Q. If the suit of sensors are T-strategic, then the corresponding system (25)-(26) is

approximately I'-observable [7], it is equivalent to

[Kyg xpx*=0= x*=0],forx* € HY2(I) (28)
We have

KYB X? X = (Zn >1 €Xp Ant) er21 <<Pnj'YZ) X; X*)Hl(ﬂ) ((pnj'fi)Lz(F))lsisq
= (Zn >1 €Xp (Ant) er21 <XFYO Pnj» X*)Hl/z(r) <‘\Onj ’ 1:i>L2(r‘) )1sisq

(nt) 3o
j

= (an1 exp =1 <lIJnj' X*>H1/2([‘)<(pnj’fi>L2(l"))1sisq

Now, if the suit of sensors is not strategic sensors, then the system (25)-(26) is not approximately I' -
observable, and hence there exists x* # 0 such that

Kysxpx' = 0 X W, x" ) 120 @np fidzm =0 Yr,n>1
Suppose that x,, defined by

(lpnl, x*)H1/2(F)
X :

= ; (29)
W, X"V yrr2p)

Then

Gx,=0, YVn=>1 & rank G, # 1,.
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Conversely, if rank G, # 1%, for some n, then there exists

nq
xa=| F 20w = T vy € HAD 20
Xn,
such that
G, x,= 0

Thus, we can find a non-zero x* € HY2(I') such that
i)z =0 if j#n
and
<X*,lﬂnk)H1/2(l—) =xu,1<k<m
For which Z,:j:l(‘l’jk:ﬁ')ri Yy =0 j#n, 1<i<gq
and also
L AP i X W2y =0,1<i<q
otherwise there exists x* = 0 € HY2(T), such that
Kysxprx* =0,
Thus, the system (25)-(26) is not approximately T'-observable and then the sensors are not T -strategic.m

Corollary 3.8: If the system (25)-(26) is exactly T'-observable, then, the rank condition in theorem 3.7 is
satisfied.

Remark 3.9: The previous result can be extended to the case of internal zone, filament and internal or
boundary sensors as in ref.s [12-16].

Remark 3.10: The important to introduce this notion is that the using to charaterize the regional boundary
exponential reduced observability in distributed parameter system as in [24] and this notion is extended to
mutipule situations for finite time interval [25-26] or infinite as in [27-29].

4. APPLICATION TO SENSOR LOCATIONS

In this section, we present an application of the above results in two-dimensional systems defined on Q =
[0,a,] x[0,a,] by the form

(2 (60 = ax(, 6,0 0
x(fl'EZ'O) = xo(fpfz) Q (30)
\Z Gy, 0) = 0 m

together with output function is described by (2). Let T = {a,} X (0,a,) be the considered region is subset of
[0,a,] x[0,a,]. In this case, the eigenfunctions of system (30) are given by

2 . (%1 Sz
‘Pij(fpfz) = Wcos m( )COS ]n(az) Y

ai
associated with eigenvalues
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L= —(——+ L (32)

(ap)? = (az)?
The following results give information on the locations of internal, boundary zone or pointwise T'-strategic
sensors.

4.1 Zone Sensor Cases

This subsection study various types of domains with different systems.
4.1.1 Rectangular domain

We discuss and examine different type of zone sensors.

Internal rectangular zone case:

Consider the system (30)-(2) where the sensor supports D are located inside Q. Then the output (2) can be
written by the form

y(t) =fD x(&,&,,0f (§,8,)dE,dE, (33)

where D c Q is location of zone sensor and f € L?(D). In this case of (Figure 4), the eigenfunctions and the
eigenvalues

D
A
(25}
L r
‘;:02 1
] = —>
0 So, a

Fig. 4: Domain Q, regionT and location D of internal zone sensor.

are given by (31) and (32). However, if we suppose that

@) g (34)

(az)?

where N is the natural numbers. If r = 1 then one sensor (D, f) maybe suffices to achieve I'-strategic sensor of
the corresponding systems (30)-(33) [9-11]. Let the measurement supportis rectangular with

D=[&-L& + 1 Ix[E -1, +1,]eq
then, we have the following result.

Corollary 4.1: If f; is symmetric about &, = &,; and f, is symmetric about &, = &,,, then the sensor (D, f)
is T-strategic to the systems (30)-(33) if i(&,;)/ (a;) and j(éy,)/ (ay) & N foreveryi,j=1,..,J

One side boundary zone case:

In the case where I, € dQ and f € L2(I,), the sensor (T, f) is located on the one side of the boundary 80 in
I = [Mo1 — 1, (0o, — 1] X {a,} as in (Figure 5). Consider again the systems (30)-(33), then the output function is
given by
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y® = [ x(ny,m2, 0 £O1,m,) dny dn, (35)
then, we obtain.

I;
A 0
az &
Q| r
0 1]. o1 ai

Fig. 5: Domain Q, regionT and location I, of boundary on one side zone sensor.

Corollary 4.2: Suppose that f is symmetric with respect to n, = n,,, then the sensor (I, f) is T-strategic to the
systems (30)-(35) if i (ny,)/ (a,) ¢ Nforeveryi=1,..,]J.

Two sides boundary zone case:

Suppose that the sensor (T, f) is located on T = [0,77, + I, x {0} U {0} x [0,7y, + [,] =T, UT, € 0Q and fr,
is symmetric with respect to 77, = 77,; and the function fr, is symmetric with respect to 17, = 7,, as in (Figure
6). Thus, the output function is given by

y® =[5 x(y,m,,0 fny,m,) dny dn, (36)

then we have.

Fig. 6: Domain Q, regionT and location T of two sides zone sensor.

Corollary 4.3: If f, is symmetric about 17, = 7y, and f, is symmetric about 77, = 77, then the sensor (T, f) is
I'-strategic to the systems (30)-(36) if i (17y,)/ (a;) and j (7y,)/ (a,) & N for every i,j =1,...,].

4.1.2 Disc domain
We explore some results concern different type of zone sensors in disc domain.
Internal circular zone case:

In this case, systems (30) may be given by the following form

(%G00 = Ax(§y, 6,0 0
x(r,0,0) =x,(,6) Q (37)
(Z@00=0 N

where 0 <8 < 2m, Q= (0,a), r =a > 0, and 6 € [0,2x], t > 0 are defined as in (Figure 7). The augmented
output function described by
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yt)=[ o; x(r,0,0f (1;,6,)dr,d6; (38)

Fig. 7: Disc domain Q, region T'and locations D,,D, of internal pointwise sensors.

Let the eigenfunctions and eigenvalues concerning the region T'= (a, 6;),c;c, ©of 0Q with € [0,2n] are
defined

where B;; B.. arethe zeros of the Bessel functions J, and

P (r, 6) =]0(ﬂi§'r)' jz1
¥, (r,0) =], (B2, ) cos(if) ij, =1 (40)
;. 0) = J,(B2,r)sinGo}  ij, =1

with multiplicity S;; = 2 for all ij # 0 and S;; = 1 for all ij = 0. In this case, the I'-strategic sensor is required

at least two zone sensors  (D;, f;),<i<q Where D; = (1;,6,),i = 1,2 (see [14]). If we consider the case of Dirichlet
or mixed boundary conditions, we can get various functions [2]. Thus, we develop some practical examples by
using the symmetry conditions. If f; and D; are symmetric with respectto 6 = g;, for all 2 < i < g, then we
have .

Corollary 4.4: If the sensors  (D;,f),cicq are located in  D;=(,6)i=12 and
i (6, —6,)/m¢& Nforevery i,j =1,..,], then (D, f,) and (D,, f,) are is I'-strategic to the systems (37)-(38).

Boundary circular zone case:
In this case the system (30) is augmented with output function described by

Yi@®) = [,,x(r,0,06r, (r — 1,6 — 6,)dr,d 6, (41)

Fig. 8: Disc domain Q, region I'and locations I, I, of internal pointwise sensors.
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When the sensors (T}, f),<;<q are located on 9Q and the function fr, is symmetric with respect to 6 = 6, for
all2 <i<gq, asin (Figure 8).So, we have.

Corollary 4.5: If the sensors Gis fi) 22i2q are located in T, =(a,6)i=12 and
i (6, —0,)/m & Nforevery i,j =1,...,], then (I, ;) and (T, f,) are I'-strategic to the systems (37)-(41).

4.2 Pointwise Sensor Cases

This subsection study again various types of domains in different systems.
4.2.1 The domain Q = [0,a,] X [0, a;]

We deal with different type of pointwise sensors.

Internal pointwise case:

Let us consider the case of pointwise sensor located inside of Q. Thus, the system (30) is augmented with the
following output function.

¥ = Jy x(5,6,,08 (& = by, & — by)dE,d8, (42)
where b = (b, b,) is the location of pointwise sensor as defined in (Figure 9)
b
ﬂzA A
- i Q r
0 IJ-] a l’

Fig. 9: The domain Q, region T and location b of internal pointwise sensor.

In this case may be one pointwise sensor (b,6,) is sufficient for strategic sensor on I' of systems (30)-(42).
Thus, we obtain the following result.

Corollary 4.6: The sensor (b,§,) isT-strategic to the systems (30)-(42) if i(b,)/(a;) and j(by)/(a,) €N,
forevery i,j =1, ..., J.

Internal filament case:

Consider the case where the information is given on the curve ¢ = Im (y) with y € C*(0, 1) (Figure 10).

o
A A
as
by p Q I
0 b[ (I|r

Fig. 10: The domain Q, and location o of internal filament sensors.
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If the measurements recovered by filament sensor (g,0 ,) such that is symmetric with respect to the line b =
b;, then we have.

Corollary 4.7: The sensor (0,0 ,) is ' -strategic to the systems (30)-(42) if i(b,)/i(a;) and i(b,)/i(a,) €N,
for every i.

Boundary pointwise case:
Now, the system (30) is augmented with the following output function.
y® = Jp0x(1,8,08 0,6, - b)d§, (43)

where b = (0, b,) is the location of pointwise sensor (b, §,) as defined in (Figure 11).

Fig. 11: The domain (, and location b of boundary pointwise sensor.

Thus, we obtain the following result.
Corollary 4.8: The sensor (b, §,) is T -strategic to the systems (30)-(43) if i(b,)/(ay) €N, foreveryi=1,...,]J.
4.2.2 The domain Q = [0,a,] X [0,a,]
We discuss and examine different type of zone sensors.
Internal pointwise case:
Here, the system (37) is augmented with the following output function.

yi@®) = [,x(,0,068, r —1,6 — 6,)dr,d6, (44)

where 0 <6 <2m, Q= (0,a), and 7 =a >0. The locations of pointwise sensors (p;,8,,)z<i<q are @1,6,,)
(P2, 6,,) With p; = (11,6,) and p, = (1,,6,) in Q (Figure 12), then we can get the following result.

Fig. 12: Disc domain Q, regionTand locations p,,p, of internal pointwise sensors.

Corollary 4.9: The sensor (p;,0,,)2<i<q are located in p; = (1,6,) € Q is T -strategic to the systems (37)-(44) if
i (6, —6,)/m¢ Nforevery i,j =1,..,]
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Boundary pointwise case:
Here, the system (37) is augmented with the following output function.
@) = [,,xr, 0,006, (r—1,6 — 6,)drdb, (45)

where 0 <6 <2m, Q= (0,a), and 7 =a > 0. The locations of pointwise sensors (p;,d,,), (p;,d,,) with p; =
(a,0,) and p, = (a,6,) in dQ (Figure 13), then we can get.

Fig. 13: Disc domain Q, region I'and locations p,,p, of boundary pointwise sensors.

Corollary 4.10: The sensors (p;,6,,)2<i<q are located in p; = (a,6,) € 00 are T -strategic to the systems (37)-
@45)if i (6, —6,)/m¢ Nforeveryi,j=1,..,].

Corollary 4.11: These results can be extended to the following:

1. Case of Dirichlet or mixed boundary conditions [1-6].

2. We can show that the observation error decreases when the number and support of sensors increases [11].
5. CONCLUSION

The notion of regional boundary strategic sensors have been developed and examined. A various regional
boundary observability have been discussed and analyzed which permit us to avoid some bad sensor
locations. In addition, many interesting results concerning the choice of such sensors are given and illustrated
in specific situations with diffusion systems. Thus, several questions still opened, for example, the simulations
of this model are under consideration and the problem of finding an optimal sensor location ensuring such an
objective.
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